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Message From the Damghan University President 

 

 

In the name of God 

Hello and welcome to the participants and speakers of the 2nd International Conference on Holography and its 

Applications. 

With the aim of expanding and promoting science and scientific and industrial progress, Damghan University 

has always sought to increase international interactions and has supported all kinds of effective activities in 

this direction. For this reason, in recent years, Damghan University has organized several international 

conferences in the fields of physics, mathematics, biology and industrial engineering. 

The first conference with the aim of gathering research and researchers in the field of holography in one 

collection was held last year. 

We are so happy to witness this great event again after about a year and we hope to have a successful conference 

like the first one. In this conference, like the first one, brilliant physicists from Iran and around the world were 

present as speakers and participants. Today, this conference is supported by many associations and scientific 

institutions and domestic and foreign universities. 

Although this conference is also held virtually due to health issues, we hope that one day we will be able to 

have the physical presence of the speakers in this conference. 

In the end, I hope that attending this conference will be beneficial for all the participants, and I would also like 

to thank and appreciate the invited speakers of this conference, especially the keynote speakers, who will give 

speeches in this conference despite being very busy. 

 

 

Dr. S. S. Eslami 

Damghan University President 
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Message From the Conference Chair ICHA2 2023 

 

Hello, I am Behnam Pourhassan, the conference chairman. Nice to see you here for the 2nd time. 

Welcome all to the Second International Conference on Holography and its Applications. 

Conference Story and Future Plan 

• 3 years ago, my colleague Mir Faizal and me thought to establish an international research center, and 

done it with the help of Scott D. Jacobsen (Mir Faizal and Scott will give more details about the 

Canadian Quantum Research Center shortly). 

• 2 years ago, I give an idea to establish an international scientific journal and done it with the help of 

Damghan University, and some CQRC members.  So, Journal of Holography Applications in Physics 

was born under fully sponsorship of DU. 

• 1 year ago, an international conference on holography was organized by DU and CQRC. Now, the 

second conference is held by the same organizers. We hope to hold it every year. 

• Now as the last piece of the puzzle we are trying to establish an international society of holography. 

 

 

JHAP is currently being evaluated by Iran's Ministry of Science, Research and Technology for ranking. 

 

Unfortunately, at the last year we lost one of the JHAP editor, and also organizer of the first conference due to 

an accident. So, we dedicated Vol. 2, Issue 3 of JHAP to memory of Prof. Setare. 2 papers of that issue are 

written by 2 speakers of the first conference. 

 

Now, in the second conference we will also select some papers for possible publication by JHAP. We will 

introduce them tomorrow night in the closing session. 

 

We will also introduce the best submitted papers to this conference. 

 

During the conference, there is a parallel room for discussion and test of presentation: 

https://live.du.ac.ir/discussion 
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List of all participants is also available on the conference website: 

https://holography2023.du.ac.ir/files_site/files/r_5_230121101928.pdf 

 

This conference included three parts of presentations: 

In the first part, we had 6 talks by keynote speakers. 

In the second part, we had some invited speakers which talked about their recent studies, some of them 

published by high-level journals. 

In the third part, we had the selected talks or poster presentations among some of the abstracts and full papers 

submitted to ICHA 2023. 

 

This conference is a joint activity between the school of physics at Damghan university and the Canadian 

Quantum Research Center. 

So, at the first, Prof. Ketabi, editor in chief of JHAP will say welcome all, then invite Scott Jacobsen 

administrative director of CQRC to give a talk, and finally, Mir Faizal, CQRC scientific director will give a 

talk. 

 

 

Dr. B. Pourhassan, 

Conference Chair ICHA2 2023, 

School of Physics, 
Damghan University, 

Iran 
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Message From the Chief Editor ICHA2 2023 

 

Ladies and Gentleman 

On behalf of Journal of Holography Applications in Physics (JHAP), allow me to extend a warm welcome to 

all of you. Welcome to the 2nd International Conference on Holography and its Applications. I would like to 

take this opportunity to tell you briefly about recent progress in Holography and our publications at School of 

Physics. As we know, Holographic phenomena are consolidating their position in the scientific community. 

Today, quantum Holography and classical one cover all area of physics, from modern optics and nano 

photonics, theoretical physics to theoretical and experimental condensed matter physics. The phenomena 

related to Holography are showing their applications more and more in human society.  

Classical holography techniques have been very successful in areas ranging from microscopy and fundamental 

research to manufacturing. However, imaging objects with light outside the visible range of the electromagnetic 

spectrum is a challenge.  Researchers have invented a new quantum holography technique that images objects 

using undetected light. This counterintuitive process, which involves two correlated beams of nonclassical light 

in an interferometer, could find applications in biomedical imaging and other areas where the wavelengths of 

light best suited for imaging are technically challenging to detect.  

Due to the increasing progress and success of holography, researchers in the School of Physics at Damghan 

University decided to publish an international journal to reflect the views and latest findings of scientists 

interested in holography. As expected, the publication of this journal soon attracted the attention of interested 

people. Since Autumn 2021, we published 2 volumes, 5 regular issues (and 1 special issue which covers the 

previous holography conference proceedings) contain 30 papers (regular, review and letter). Volume 3, issue 

1 will also publish soon after this conference. According to the google scholar, the h-index of JHAP is 4 and 

the total citation is 86 which is a very good results at the end of the first year of publication. 

Journal of Holography Applications in Physics (JHAP) covers all areas related to the holographic principle in 

physics. Holographic principle prepares the powerful tools to study several phenomena in various branches of 

physics. The aim of JHAP is to collect all applications of holography for the theoretical and experimental 

communities. We would like to publish high-quality peer-reviewed papers, free of charge and open access for 

all authors and readers. JHAP is fully sponsored by Damghan University. The reviewing and publishing 

process is completely free of charge. This conference is held to celebrate the second year of JHAP. Our aim is 

to bring together holographic scientists in a specialized collection. We would to make a large group of who 

works holography. I hope that the topics and papers discussed at the conference will pave the way for 

holographic development. In addition, I invite all researchers to submit their latest findings on holography for 

publication in JHAP. I wish all the participants in the conference happy moments. 

Prof. S A Ketabi, 

Editor-in-Chief, JHAP 

Damghan University, 
Iran 
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Message From the Academic Partner Administrative ICHA2 2023 

 

 

 

 

 

Please see the following links. 

 

Scott Jacobsen Message Link: https://aparat.com/v/AYzc6 

 

Mir Faizal Message Link: https://holography2023.du.ac.ir/en/files.php?rid=7 

 

 

See also the complete opening session: https://www.aparat.com/v/vmrwD 
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 25 to 26 January, 2023, Damghan University, Damghan, Iran.                                                                                     ICHA2(2023)101 

 

Horizon Strings as 3d Black Hole Microstates 
Shahin Sheikh-Jabbari 

School of Physics, Institute for Research in Fundamental Sciences (IPM), Tehran, Iran 

 

Abstract: We construct microstates of 3d black holes in the Hilbert space of tensionless null 

strings with non-zero winding along the bifurcation horizon. Counting these string states we 

recover the Bekenstein-Hawking entropy and its semiclassical logarithmic corrections. 

 

Talk link: https://www.aparat.com/v/5YgsV 

Wednesday 25th January 2023 
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                   sInternational Conference on Holography and its Application ndthe 2 of sProceeding 

 25 to 26 January, 2023, Damghan University, Damghan, Iran.                                                                                     ICHA2(2022)102 

 

Holographic QFTs on AdSd, wormholes and holographic interfaces 

Elias B. Kiritsis 

and University of Crete, GreeceUniversite Paris Cite, CNRS, Astroparticule et Cosmologie, Paris, France,  

 

Abstract: We consider three related topics: (a) Holographic quantum field theories on AdS 

spaces. (b) Holographic interfaces of flat space QFTs. (c) Wormholes connecting generically 

different QFTs. We investigate in a concrete example how the related classical solutions 

explore the space of QFTs and we construct the general solutions that interpolate between 

the same or different CFTs with arbitrary couplings. The solution space contains many exotic 

RG flow solutions that realize unusual asymptotics, as boundaries of different regions in the 

space of solutions. We find phenomena like "walking" flows and the generation of extra 

boundaries via flow fragmentation. 

 

Talk link: https://www.aparat.com/v/q2c4k 

Wednesday 25th January 2023 
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 25 to 26 January, 2023, Damghan University, Damghan, Iran.                                                                                     ICHA2(2023)103 

 

Black hole to cosmic horizon microstates in string/M theory:  

timelike boundaries and internal averaging 

Eva Silverstein 

Stanford Institute for Theoretical Physics, Stanford, USA 

 

Abstract: In this note, we resolve an apparent obstacle to string/M theory realizations of dS 

observer patch holography, finding a new role for averaging in quantum gravity. 

 

Presentation link: https://holography2023.du.ac.ir/en/files.php?rid=8 

Wednesday 25th January 2023 
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 25 to 26 January, 2023, Damghan University, Damghan, Iran.                                                                                     ICHA2(2023)104 

 

A new theory of the universe 

Neil Turok 

University of Edinburgh, United Kingdom, and Perimeter Institute for Theoretical Physics, Canada 

 

Abstract: Observations of the universe have revealed a surprising economy in its basic laws 

and structure. In this light, we have attempted to find new, simpler solutions to cosmology’s 

central puzzles. Instead of postulating a pre-hot big bang period, such as inflation or a cosmic 

bounce, each of which brings with it a great degree of arbitrariness, we extrapolate the 

observed, extremely simple universe all the way back to the initial singularity. Conformal 

symmetry allows us to analytically extend the observed cosmos to a mirror image of it before 

the bang, and the method of images allows us to impose CPT symmetry on the quantum state. 

In this way, we provide the simplest-yet explanation of the dark matter as consisting of a 

single stable, massive RH neutrino. Forthcoming large scale galaxy surveys will closely test this 

hypothesis. The baryon asymmetry can likewise readily be accounted for. We use our new 

boundary conditions to calculate the gravitational entropy for fully realistic cosmologies, with 

radiation, matter, lambda and space curvature. We find the gravitational entropy favours flat 

universes, obviating inflation. It also favours a small, positive cosmological constant. Recently, 

we discovered a new cure for the leading order divergences of standard model quantum fields 

coupled to gravity, requiring no new particles. Remarkably, it explains why there are three 

generations of standard model fermions. The mechanism uses dimension zero fields, which 

are naturally conformal invariant and, in conformally flat spacetimes, have a single physical 

state – the vacuum. In this state, they have scale-invariant fluctuations. I will show how these 

generate scale-invariant, primordial curvature perturbations of the correct amplitude to 

explain the observed cosmic microwave background anisotropies and the formation of 

galaxies.  I will also discuss potentially observable signatures. 

 

Talk link: https://www.aparat.com/v/STjVQ 

Thursday 26th January 2023 

https://www.aparat.com/v/STjVQ
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The (Holographic) Chemistry of Black Holes  

Robert B. Mann 

University of Waterloo, Canada 

 

Abstract: Black Holes are amongst the strangest objects in the universe.  They form from the 

collapse of matter into an object whose gravitational pull is so strong, nothing can escape 

from them. Yet a black hole also radiates heat like a blackbody, with a temperature equal to 

its surface gravity, an entropy equal to its area, and an energy equal to its mass. Over the past 

10 years we have come to understand the vacuum energy — as embodied by a cosmological 

constant — plays a pivotal role in the thermodynamic behaviour of black holes. Mass becomes 

chemical enthalpy, the notion of a thermodynamic volume appears, and black holes exhibit a 

broad range of chemical phenomena, including liquid/gas phase transitions similar to a Van 

der Waals fluid, triple points similar to that of water, re-entrant phase transitions that appear 

in gels and heat engines. Under certain conditions they can even behave like superfluid 

helium! Now known as "Black Hole Chemistry", I will review this subject and then go on to 

describe new work that is providing a pathway toward understanding these phenomena from 

the perspective of Gauge-Gravity duality, in which phase transitions in the (gravitational) bulk 

become dual to phase transitions in the dual gauge theory. 

 

Talk link: https://www.aparat.com/v/rDz91 

Thursday 26th January 2023 
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De Sitter Space, Double-Scaled SYK, and the Separation of Scales in the 

Semiclassical Limit  

Leonard Susskind 

Stanford Institute for Theoretical Physics, and Department of Physics, Stanford University, Stanford, USA 

 

Abstract: In the semiclassical limit of de Sitter gravity a separation of scales takes place that 

divides the theory into a "cosmic" sector and a "microscopic" sector. A similar separation 

takes place in the double-scaled limit of SYK theory. We examine the scaling behaviors that 

accompany these limits and find parallels that support the previously conjectured duality 

between Jackiw-Teitelboim gravity (with positive cosmological constant), and double-scaled 

SYK. 

 

Talk link: https://www.aparat.com/v/umR9y 

Thursday 26th January 2023 

 

https://www.aparat.com/v/umR9y
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 25 to 26 January, 2023, Damghan University, Damghan, Iran.                                                                                     ICHA2(2023)201 

 

Chiral phase transition, thermalization, and prethermalization in the 

soft-wall AdS/QCD model 

Danning Li 

Jinan University, P.R. China 

 

Abstract: We will discuss chiral phase transition in the soft-wall AdS/QCD model, by the 

bottom-up approach. The phase structure in the mass plane is extracting by analyzing the 

order parameter. It turns out to be consistent with the so called 'Columbia plot'.  The in-

medium properties of pions, as the Goldstone bosons, are investigated, as well. Qualitatively, 

the results are consistent with the finite temperature chiral perturbation theory. Finally, the 

real-time dynamics of chiral phase transition is studied. Interestingly, for a large class of initial 

states, the system would linger over a quasi-steady state for a certain period of time before 

the thermalization. It is suggested that the interesting phenomenon, known as 

prethermalization, has been observed in the framework of holographic models. 

 

Talk link: https://www.aparat.com/v/PIiXg 

Wednesday 25th January 2023 
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Holographic Dark Energy, Triumphs and Drawbacks 
Dmitry S. Ponomarev  

Lomonosov Moscow State University, Russia 

 

 

Abstract: We prove the flat space analogue of the Flato-Fronsdal theorem. It features the flat 

space singleton representation suggested recently. We do that by deriving a kernel that 

intertwines a pair of singleton representations with massless higher-spin fields in flat space. 

Next, we derive two-point functions of flat space singletons, which are then used to construct 

two- and three-point scattering amplitudes in the dual theory of massless higher-spin fields. 

These amplitudes agree with amplitudes in the chiral higher-spin theory. 

 

 

Talk link: https://www.aparat.com/v/iyOqS 

Wednesday 25th January 2023 
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New black hole solution for Einstein gravity coupled with nonlinear 

electrodynamics and cloud of strings and their thermodynamics 

Sudhaker Upadhyay 
Department of Physics, K.L.S. College, Magadh University, Nawada, India 

 

Abstract: We present a new regular black hole solution for the Einstein gravity coupled with 

the nonlinear electrodynamics and cloud of strings. We further discuss the thermodynamics 

of this black hole solution by highlighting the corrected first-law of thermodynamics. Here, 

we find that the stability of the black hole is independent of the cloud of strings. However, a 

second-order phase transition exists for this system at a critical horizon radius. 

 

Talk link: https://www.aparat.com/v/mrGoO 

Wednesday 25th January 2023 
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Holographic correlation functions at finite density and/or finite 

temperature 

George Georgiou 

National and Kapodistrian University of Athens, Greece 

 

Abstract: We calculate holographically one and two-point functions of scalar operators at 

finite density and/or finite temperature. In the case of finite density and zero temperature we 

argue that only scalar operators can have non-zero VEVs. In the case in which both the 

chemical potential and the temperature are finite, we present a systematic expansion of the 

two-point correlators in powers of the temperature 𝑇 and the chemical potential Ω. 

 

Talk link: https://www.aparat.com/v/Dc4kJ 

Wednesday 25th January 2023 
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Classical Lie Bialgebras for AdS/CFT Integrability by Contraction and 

Reduction 

Niklas Beisert 

Institut fur Theoretische Physik, Switzerland 

 

Abstract: Integrability of the one-dimensional Hubbard model and of the factorised scattering 

problem encountered on the worldsheet of AdS strings can be expressed in terms of a peculiar 

quantum algebra. In this article, we derive the classical limit of these algebraic integrable 

structures based on established results for the exceptional simple Lie superalgebra 𝔡(2, 1;  𝜖) 

along with standard 𝔰𝔩(2) which form supersymmetric isometries on 3D AdS space. The two 

major steps in this construction consist in the contraction to a 3D Poincaré superalgebra and 

a certain reduction to a deformation of the 𝔲(2|2) superalgebra. We apply these steps to the 

integrable structure and obtain the desired Lie bialgebras with suitable classical r-matrices of 

rational and trigonometric kind. We illustrate our findings in terms of representations for on 

shell fields on AdS and flat space. 

 

Talk link: https://www.aparat.com/v/zfpUG 

Wednesday 25th January 2023 
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Zero sound and higher-form symmetries in compressible holographic 

phases 

Blaise Goutéraux 

CPHT, CNRS, Ecole polytechnique, France 

 

Abstract: Certain holographic states of matter with a global U(1) symmetry support a sound 

mode at zero temperature, caused neither by spontaneous symmetry breaking of the global 

U(1) nor by the emergence of a Fermi surface in the infrared. In this work, we show that such 

a mode is also found in zero density holographic quantum critical states. We demonstrate 

that in these states, the appearance of a zero temperature sound mode is the consequence 

of a mixed ‘t Hooft anomaly between the global U(1) symmetry and an emergent higher-form 

symmetry. 

 

Talk link: https://www.aparat.com/v/qyBYO 

Wednesday 25th January 2023 
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Beyond quantum chaos in emergent dual holography 

Ki Seok Kim 

POSTECH and Asia Pacific Center for Theoretical Physics, South Korea 

 

Abstract: Black hole is well known to be a fast scrambler, responsible for physics of quantum 

chaos in dual holography. Recently, the Euclidean worm hole has been proposed to play a 

central role in the chaotic behavior of the spectral form factor. Furthermore, this 

phenomenon was reinterpreted based on an effective field theory approach for quantum 

chaos. Since the graded nonlinear σ−model approach can describe not only the Wigner-Dyson 

level statistics but also its Poisson distribution, it is natural to ask whether the dual holography 

can touch the Poisson regime beyond the quantum chaos. In this study, we investigate 

disordered strongly coupled conformal field theories in the large central-charge limit. An idea 

is to consider a quenched average for metric fluctuations and to take into account the 

renormalization group flow of the metric-tensor distribution function from the UV to the IR 

boundary. Here, renormalization effects at a given disorder configuration are described by 

the conventional dual holography. We uncover that the renormalized distribution function 

shows a power-law behavior universally, interpreted as an infinite randomness fixed point. 

 

Talk link: https://www.aparat.com/v/imNa8 

Thursday 26th January 2023 
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Late-time correlation functions in dS3/CFT2 correspondence 

Yasuaki Hikida 

Kyoto University, Japan 

 

Abstract: We compute the late-time correlation functions on three-dimensional de Sitter 

spacetime for a higher-spin gravity theory. For this, we elaborate on the formulation to obtain 

the wave functional of universe from a dual conformal field theory, which is used to compute 

the late-time correlation functions. We argue that the relation to direct bulk Feynman 

diagram computations in the in-in formulation. We furthermore provide a precise 

prescription to construct a higher-spin dS3 holography as an analytic continuation of 

Gaberdiel-Gopakumar duality for AdS3. Part of results here were already reported in an earlier 

letter. We explain the details of their derivations and extend the analysis to more generic 

cases in this paper. Previously, we have examined two- and three-point functions and a simple 

four-point correlator at the leading order in Newton constant. Here we also evaluate more 

complicated four-point correlators. Finally, we study late-time correlators in an alternative 

limit of dS3/CFT2 with critical level coset, such as, two-point correlator on conical defect 

geometry. We also examine one-loop corrections to two-point correlator on dS3. 

 

Talk link: https://www.aparat.com/v/T8qJY 

Thursday 26th January 2023 
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Recovery of Mutual Information by Inhomogeneous Quenches in Two-

dimensional Conformal Field Theories 

Masahiro Nozaki 

Kavli Institute for Theoretical Sciences, University of Chinese Academy, China 

 

Abstract: We study the dynamics of mutual information during the evolution induced by the 

Mobius/sine-squared deformed Hamiltonians (Mobius/SS deformed Hamiltonians) in two-

dimensional conformal field theories (2d CFTs), starting from the thermofield double state, 

the state on the double Hilbert spaces. Under the SSD time-evolution, the time-dependence 

of mutual information shows the Bell pairs, initially shared by the subsystems of these double 

Hilbert spaces, may revive even after the mutual information for the small subsystems is 

completely destroyed. This mutual information is robust against the strong scrambling 

dynamics. As a consequence, the steady state has the non-local correlation shared by three 

parties but does not have the one shared by the two parties. From the gravity side, the 

wormhole may non-linearly grows with time during the evolution considered in this project. 

We also propose effective pictures that describe the dynamics of mutual information. We 

plan to present the results of this project. 

 

Talk link: https://www.aparat.com/v/zgvO4 

Thursday 26th January 2023 
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Probes of holographic models of 𝑁 = 4 SYM quark-gluon plasma on 

𝑅 × 𝑆3 

Anastasia Golubtsova 

Bogoliubov Laboratory of Theoretical Physic, Russia 

 

Abstract: In this talk I will discuss observables that can be extracted from Wilson loops in 

holographic duals of the N=4 SYM quark-gluon plasma. It is supposed to be 𝑅 × 𝑆3 symmetry 

for the dual theory, thus to describe non-rotating and rotating QGPs, correspondingly, the 

Schwarzschild-AdS5 and Kerr- AdS5 black holes are considered. Following the holographic 

prescription the heavy quark potentials in both backgrounds are found from temporal Wilson 

loops. The potentials have the Coulomb-like behavior at temperature above the critical 

temperature.  Increasing the rotation it's found that the interquark distance decreases, the 

similar behavior is also observed with increasing the temperature.  At high temperatures for 

certain values of parameters the potentials in Schwarzschild- AdS5 and Kerr- AdS5 are close to 

that one calculated in the AdS black brane with a planar horizon. The jet-quenching 

parameters of a fast parton is also calculated from holographic light-like Wilson-loops. It is 

found that the rotation increases the value of the jet-quenching parameter. At high 

temperatures it is shown that the jet-quenching parameters have a cubic dependence on the 

temperature as for the AdS black brane. 

 

Talk link: https://www.aparat.com/v/JcW3Q 

Thursday 26th January 2023 
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Holographic entanglement spectrum from hyperbolic black holes with 

scalar hair 

Xiaoxuan Bai 

School of Physics, Sun Yat-sen University, Guangzhou, 510275, China 

  

 

Abstract: The Rényi entropies as a generalization of the entanglement entropy imply much 

more information. We analytically calculate the Rényi entropies (with a spherical entangling 

surface) by means of a class of neutral hyperbolic black holes with scalar hair as a one-

parameter generalization of the MTZ black hole. The zeroth-order and third-order phase 

transitions of black holes lead to discontinuity of the Rényi entropies and their second 

derivatives, respectively. From the Rényi entropies that are analytic at 𝑛 =  ∞, we can 

express the entanglement spectrum as an infinite sum in terms of the Bell polynomials. We 

show that the analytic treatment is in agreement with numerical calculations for the low-lying 

entanglement spectrum in a wide range of parameters. 

 

Talk link: https://www.aparat.com/v/QDTWd 

Thursday 26th January 2023 

 

 

 

 

 

 

 

https://www.aparat.com/v/QDTWd


20 
 

                   International Conference on Holography and its Applications ndthe 2 of sProceeding 

 25 to 26 January, 2023, Damghan University, Damghan, Iran.                                                                                     ICHA2(2023)212 

 

Shift Symmetries and AdS/CFT  

Laura Engelbrecht   

Institute for Theoretical Physics, Switzerland 

 

Abstract: Massive fields on anti-de Sitter (AdS) space enjoy Galileon-like shift symmetries at 

particular values of their masses. We explore how these shift symmetries are realized through 

the boundary conformal field theory (CFT), at the level of the 2-point functions. The shift 

symmetry is preserved in the alternate quantization scheme in which the dual conformal field 

gets the smaller ∆− conformal dimension, while in the standard quantization scheme the shift 

symmetry is broken. The shift symmetry is realized as a gauge symmetry in the dual CFT, so 

that only shift invariant operators are true conformal primary fields. 

 

Talk link: https://www.aparat.com/v/pwT6G 

Thursday 26th January 2023 
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Aspects of gauge-strings duality 

Carlos Nunez 

Department of Physics, Swansea University, United Kingdom 

 

Abstract: I will describe some recent progress in the duality between gauge fields and strings.  

I will focus this talk on the case of superconformal field theories with eight and four 

supercharges, in diverse dimensions. The presentation is planned to be pedagogical. 

 

Talk link: https://www.aparat.com/v/JyL7e 

Thursday 26th January 2023 
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Building a realistic neutron star from holography 

Andreas Schmitt 

University of Southampton, United Kingdom 

 

Abstract: Properties and phases of dense nuclear and quark matter in the interior of neutron 

stars are poorly known. This is due to the lack of strongly-coupled first-principle methods to 

evaluate QCD at nonzero baryon densities. I will present latest improvements in the Witten-

Sakai-Sugimoto model to improve our understanding of dense matter from a holographic 

point of view. In particular, I will show results for isospin asymmetric nuclear matter and the 

resulting neutron stars built entirely from the holographic model - including the crust of the 

star. 

 

Talk link: https://www.aparat.com/v/MI34j 

Thursday 26th January 2023 
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Holographic Interpretation of 2D Vacuum Transitions 

Veronica Pasquarella 

University of Cambridge, United Kingdom 

 

Abstract: Inspired by recent developments towards solving the information loss paradox, and 

the issue of embedding lower-dimensional holographic dualities in higher-dimensional ones 

(specifically AdS2/CFT1 within AdS3/CFT2), I will show that the bounce, or total action, 

associated to 2D vacuum transitions carries an entropic meaning, thereby circumventing the 

need to resort to detailed balance for assigning an entropy to the spacetimes involved in the 

transitions. In doing so, I will argue that these processes are local, and can be embedded in a 

suitably generalised KR/HM setup, with a gravitating bath and 2 ETW branes.  The calculations 

were performed in, both, Euclidean and Lorentzian signature, and for both signs of the 

cosmological constant. The final expressions resemble, either, relative entropies, or 

differences of generalised entropies, with the internal entanglement being evaluated along 

the dilatonic direction. Throughout the description, I will be arguing about the importance of 

introducing an additional scale w.r.t. the cosmological constant, namely the black hole mass, 

and how going beyond a certain threshold implies the emergence of an island, ensuring 

uptunnelling from Minkowski can take place (thereby providing an example of an AdS2/CFT1 

∉ AdS3/CFT2). Concluding remarks include connecting with recent developments towards 

finding the dual of dS2, and the study of algebra of observables, as recently addressed by 

Susskind and Witten et al., respectively.     

 

Talk link: https://www.aparat.com/v/p5GS7 
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A Solvable Toy Model of Flat Space Quantum Gravity 

Felipe Rosso 

University of British Columbia, Vancouver, BC V6T 1Z1, Canada 

 

Abstract: Although the quantum dynamics of gravity in a Universe with vanishing 

cosmological constant is of indisputable theoretical interest, a description that is both non-

perturbatively complete and computationally tractable is currently lacking. The aim of this 

talk is to show how a two-dimensional toy model of flat space gravity, introduced by Cangemi 

and Jackiw in the nineties, partially fills this gap. We argue it is the simplest theory of flat 

gravity and show how precise bulk computations of quantum observables can be non-

perturbatively completed by a random matrix model. 

(Based on arXiv:2205.02240, 2208.05974 and 2209.14372) 

 

Talk link: https://www.aparat.com/v/MrbQU 

Thursday 26th January 2023 
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AdS/BCFT from Conformal Bootstrap 

Yuya Kusuki 

Walter Burke Institute for Theoretical Physics, California Institute of Technology, USA 

 

Abstract: We initiate a conformal bootstrap program to study AdS3/BCFT2 with heavy 

excitations. We start by solving the bootstrap equations associated with two-point functions 

of scalar/non-scalar primaries under the assumption that one-point functions vanish. These 

correspond to gravity with a brane and a non-spinning/spinning particle where the brane and 

the particle do not intersect with each other. From the bootstrap equations, we obtain the 

energy spectrum and the modified black hole threshold. We then carefully analyze the gravity 

duals and find the results perfectly match the BCFT analysis. In particular, brane self-

intersections, which are usually considered to be problematic, are nicely avoided by the black 

hole formation. Despite the assumption to solve the bootstrap equations, one-point functions 

of scalar primaries can be non-zero in general. We construct the holographic dual for a non-

vanishing one-point function, in which the heavy particle can end on the brane, by 

holographically computing the Rényi entropy in AdS/BCFT. As a bonus, we find a refined 

formula for the holographic Rényi entropy, which appears to be crucial to correctly reproduce 

the boundary entropy term. On the other hand, we explain why one-point functions of non-

scalar primaries always vanish from the gravity dual. The independence of the bootstrap 

equations to the boundary entropy helps us to construct gravity duals with negative tension 

branes. We also find a holographic dual of boundary primaries. 

 

Talk link: https://www.aparat.com/v/POYft 

Thursday 26th January 2023 
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Analysis of corrected thermodynamics of 3D AdS black hole conformally in the background of 

massless scalar field 

 
Himanshu Kumar Sudhanshu1, Sudhaker Upadhyay2 
1P.G. Dept. of Physics, Magadh University, Bodhgaya, Bihar- 824234, India 

         Email: himanshu4u84@gmail.com 

2Dept. of Physics, K.L.S. College, Magadh University, Nawada, Bihar- 805110, India         

 Email: sudhakerupadhyay@gmail.com 

 

 

Abstract. We derive the corrected entropy due to the thermal fluctuation and its effects on the 

thermodynamic parameters of the three-dimensional AdS spacetime black hole conformally coupled to 

massless scalar field.  We find that the thermal fluctuation has significant effects on the entropy of the 

small black hole. We further investigate the attributions of the corrected entropy on the corrected 

thermodynamic parameters like Helmholtz free energy, Internal energy, Pressure, Enthalpy, Gibbs free 

energy. We find that thermal fluctuation has significant effects on the thermodynamics of small 

conformal black hole. At the end we analyze the stability of the conformal black hole by isothermal 

compressibility and find that the instability occurs for the small conformal black holes. 

 

Keywords: Corrected Entropy; 3D conformal black hole; Thermodynamics. 

 

 

 

Talk link: https://www.aparat.com/v/KxGkC 
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Holographic superconductivity from four-dimensional cubic Einstein-Lovelock theory 

 
Soodeh Zarepour1, Ali Dehghani2 
1Department of Physics, University of Sistan and Baluchestan, Zahedan, Iran 

Email: szarepour@phys.usb.ac.ir 
2School of Physics, Damghan University, Damghan 3671641167, Iran 

Email: ali.dehghani.phys@gmail.com 

 

 

Abstract. We present the first construction of Lovelock holographic s-wave superconductors up to 

cubic curvatures in 2+1 dimensions by implementing the four-dimensional (4D) regularization of 

Lovelock gravity. It is found that higher curvature corrections make the condensation gap larger, i.e., the 

scalar hair is harder to form as increasing the Lovelock coupling (α). It is also observed that higher 

curvature corrections make the deviation from the universal ratio of gap frequency (ω/Tc ≈ 8) greater. 

 

Keywords: AdS/CFT correspondence; Holography and Condensed Matter Physics (AdS/CMT); 

Holographic superconductor; Regularized Lovelock gravity. 

 

1 Introduction 

 

The conjecture of AdS/CFT correspondence states that strongly-coupled quantum field theories can be 

understood in terms of weakly-coupled variables of AdS-gravity models in one higher dimension [1-3]. In this 

sense, the quantum field system at finite temperature is assumed to live on the boundary of AdS black hole 

(brane) spacetime. Inspired by the successes of AdS/CFT correspondence, following the pioneering work of 

Hartnoll et al [4,5], many attempts have been done to analyze the phenomenon of superconductivity using this 

technique (see a nice review in [6]). One of the major tasks is to understand how different corrections in the 

gravity side affect the physics of holographic superconducting systems. 

      In principle, adding higher curvature corrections to the bulk theory could give a wide range of holographic 

superconducting models, as investigated by several authors (for example, see Refs. [7-11] and references 

therein). Of interesting case is Lovelock theory [12,13], perhaps the most fruitful theory among higher 

derivative gravity models, which naturally modifies Einstein gravity in higher dimensions. In this theory, the 

resulting gravitational field tensors (also known as Lovelock-Lanczos tensors) are nonlinear in the Riemann 

tensor but still the gravitational field equations contain metric derivatives no higher than second order which 

led to ghost-free nontrivial gravitational interactions in higher dimensions [14-16]. The degrees of polarizations 

for graviton are also the same as Einstein gravity. In addition, Lovelock gravity theories emerge in the low-

energy limit of different models of string theory [14-20] which gives the study of the Lovelock Lagrangian a 

special significance. 

      The obstacle is that ghost-free curvature corrections arisen from Lovelock Lagrangian appear in higher 

dimensions (Note that ( )f R gravity and Lovelock gravity theories are the only higher curvature theories of 

mailto:szarepour@phys.usb.ac.ir
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gravity that are ghost free for their solutions in general [7,8,14-16].) This means the consequences of higher 

curvature corrections of Lovelock theory cannot be examined in the physical 3- or 4-dimensions, and the 

exception is the five-dimensional Gauss-Bonnet gravity, whose dual gauge theory lives in four-dimensions, 

the case that studied in [7,8]. On the other hand, when higher order Lovelock corrections beyond the well-

known Gauss-bonnet term are included, the resulting holographic systems are challenging to address. These 

are most likely the reasons that caused the effects of higher order curvatures of Lovelock theory in the context 

of holographic superconductors have not been investigated yet. 

      Fortunately, there exist some dimensional-reduction techniques to circumvent the dimensionality issue of 

Lovelock gravity, yielding a non-trivial contribution to the four-dimensional Einstein field equations [21-25] 

(see a review in [26]). Indeed, four-dimensional analogues of maximally symmetric solutions of Lovelock 

gravity can be found using different approaches to regularized 4D Lovelock theory [27-29]. It was shown that 

they share maximally symmetric black hole solutions with planar horizon, at least, up to cubic curvature 

corrections [26,30]. For this reason, the fine-tuned black brane solutions of the regularized 4D Lovelock 

theories, which facilitates the analysis significantly and constructed in [29], can be used as a holographic 

background for building holographic superconductors. Having these motivations, here, we would like to 

present the first construction of Lovelock holographic superconductors in 2+1 dimensions. We will focus on 

the theory up to cubic curvature corrections.  

 

2 Holographic model and the normal phase 

 

The black brane background we consider here is given by 

( )
2

2 2 2 2 2( )
( )

dr
ds f r dt r dx dy

f r
= − + + + ,   
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2 3

3
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 

,              (1) 

which is a solution to the naïve 𝐷 ⟶ 4 limit of third-order Lovelock gravity [27,28] as well as the regularized 

4D Kaluza-Klein reduction of cubic Lovelock gravity [30] and it is conceivable that it can be obtained from 

the conformal regularization approach [22] because the same Lagrangian is obtained again, as first realized in 

Ref. [30]. The above solution is a planar black hole solution for the following reduced field equations of 4D 

Einstein-Lovelock gravity [27,28] 
3
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in which the fine-tunings 2

1 2 31, , / 3    = = =  have been used. The metric function (1) asymptotically 

behaves as ( )
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− −  which implies the condition 2 / 3L   for avoiding naked 

singularities. The asymptotic metric defines an effective AdS radius as 

( )

( )

( )

2

2
2 2

eff 1/3
2

vanishing higher order curvatures

the upper bound

, for 0

, for1 1 3 /
3 3

L

L L L
L






 →


= = 
→− − 



                    (3) 

The Hawking temperature of the black hole spacetime as the temperature of the dual boundary field theory in 

the normal phase (high-temperature phase) is given by 
1/3

4/3

3
.

2 4

M
T

L



 
= =  

 



30 
 
 

 

3 Holographic superconducting system 

 

Einstein-Maxwell-complex scalar system in 𝐷 dimensions can be dual to the essential ingredients of 

superconductivity in (𝐷 − 1) dimensional boundary field theory. Since we are looking for the effect of adding 

cubic Lovelock corrections, the Lovelock action should be minimally coupled with the following matter (scalar 

and vector) fields 

2 24 21 1

16 4
matter

N

S d x g F F iqA m
G



  


 
= − − +  −  +  

 
 ,  (4) 

where   denotes the scalar field with charge q and 
; ;F A A    = −  is the strength field tensor. Using the 

usual and standard ansatz for the Maxwell gauge field ( )A
 and the scalar field ( ), i.e., 

0( )A r =   and 

( )r =  , the corresponding field equation are found to be as 
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For this set of equations, regularity at the horizon yields the following boundary conditions 

( ) 0,r+ =        
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 =                                                     (6)                                        

At asymptotic region, regularity near the AdS boundary leads to finding the matter field behaviors as 

,
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where   and   are interpreted as the chemical potential and the charge density of the boundary field theory 

and   are given by 
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2 2 1 (1 3 ) 2 2/

m
m

L
L




 =  + =  +

− −
.                      (8) 

       To preserve the unitarity bound, the real solutions for   are required and this leads to 2 2

eff9 / 4m L −  

(known as Breitenlohner-Friedmann (BF) bound [31]).   are specified by setting the mass of the scalar field 

to be 2 22 /m L= −  and choosing 1L = , which the latter follows from the invariance of the equations of motion 

(5) under scaling symmetries. Imposing the scalar field  to be real and for the mentioned choice of  2m ,   

varies in the range of 0.135 0.33−   . In the view of AdS/CFT correspondence, either + or −  can be 

dual to the expectation value of the scalar (condensation) operator O  in the boundary, i.e. O+ + =  and 

O− − = . Considering −  as the source and imposing the boundary condition 0− = , then +  is the 

spontaneous condensation of the operator O  and vice versa. In order to find ,+  and  , the second order 

coupled differential equations (5) were solved numerically by employing the shooting method with the 

boundary conditions discussed before. The left panel of Fig. 1 exhibits the dimensionless quantity 
1/

/ cO T+

+
 

versus scale invariant temperature / cT T  for various Lovelock coupling constants in the allowed range with 

the mass of the scalar field fixed by 2 2 2m L = − . The curves behave qualitatively similar to the BCS theory, i.e., 

the condensates start to increase suddenly at the critical temperature and increases as the temperature decreases 

and finally tend to a constant at sufficiently low temperatures. This clearly indicates the s-wave holographic 

superconductivity in the presence of cubic curvature corrections.  In addition, it is seen that increasing   

makes the condensation gap larger except for the upper limit 1/ 3 = . Note that this abnormal behavior is also 
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observed for the upper limit of   (Chern-Simons limit) for the (3+1)-dimensional holographic 

superconductors in Einstein-Gauss-Bonnet gravity [7,8]. The right panel of Fig. 1 shows the critical 

temperature decreases with increasing  , meaning that the scalar hair is harder to form. 

 

 

 

 

 

4 Conductivity 

 

In order to investigate the effect of curvature corrections (up to cubic) on the conductivity of the s-wave 

superconductors in (2+1) dimensions, the response of the theory to an external electromagnetic field is 

examined. Applying the perturbative potential varying with time as ( ) i t

x xA A r e  −= , the variation of 

Lagrangian with respect to this field leads to  
2 2

2

( )
2 ( ) 0

(

( )
( )

( () ) )
( )x x x

f r
A r A r

f r

r
A r

f r f r




 
 + − 

 
 + = .                            (9) 

Solving Eq. (9) on the boundary, the asymptotic behavior of the Maxwell field reads 
(1)

(0)( )x

A
A r A

r
= + .                                                      (10) 

Using the Ohm’s law /x xJ E = , the conductivity is obtained from the so-called Kubo formula in the linear 

response theory as 
(1) (0)/A i A = . Solvig Eq. (9) numerically with ingoing wave boundary condition (

/3( ) ( ) i

xA r S r f −= ), the conductivity   is  obtained using the Kubo formula. In Fig. (2), the conductivity 

versus the dimensionless quantity / cT  have been depicted for three different values of 0.1 = −  (left panel), 

0 = (middle panel) and 1/ 3 = (right panel) at temperatures / 0.2,0.5cT T =  and 0.8  . The solid and dashed 

curves show the real and imaginary parts of the conductivity, respectively. It can be seen that with increasing 

  the gap frequency / cT  increases, from / 8cT  (the expected universal ratio)  for the case of 0 =  to 

Figure 1. Left panel: The condensates of the scalar operator O+ as a function of temperature up to cubic 

curvature corrections for different values of α.  Right panel: The critical temperature for the scalar operator 

O+ as a function of α up to cubic curvature corrections. 
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/ 17cT   for the case of 1/ 3 =  with / 0.2cT T = . Thus, higher curvature corrections make the deviation 

from the universality of the gap frequency over critical temperature ( / 8cT  ) greater. 

 

 

5 Discussion and conclusions 

 

The first construction of Lovelock holographic s-wave superconductor was presented up to cubic curvatures 

in 2+1 dimensions. To do so, the effect of higher order corrections was numerically investigated by 

implementing the four-dimensional (4D) regularization of Lovelock gravity. Solving the system numerically 

in the probe limit for various Lovelock couplings, we found that higher curvature corrections make the scalar 

condensation gap greater except for the upper limit 1/ 3 = for which an anomaly is observed. In accordance 

with this result, it was shown that critical temperature decreases with increasing  . Moreover, the effect of 

curvature corrections (up to cubic) on the conductivity of the s-wave superconductors in (2+1) dimensions was 

investigated and it was shown that the gap frequency ω/Tc shifts to greater values for higher curvature 

corrections compared with the universal ratio of ω/Tc ≈ 8. 

      It is of considerable importance to investigate the competition between the Gauss-Bonnet 2( )  and the 

third-order Lovelock 3( )  couplings and study the effect of a general background on the phenomenon of 

holographic superconductivity. For this purpose, the relevant black brane background can be found in Ref. 

[27]. More importantly, using the fine-tuned black brane solutions presented in Ref. [29], in principle we can 

build 3D Lovelock holographic superconductors up to any order of higher curvature corrections and have a 

sense for situations that infinitely higher curvature terms are involved.  We are currently investigating these 

issues in Ref. [32]. 
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Abstract. In this paper, we will investigate Technicolor (TC) inflation using the scaler weak gravity 

conjecture (SWGC) and the strong scaler weak gravity conjecture (SSWGC). Also, we will check the 

compatibility of this model with these conjectures. In addition, we examine the consistency of this 

inflation model with further refining de Sitter swampland conjecture (FRDSSC) by adjusting the free 

parameters of this conjecture viz a, b, and q. 

 

          Keywords: Technicolor inflation; FRDSSC; SWGC; SSWGC. 
 

1 Introduction 

 

The weak gravity conjecture and the swampland program remained introduced by C. Vafa in 2005 [1]. The 

swampland program is examined from two points of view; the top-down view introduces conjectures for the 

program by applying restrictions according to the idea and then formulates them to test their compatibility with 

some concepts in particle physics and cosmology [2]. Also, conjectures are modified in further investigations, 

and new conjectures are introduced according to new applications. Since string theory faces severe challenges 

due to its high dimensions and energies, we use the second point of view. 

The second point of view is bottom-up, in which researchers examine various contents of cosmology, such as 

inflation, dark energy, and the physics of black holes with these conjectures [3]. They also compare the 

obtained results with the latest observable data to prove the swampland program and string theory. Using de 

Sitter and refined de Sitter swampland conjectures, we can discuss the compatibility of four-dimensional 

theories with string theory, with the condition that their dynamics can be obtained using the scalar potential as 

follows [4], 

𝑆 = ∫ 𝑑4𝑥 √−𝑔[−
1

2
𝑀𝑝

2 𝑅 +
1

2
𝑔𝜇𝜈𝑊𝑖𝑗𝜕𝜇𝜙𝑖𝜕

𝜈𝜙𝑗 − 𝑉]                                                                  (1) 

where 𝜙𝑖 is the real field coupled to gravity and 𝑊𝑖𝑗 is the metric of the field space. Therefore, we can examine 

the inflation models with respect to action (1) using de Sitter and refined de Sitter conjectures that are defined 

as follows with Mp=1 [5], 
𝛻𝑉

𝑉
≥ 𝑐1 ,     

𝑚𝑖𝑛(𝛻𝑖𝛻𝑗𝑉)

𝑉
 ≤ −𝑐2                                                                                                  (2) 

mailto:mr.alipour@stu.umz.ac.ir
mailto:saeed.noorigashti@stu.umz.ac.ir
mailto:pouriya@ipm.ir


36 
 
 

 

where c1 and c2 are the order of one. By combining two de Sitter and refined de Sitter conjectures, the 

researchers obtained a new conjecture called the further refining de Sitter swampland conjecture as follows 

which solves the contradiction between the swampland dS conjecture and single field slow-roll inflation [4,6], 

(
𝛻𝑉

𝑉
)

𝑞

− 𝑎
𝑚𝑖𝑛(𝛻𝑖𝛻𝑗𝑉)

𝑉
 ≥ 𝑏                                                                                                      (3) 

where 𝑎 = 1-b, 𝑞 > 2, 𝑎, 𝑏 > 0. 𝑎, 𝑏, and 𝑞 are its free constant parameters. Also, we can define the slow-roll 

parameters in terms of potential as follows [7], 

 

𝜖𝑉 =
1

2
(

𝛻𝑉

𝑉
)

2

=
1

2
𝐻1

2,            𝜂𝑉 =
𝑚𝑖𝑛(𝛻𝑖𝛻𝑗𝑉)

𝑉
= 𝐻2                                                               (4) 

Therefore, according to relations (3) and (4), we can rewrite the further refining de Sitter swampland conjecture 

in terms of slow-rolling parameters as follows, 

 

𝐻1
𝑞 − 𝑎 𝐻2 ≥ 1 − 𝑎                                                                                                              (5) 

We can also express H1 and H2 in terms of scalar spectrum index and tensor-to-scalar ratio as follows, 

𝐻1 = √2𝜖𝑉 = √
𝑟

8
 ,        𝐻2 = 𝜂𝑉 =

𝑛𝑠+
3𝑟

8
−1

2
                                                                         (6) 

The weak gravity conjecture is one of the conjectures of the swampland program, which considers gravity the 

weakest force. Also, Palti generalized this conjecture so that gravity is even weaker than the force of scalar 

fields, and this is called the scalar weak gravity conjecture (SWGC) [8]. in the SWGC, when a particle of mass 

𝑚 is coupled to a scalar field, assuming 𝑚2 =
𝜕2𝑉

𝜕,𝜙2 the following condition holds [9,10] 

(𝑉(3) )
2

≥ (𝑉(2) )
2
                                                                                                             (7) 

where the power number in the parentheses means the order of the derivative relative to 𝜙. We also have the 

strong version of SWGC with the following conditions [10,11], 

2(𝑉(3) )
2

− 𝑉(2)𝑉(4) ≥ (𝑉(2) )
2
                                                                                        (8) 

This article examines the Technicolor (TC) inflation model with SWGC, SSWGC, and FRDSSC. Thus, our 

paper is divided into the following sections. 

 

2 Overview of Inflationary Technicolor (TC) 

 

We consider the simplest technological model with standard slow-rolling inflation as a model for composite 

inflation. Also, this model's potential in the Einstein frame is as follows [12],  

𝑈𝑇𝐶(𝜙) ≃
𝑘 𝑀𝑝

4

4 𝜉2  (1 +
𝑀𝑝

2

𝜉 𝜙2)                                                                                                              (9) 

Where k, Mp and  𝜉 are the inflation self-coupling, Planck mass, and the non-minimal coupling to gravity. In 

the following, we can obtain the slow rolling parameters for equation (9) in the large field approximation as 

follow (with setting Mp=k=1) [12],   

 

𝜖 ≃
4

3𝜉2𝜙4    ,     𝜂 ≃ −
4

3𝜉𝜙2      ,   𝜁 ≃  
16

9𝜉2𝜙4                                                                          (10) 

Also, for N=60 e-foldings, according to the equation (9), the values of ns and r were obtained as follows [12], 

𝑛𝑠 = 0.96667,      𝑟 = 0.00333                                                                                                       (11) 
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3 Discussion and result 

 

In this section, we try to examine the TC inflation model with FRDSSC, SWGC, and SSWGC. Also, we discuss 

the satisfaction of the TC inflation model in each of these conjectures. 

 

3.1 FRDSSC and TC inflation 

 

By putting relations (4), (6), and (11) in relation (2), we will have 

𝐶1 ≤ 0.09243,      𝐶2 ≤ 0.01604                                                                                                     (12) 

Since the C1 and C2 are not unit order, this inflation model is inconsistent with the refined swampland 

conjecture. So, we evaluate it with FRDSSC  .According to equations (6) and (11), the values of H1 and H2 are 

obtained as follows    

𝐻1 = 0.09243,      𝐻2 = −0.01604                                                                                                 (13) 

Also, by putting equation (12) in equation (6), we have 

(0.09243)𝑞 + 𝑎 (0.0604) ≥ 1 − 𝑎,    𝑜𝑟   
1

1.0604
[1 − (0.09243)𝑞] ≤ 𝑎 < 1                    (14) 

According above relation, TC inflation can be satisfying FRDSSC.  For example, when we choose q=2.2, we 

will have a=0.93804 and b=1-a=0.06196.   

 

3.2 SWGC, SSWGC and TC inflation 

 

We calculate the derivatives of potential (9). To check SWGC and SSWGC, 

𝑈𝑇𝐶
(1) ≃

𝜙3

(1+𝜉 𝜙2)3                                                                                                                               (15) 

𝑈𝑇𝐶
(2) ≃

3𝜙2−3𝜉 𝜙4

(1+𝜉 𝜙2)4                                                                                                                               (16) 

𝑈𝑇𝐶
(3) ≃

6(𝜙−5𝜉𝜙3+2𝜉2 𝜙5)

(1+𝜉 𝜙2)5                                                                                                                  (17) 

𝑈𝑇𝐶
(4) ≃

−6(−1+24𝜉𝜙2−45𝜉2𝜙4+10𝜉3 𝜙6)

(1+𝜉 𝜙2)6                                                                                             (18) 

According to the above relations and (7), we have the following expression for SWGC, 

9𝜙2

(1+𝜉 𝜙2)8  [
4(1−5𝜉𝜙2+2𝜉2 𝜙4)

2

(1+𝜉 𝜙2)2 − 𝜙2(−1 + 𝜉 𝜙2)2] ≥ 0                                                                  (19) 

 

 

 

 

 

 

 

 

 

 

 

 

 Figure (1): the SWGC condition: equation 18 in terms of 𝜙 for 𝜉 = 1. 
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As shown in Figure (1), the relation (19) becomes positive when 𝜙 is within the range of 𝜙 ≤ 0.41 and 0.53 ≤
𝜙 ≤ 1.28. In this case, SWGC will be established for TC inflation. 

Also, we can evaluate the SSWGC by placing the relations (16), (17), and (18) in (8). So, we have, 
9𝜙2

(1+𝜉𝜙2)10
[6 − 𝜙2 − 30𝜉𝜙2 + 94𝜉2𝜙4 + 2𝜉2𝜙6 − 50𝜉3𝜙6 + 12𝜉4𝜙8 − 𝜉4𝜙10] ≥ 0               (20) 

Therefore, according to relation (19) and figure (2), we can find the points of 𝜙 where the SSWGC holds. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

According to Figure (2), in the range of 𝜙 ≤ 1.5, the TC inflation model will be compatible with the SSWGC.  

 

4 Conclusions 

 

This article examined the TC inflation model with FRDSSC, SWGC, and SSWGC. We found that this model 

will be consistent with the FRDSSC by adjusting its free parameters when q = 2.2, a = 0.93804, and b=0.06196. 

Also, we found that this model will not be compatible in all 𝜙 values for two conjectures viz SWGC and 

SSWGC. According to the figs 1 and 2 for two conjectures, when 𝜙 ≤ 0.41 and 0.53 ≤ 𝜙 ≤ 1.28, this 

conjecture will be satisfied for mentioned inflation model. 
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Abstract. In this research activity, we report the possibility of a 3D object holography using two object 

beams in addition with a reference beam. In this experiment, a laser beam was split into 3 beams using 

two beam splitters. All three beams were expanded via a set of two convex lenses in a setup similar to a 

simple telescope. One of the beams was directed to the photographic plate as a reference beam. The other 

two beams were shined onto the object from two different angles using mirrors. After developing the 

photographic plate, the obtained hologram was placed in front of a reference laser beam for 

reconstructing the images. It has been observed that the virtual image of the object could be seen from 

two different angles.    

 

Keywords: Holography; Hologram recording; Image reconstruction; 3D Object; Object beam.  

 

 

1 Introduction 

 

In holography, it is possible to record both the amplitude and the phase of an object [1]. In practice, there is no 

way to record both the amplitude and the phase of an object using only the object beam [2]. To record both of 

these parameters, we need at least one more beam to encode the phase information of the object. For this 

reason, it has always been the case that the object beam is accompanied by a reference beam in order to produce 

a codded interference pattern on the photographic plate [3]. The hologram of the photographic plate once 

exposed to a reference laser beam, the amplitude and phase information of the object is dispersed from the 

hologram [4]. The scattered beams from the hologram turn out to be two converging and diverging beams [5].  

The diverging beams indicate a virtual image of the object and the converging beam which can be brought on 

a screen is the real image of the object. In this work, we examined the holography of a 3D object using two 

objects' beams [6]. In what follows, we first investigate the theory behind this kind of holography. Then we 

describe the experimental setup carried out to get the images. In practice, it was difficult to obtain the real 

image of the object on the screen however two virtual images of the object could be observed from two different 

angles [7].  
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2 The theory  

 

In this experiment, we directed one laser beam as a reference plane wave in the z-axis direction with the 

equation: 
1

1( , , )
ikz

RE x y z Ae=                                (1) 

where A  is an arbitrary amplitude. The photographic plate is located at 1z z=  with the coordinate system as 

(x, y, z1). We assume the two other object beams arriving at the photographic plate have field distribution as 

1 1 1 1( , , )oE x y z  and 2 1 1 1( , , )oE x y z . The total electric field at the position of the photographic plate is the sum of 

two object beams and a reference beam can be expressed as: 
1

1 1 1 2 1( , , ) ( , , ) ( , , )ikz

tot o oE x y z Ae E x y z E x y z= + +  (2) 

These fields interfere with each other. The Intensity distribution on the photographic plate is obtained simply 

as: 
*

1 1 1( , , ) ( , , ) ( , , )tot totI x y z E x y z E x y z=   (3) 

The transmittance function, 1( , , )t x y z , of the photographic plate after developing is proportional to the 

intensity distribution so that we have [8]: 

1 1( , , ) ( , , )t x y z I x y z    (4) 

The developed photographic plate is our hologram in hand. Shining a reference laser beam on this hologram 

will scatter beams in all directions. If we want to find the scattered beam at a distance 2z  where the image 

screen is located, we have to multiply the reference laser beam by the transmittance function, equation (4). We 

can find the electric field distribution on the image screen located at point 2z z= via the convolution of the 

transmittance function and the reference wave as: 
1

2 1 2( , , ) ( , , )* ( , , )ikz

imageE x y z Ae t x y z h x y z     =    (5) 

 where 2( , , )h x y z  is the impulse response function defined as:  

2 2

1 2

( )
2( )

0( , )

ik
x y

z zh x y h e
+

−=  
(6) 

 where 0h  is a complex constant number. According to the definition of convolution, the electric field at the 

image screen can be computed via the convolution integral: 

1

2 1 2( , , ) ( , , )* ( , , )ikz

imageE x y z Ae t x y z h x x y y z dxdy
 

− −
   =  − −   (7) 

Where the integration is carried out over the hologram area. Back to the transmittance function, the electric 

field distribution on a photographic plate due to an object located at the origin, 0z = , can be rewritten in terms 

of object waves in a coordinate system ( , , )x y z   , i.e., ( , , )oE x y z   . The two object waves incident on the 

photographic plate from two angles 1  and 2 . With a coarse approximation, the two object beams may be 

expressed as: 1sin( )

1( , , )
ikz

oE x y z e     and 2sin( )

2( , , )
ikz

oE x y z e
   . Therefore, the object wave 1 1( , , )oE x y z  and 

2 1( , , )oE x y z  can be expressed as the convolution of 1sin( )

1( , , )
ikz

oE x y z e    and   2sin( )

1( , , )
ikz

oE x y z e     object wave 

and the impulse response function, 2( , , )h x y z  as: 

1

1

sin( )

1 1 1

sin( )

1

( , , ) ( , , ) * ( , , )

( , ) * ( , )

ikz

o o

ikz

o

E x y z E x y z e h x y z

E x y e h x x y y dx dy




 

− −

=

     = − − 
 

    (8) 

and 
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2

2

sin( )

2 2 1

sin( )

2 1

( , , ) ( , ) * ( , , )

( , ) * ( , , ) .

ikz

o o

ikz

o

E x y z E x y e h x y z

E x y e h x x y y z dx dy




 

− −

=

     = − − 
 

(9) 

  where the integration is carried out over the object area in ( , , )x y z    coordinate system. By substituting 

equations (8), (9) into (2) and hence, into equation (4), the electric filed distribution of the image can be 

computed using equation (7). Since the electric field distribution of the image, 2( , , )imageE x y z  , is dependent 

on the angles 1  and 2 , we expect to observe the holographic images from two different angles.  

 

2 Experimental set up  

 

The experimental setup for recording of a 3D object using two object beams is shown schematically in Fig 1.   

 

 
Fig 1: Schematic setup for recording a 3D object using two object waves. The Abbreviations in this figure 

stand for BS: Beam Splitter, BE: Beam Expander, M: Mirror, O: Object, OW: Object Wave, PP: 

Photographic Plate. All optical elements are laid on a vibration-free table.  

 

In this experiment, we used a sugar cube as an object. To avoid confusion about which face is shined by the 

laser light, we have put a Laser spot from one as a sign next to one of the two facets of the cube sugar. To 

reconstruct the image, the hologram was exposed to an expanded laser reference beam. It was possible to see 

two different facets of the virtual image of the cube sugar by changing the view angle through the hologram. 

In one view at an angle 1 , we could see the whole image of one facet due to object wave 1 with all 

characteristics of custom holography as shown in Fig. 2 (a). In another view at an angle 2 , we could see the 

other facet due to object wave 2 as shown in Fig. 2 (b). As can be seen from this figure, the laser spot can be 

observed (the laser spot has been indicated by an arrow). Unfortunately, the virtual image of the second facet 

has pure quality which cannot be seen clearly. This experiment, of course, has also been carried out by just one 

object wave and consequently one virtual image of the object was observed.  
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a b 

 

Fig. 2: The reconstructed virtual image of 3D object, the cube sugar, (a) virtual image due to reference wave 

and object wave 1 (OW1) viewed at the angle 1  and (b) virtual image due to reference wave and object 

wave 2 (OW 2) viewed at the angle 2  
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Abstract. In this paper, we investigate a modified f(R) gravitational model that includes a polynomial 

and a logarithmic term such as f(R) = R+ζR2 +ηRn +θR2 log θR in the content of gravity rainbow. The 

main suggestion here is considering gravity rainbow functions in the form of the power-law of the Hubble 

parameter. Then, we provide a summary explanation of the spectral index of curvature perturbation and 

the tensor-to-scalar ratio according to measurements related to the Hubble parameter, the number of e-

folding, and the rainbow parameter. In that case, we check the matching of the obtained results with 

Planck’s data. Finally, according to the mentioned fixed parameters and the latest observable data, we 

determine the allowable range concerning different parameters of the gravitational rainbow system. We 

also conclude that the compatibility range decreases by decreasing the parameter $ and increasing 

parameter n. 

 

          Keywords: Logarithmic f(R) models; Gravity rainbow; Rainbow parameter. 

 

1 Introduction 

 

   Recently, many researchers have concluded that the cosmic inflation pattern is theoretically the best model 

for the universe. There is currently a vast observational effort to detect the signature of inflation on the CMB. 

Theoretical cosmology within LCDM physics necessitates an inflation period shortly after the big bang to draw 

a consistent picture of the first phases of the universe and produce the universe observed today. It provides an 

attractive solution to several problems such as standard cosmology, flatness, and horizon problems. Of course, 

we are aware that although the inflation model has been in line with the observable data, it still faces a series 

of issues such as the initial conditions, etc. On the other hand, Einstein’s theory of gravity is valid for low 

energies, so Einstein’s theory must be modified for the high energies (UV). As we know, the simplest form for 

gravitational theories is the modified f(R) gravitational model, which is considered according to Einstein-

Hilbert’s action, which is included by the Ricci scaler [1]. The stated action can be written as S = 1 /2κ2 

∫ d4x√−g f(R) where κ2 = 8πG and g determines from gµν metric, and Ricci scalar is, R = gµν Rµν. Of course, 

it can be made the performance linear by introducing an auxiliary field such as φ, so that, 

S = 1/2κ2 ∫ d4x√g (F(φ)(R −  φ)  +  F(φ))  

where F(φ) = dF(φ)/dφ . In summary, in the case of modified f(R) gravitational models, a series of 

simplifications that have been well studied in previous works [2]. One of the most well-known models for the 
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45 
 
 

 

investigation of inflation is the Starobinsky model with a quadratic correction in the Ricci scalar in the context 

of modified gravity [3]. Here we note that adding a series of quantum modifications to the action is not the 

only possible way to modify Einstein’s gravity. There are several approaches to have a quantum gravity in the 

corresponding theory. In addition to modification of action, we have string theory, loop quantum gravity, and 

non- commutative geometry approaches. On the other hand, the gravity rainbows are formed by modifying the 

usual dispersion relation in the UV limit. Generally, one can say that we give some modifications to the 

corresponding limit, which is related to the rainbow universe and depends on the energy of the probe particles 

[4]. So, in that case, the dispersion relation will be ε2 ᵮ 2(ε) − p2 ĝ2(ε) = m2 where ᵮ and ĝ are rainbow functions. 

Here we note that when we have the limit of ε/M → 0 we will arrive at ᵮ (ε /M) → 1 and ĝ (ε/M) → 1, where 

M is the energy scale [5]. The corresponding Planck’s energy leads us to generalize relativity. Researchers 

have generalized this idea, so that rainbow gravity contains a generalization to general relativity [6]. In fact, in 

their theory, the space-time metric felt by a free particle depends on the probe particle’s energy or momentum. 

Therefore, space-time is determined by a family of metrics parameterized by the probe’s energy ε in the form 

of a metric rainbow, called gravity’s rainbow. The modified metric of the rainbow is as follows, g(ε) = ηµν êµ(ε) 

⊗ ê ν(ε) where êµ in the frame field eµ is as, ê0 = e0/ ᵮ (ε) and êi = ei/ ĝ(ε) with i = 1, 2, 3. So, the FLRW metric 

is replaced by a rainbow metric, which is given by, ds2(ε) = − 1 / ᵮ2(ε) dt2 + a2 (t) ĝ2(ε) δij dxi dxj for simplify 

we take ĝ2 (ε) = 1.The method and formalism associated with the rainbow universe have been used in many 

works in recent years, and various models have been studied using the modified Friedmann equations [7]. In 

fact, in this paper, we want to study a specific f(R) gravitational model that includes a polynomial plus a 

logarithmic term. In the case of the rainbow universe, many problems related to cosmology, such as the horizon 

problem, can always be solved by choosing a suitable form ᵮ (ε) [8,9]. The effects of rainbow functions on 

various scenarios as Gauss-Bent and massive gravity have also been studied by [10]. In addition, the rainbow 

gravity has recently been investigated in many cosmological scenarios, including structures such as massive 

gravity, Gauss-Bonnet gravity, and f (R) gravity. For more studying you can see in the Refs. [11].  
 

2 f(R) theories with gravity rainbow monitoring 

 

  We note here, in addition to the modified FRLW metric used for the homogeneous and isotropic universe, we 

will also have a series of general relativity changes related to the early universe, and some of these reforms 

emerge at high curvature. Of course, among gravitational theories, one of the simplest models is the modified 

f(R) gravitational model. In that case, the action is a function of Ricci scalar, and the field equations follow the 

method as Ref [1]. We consider the action in 4-dimensions for the modified f(R) gravitational model, and we 

have, S = 1 /2κ2 ∫ d4x√−g f(R)  + ∫ d4x√−g LM where LM is the matter Lagrangian. According to gµ𝜈 and 

using equation (4) one can obtain,  
                  F(R)Rµν(g) – 1/2 f(R)gµν − ∇µ∇νF(R) + gµν◻F(R) = κ2T(M) µν                                                             (1) 

where F(R) ≡ ∂f(R)/∂R, ◻F = (1/ √−g)∂µ( √−ggµν∂ν) and TM
µν ≡ −2 δ( √−gLM) δgµν / √−g. This choice to fill 

the universe instead of being cryptic. TM
µν is satisfied by the continuity equation, it means ∇µTM 

µν = 0 
respectively. Tµ(M) 

ν lead us to have diag = (−ρM, PM, PM, PM) which is perfect fluid form. As we know ρM and PM 
are energy density and pressure, respectively. We also show that according to the Hubble and the rainbow 

parameters, the Ricci scalar can be obtained by, R = 6 ᵮ2 (2H2 + Ḣ+ H dᵮ/dt / ᵮ ). So with respect to equation (1), 

and modified FRLW metric and supposing that the tensor of stress-energy is noted in terms of the perfect fluid 

form, one can obtain,  

3(F H2 + HdF/dt) + 6HF dĝ/dt/ ĝ + 3Fdĝ2/dt2 / ĝ + dF/dt d ᵮ /dt/ ᵮ − 3F dĝ/dt/ ĝ = F R − f(R)/2 ᵮ2 + k2ρ/ᵮ 2         (2) 
 

3F H2 – 3dF/dt H2 + 3F dH/dt + 3F H d ᵮ /dt/ ᵮ − dF/dt d ᵮ /dt/ ᵮ − 4F ĝ2/ ĝ4 + 6FH dĝ/dt/ ĝ3 − 3 dF/dt dĝ/dt/ ĝ3 
+ F d2ĝ/dt2/ ĝ3 + F dᵮ /dt/ ᵮ dĝ/dt/ ĝ3 − 3F H2/ĝ2 + 2dF/dt H/ĝ2 + d2F/dt2 ĝ2 − F dH/dt/ ĝ2 + 6F d2ĝ/dt2/ ĝ2 − F H 
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dᵮ /dt/ ᵮ ĝ2 + dF/dt d ᵮ /dt/ ᵮ ĝ2 − 6F H dĝ/dt/ ĝ+ 3dF/dt dĝ/dt/ ĝ − 3F d2ĝ/dt2/ ĝ − 3F dᵮ /dt/ ᵮ dĝ/dt/ ĝ− f(R) (ĝ − 
1)( ĝ + 1) 2 ᵮ 2 ĝ2 = − k2 (ρ ĝ2+ P) ᵮ 2 ĝ2                                                                                                                           (3) 
Where H = (da/dt)/a. The rainbow parameter modifies the equations (2) and (3). If we assume ĝ = 1, these 

equations will be in original form. We can also study the calculations related to Ricci scalar in the form below. 

It is somewhat direct to derive the Ricci scalar of the theory.  We will consider the modified f(R) gravity as a 

polynomial plus a logarithmic term. Here we note that the logarithmic f(R) gravitational model describes 

neutron stars, and the polynomial section describes cosmological models, as well as the gluon effects [12]. 

First of all, we introduce the modified f(R) gravity which is given by,  

                                 f(R) = R + ζR2 + ηRn + θR2 log θR                                                                                  (4) 

where α, β, and γ are constant parameters, and these coefficients are responsible for the dimensional problem 

of the corresponding model. It would be reasonable for us to assume that inflaton was predominant in the early 

universe, and thus we could ignore the contributions of matter and its radiation. According to relation (4), we 

have df (R)/dR = 1+ (2ζ +θ) R+2θR ln θR+nηRn−1 , d2f(R)/d2R= 2ζ +θ+2θ ln θR+n(n−1)ηRn−2 . We can explain 

the importance of this model according to the above two equations. If the mentioned model the parameters ζ ≠ 

η ≠ 0 and only the parameter θ is zero, the model that is examined in [13]. With η = 0, the model is reduced to 

the famous Starobinsky model. A special investigation with θ = 0, and n = 4 in [14] has also been performed. 

The f(R) also satisfies the conditions f(0) = 0 that lead to a flat space-time without a cosmological constant. 

Also, the stability of this model is thoroughly investigated in [15]. Another critical point is the review of this 

model by the authors of the article in connection with Investigating the logarithmic form of f (R) gravity model 

from brane’s perspective and swampland criteria, which has exciting results. This model has also been studied 

in examining a specific type of traversable wormholes concerning various shape and redshift functions, and its 

exciting results have also been investigated in [16]. In addition, its inflation model has been challenged with 

special conditions, i.e., slow-roll and weak gravity conjecture. According to the above model, quantum stability 

conditions are obeyed by f(R), and also according to the above equations, classical stability conditions also 

lead to, f ′(R) = 1 + (2ζ + θ + 2θ ln θR) R + nηRn−1 > 0 As contents mentioned earlier and equations (2) and (3) 

and its combination with the logarithmic model mentioned in equation (4), a relation is obtained. Concerning 

the above content, we consider the evolution of the FRLW modified universe. Form ᵮ (ε) can be explained in 

the Einstein frame and the potential, which usually takes canonical form. According to conformal 

transformation gµν = Ω2 gµν with Ω2 = F, in the Einstein frame we have, Se = ∫ d4x√−g ( 1/2κ 2e Re –  1/

2 gµνe ∂µφe ∂νφe −  V (φe). Where κφe ≡ √3/2 ln F and V (φe) = F R−f(R) /2κ2F2 , also here we neglect 

other matters contribution. We assume that the probe’s energy is proportional to the total energy density of the 

inflation, ρφe. During slow-roll inflation, it can be assumed that ρφe ≈ V (φe). Based on these assumptions, we 

select the rainbow function that is explicitly parameterized in the power form of the Hubble parameter, ᵮ 2 = 1 

+ (H/M )2λ, where λ > 0 and ᵮ = 1 for the late time. By using ᵮ 2 +( H /M )2λ and concerning the assumption of 

the rainbow parameter and also due to the slow-roll approximation we can neglect of the d2H/dt2 as well as 

higher powers of dH/dt terms. In this case, one can obtain,  

Ḣ= (6ηn(H/M )−2λ (12H2 θ(H/M)2λ − 3)) /(36(1 + λ)(2ζ + θ + 6η(−1 + 2n)2 (H/M)2λ  
+ 2θ log[12θ(H/M) 2λ]))                                                                                                                                               

(5)                                                                                                                          
We can find a numerical solution to the Hubble parameter during inflation with specific methods. Here we take 

advantage of simplifications and approximations and achieve an analytical solution,  

H≈ Hi + (6ηn(Hi/M )−2λ (12H2
i θ(Hi/M)2λ − 3) ) (t − ti) / (36(1 + λ)(2ζ + θ + 6η(−1 + 2n)2 (Hi/M)2λ 

 + 2θ log[12θ(Hi/M) 2λ]))                                                                                                                                (6)                                                                                                                   
a ≈ ai exp ( Hi (t − ti) + 6ηn(Hi/M) −2λ (12H2

i θ(Hi/M)2λ − 3)(t − ti) 2 / 72(1 + λ)(2ζ + θ + 6η(−1 + 2n)2 (Hi/M) 2λ + 
2θ log[12θ(Hi/M)2λ]))                                                                                                                                                       (7) 
where Hi and ai are Hobble parameter and scale factor, respectively at t = ti . The slow-roll parameter  
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 є 1, is defined by є 1 ≡ − Ḣ/ H2. So, we have,  
є 1 = − Ḣ/ H2 =− (6ηn(H/M)−2λ (12H2 θ(H/M)2λ − 3)) / (36(1 + λ)H2 (2ζ + θ + 6η(−1 + 2n) 2 (H/M)2λ + 2θ 

log[12θ(H/M)2λ]))                                                                                                                                    (8) 
According to the above results, it is possible to determine the end of inflation with the condition t = tf with 

respect to є (tf ) = 1, we will have, 
tf ≈ ti – ((6ηn(Hi/M)−2λ (12H2 θ(Hi/M)2λ − 3)) / ( 36(1 + λ)Hi(2ζ + θ + 6η(−1 + 2n)2 (Hi/M)2λ + 2θ   

log[12θ(Hi/M)2λ]))−1                                                                                                                                                         (9)                     
By obtaining tf, we can investigate a number of e-folding from (ti) to (tf) which is given by,  
N ≡ ∫ Hdt ≈ Hi(t − ti) + (6ηn(Hi/M)−2λ (12H2

i θ(Hi/M) 2λ − 3)(t − ti)2 )/ (72(1 + λ)(2ζ + θ + 6η(−1 + 2n)2  (Hi/M)2λ 
+ 2θ log[12θ(Hi/M)2λ])                                                                                                                                                   (10) 
Here N ≈ 1/ 2є1 (t). The above equation indicates the number of e-folding that can be written by summarizing 

this relation according to slow-roll parameter є 1. 
 
3 Cosmological perturbation & rainbow gravity 

 

   After performing the calculations of the previous section, we will examine the linear perturbation from 

inflation [1]. In fact, according to the probe particle with energy ε, with respect to the FLRW metric and ĝ (ε) 
= 1 for the isotropic and homogeneous universe, the existing perturbation can be described by, ds2 = − 1 + 2α/ 
ᵮ 2 (ε) dt2 − 2a(t) (∂iβ − Si) / ᵮ (ε) dt dxi +a2 (t)(δij +2ψδij +2∂i∂jγ +2∂jFi +hij )dxi dxj. Where α, β, ψ, γ, Si, Fi and hij 
are scalar, vector and tensor perturbation, respectively. We currently focus on tensor and scalar perturbation 

and ignore the vector perturbation. As we know the tensor perturbation hij  are invariant with respect to gauge 

transformation [1, 15, 16]. So, we can describe these variations as, Φ = α − ᵮ d /dt(a2 ᵮ (γ + β/ a ᵮ )),  Ψ = −ψ + 
a2 ᵮ2H( γ + β / a ᵮ ), and Ʀ = ψ – HδF/ dF/dt. By selecting the appropriate gauge and without tensor 

perturbation, and β = 0, γ = 0, Φ = α, and Ψ = −ψ the corresponding metric is obtained by, ds2 = − 1 + 2Φ/ ᵮ 2 
dt2 + a2 (t)(1 − 2Ψ)δijdxi dxj .  For convenience and simplicity, the perturbation values can be considered in 

form of A ≡ (3HΦ + Ψ). With respect to the above information and equation (5), we have the expressions,  
− ∇2Ψ/ a2 + ᵮ2HA = −1/ 2F ( 3 ᵮ2 (H2 + dH/dt + dᵮ /dt/ ᵮ )δF + ∇2δF/ a2 −3H ᵮ 2 δ(dF/dt) + 3HΦ(dF/dt) ᵮ2 +             

ᵮ2A(dF/dt)+ κ2 δρM)                                                                                                                                                         (11) 
HΦ + Ψ =˙ − 1 /2F (HδF + (dF/dt) Φ – δ((dF/dt)))                                                                                                      (12) 
(dA/dt) + (2H + (dᵮ /dt)/ ᵮ )A + 3 dH/dt Φ + ∇2Φ/ a2 ᵮ2 + 3HΦ (dᵮ /dt)/ ᵮ = 1 /2F [ 3δ(d2F/dt2)  + 3(H + (dᵮ /dt)/ 

ᵮ)δ(dF/dt)  − 6H2 δF − ∇2 δF/ a2 ᵮ 2 − 3(dF/dt)  dΦ/dt− (dF/dt)  A − 3(H + (dᵮ /dt)/ ᵮ) (dF/dt) Φ                           − 
6Φ(d2F/dt2)   + κ2 ᵮ 2 (3δPM + δρM) ]                                                                                                                             (13) 
These equations are tools for investigating scalar perturbations in inflation, but we will not consider perfecting 

fluid in our study that means δρ = 0, and δP = 0. We note here accepted form of cosmological computation is 

the Strabionsky model. The logarithmic model converts to the Strabionsky format by vanishing some 

corresponding coefficients. As we can see, the above equations are related to scalar perturbation; we want to 

obtain a solution according to the inflationary universe. first, we consider the scalar perturbation without 

considering a perfect fluid, which is δρM = δPM = 0. Given certain conditions such as (3 ) Ʀ = −4 ∇2ψ/ a2 , R called 

the curvature perturbation on a uniform-field hypersurface [1, 15, 16]. So with respect to Ʀ = φ = −ψ, The 

equation (26) is converted to, Φ = (dƦ/dt) H + (dF/dt) /2F and with respect to these equations one can obtain A 
= − 1/ H + (dF/dt) / 2F ( ∇2Ʀ /a2 ᵮ 2 + 3H(dF/dt)  (dƦ /dt) / 2F(H + (dF/dt) /2F ) ). SO one can obtain, (dA/dt) + 
(2H + (dF/dt) / 2F )A + A (dᵮ /dt)/ ᵮ + 3(dF/dt) (dΦ/dt) / 2F + (3(d2F/dt2)  + 6H(dF/dt) / 2F + ∇2a/ 2 ᵮ 2 )Φ + 
3(dF/dt) /2F Φ (dᵮ /dt)/ ᵮ = 0 .  By combining above equation, we will have. (d2Ʀ/dt2) + 
1/ a3 Qs d/dt (a3 Qs) (dƦ/dt) + dᵮ /dt/ ᵮ (dƦ/dt) + k2 /a2 ᵮ2 Ʀ = 0, Where k is a comoving wave number and Qs ≡ 
3(dF/dt) 2 /2κ2F (H+ (dF/dt) /2F )2. With introducing the new term such as zs = a √ Qs and u = zsƦ, and with 
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respect to above equation we will have, u″ + (k2 − z ″ s /zs ) u = 0 .  Where prime is derivative with respect to 

the new coordinates η = ∫(a ᵮ)  − 1dt. We also introduce new parameters that are known as Hubble flow 

parameters, є1 ≡ − (dH/dt) / H2, є 2 ≡ (dF/dt) / 2HF, є 3 ≡ (dE/dt) /2HE (34) Where E ≡ 3(dF/dt) 2 2κ2 and Qs 
convert to Qs = E/ F H2(1+ є 2) 2. As we know the above defined parameters during the inflation are almost 

constant for i = 1, 3, 4, it means that ˙d єi /dt= 0. For the 
 ᵮ = 1 + (H /M)λ we have η = −1/ ((1−(1+λ) є1) ᵮ  a H). Finally, we will have, z ″s /zs = (v2

R − 1 /4) /η2 where v2
R = 

1 /4 + (1 + є1 – є2 + є3) (2 − λ є1 – є2 + є3) (1 − (1 + λ) є1)2. So, we will introduce the power spectrum of curvature 

perturbations as follows, PƦ ≡ 4πk3 /(2π)3 | Ʀ |2.  With concern to equation u = zsƦ, the power spectrum of 

curvature perturbations will be as, PƦ = 1/ Qs [ (1 − (1 + λ) є1) Γ(vR)H /2πΓ( 3 /2 ) ( H /M )λ ]2 ( k | η | /2 ) 3−2vR. 
The point to be made here is that we have considered the H1

vR (k | η |) → −(i/π) Γ(νR)(k | η | /2)−νR  for (k | η 
|) → 0. PƦ is studying at k = aH, because Ʀ is fixed after the Hubble radius crossing. Also, the spectral index 

defined as follows, nƦ − 1 = d ln PƦ /d ln k |k=aH = 3 − 2vƦ. According to inflation theory, we assume єi < 1 for 

all of i, so we have, nƦ − 1 ≈ −2(λ + 2) є1 + 2 є2 − 2 є3. With regard to єi <1 and nƦ ≈1 the power spectrum of 

curvature perturbation is given by, PƦ ≈ 1/ Qs (H /2π )2 (H/ M )2λ. Aldo, according to the Tensor Perturbation 

the spectral index of tensor perturbations is calculated by, nt = d ln PT/ d ln k |k=aH = 3 − 2vt −2(1 + λ) є1 − 2 є2. 

So spectral power of tensor perturbation will be following, PT ≈16/ π (H /mpl )2 1 /F (H/ M )2λ and the tensor-to-

scalar ratio r is calculated by, r ≡ PT /PR≈ 64π/ m2
pl Qs /F. With respect to the definition of Qs, we have, r = 48 

є2
2. According to | єi| < 1 and field of matter, the parameters of slow-roll are obtained by the following relation, 

є2 ≈ −(1 + λ) ≈ є1.  A valuable point that can be mentioned here is the observable values of the parameter tensor 

to scalar ratio r, which have observed different limits for it, hence concerning [12,15] tensor to scalar ratio is r 

< 0.1. Of course, other measurements such as CMBPol, PRISM, and CORE have expressed the value of this 

parameter from the order of 10−3 [17]. expectations are also suggested for the tensor to scalar ratio r < 10−4 due 

to CMB polarization. [18]. 
 

4 Results and Discussion 

 

  We consider a modified f(R) gravitational model and measure the above scalar and tensor perturbation to 

confirm the relations among slow-roll parameters. We know that our model includes a polynomial and a 

logarithmic term and with respect to the relation dH/dt << H2 . In general, we can approximate the logarithmic 

model to form. F(R) ≈ [ (2ζ + θ) ( 12H2 (H/M)2λ) + nη(12H2 (H/M)2λ )n−1 + 2θ log (12H 2 (H/M)2λ)2λ]. We 

calculated the required values according to the proposed equations. One can perform all calculations according 

to one of the slow-Roll parameters such as є1. In the following studies, we use a series of manipulations and 

simplifications and obtain the spectral index of scalar perturbations and tensor-to-scalar ratio, such as those 

presented at the beginning of the discussion. In that case, we specify an upper limit, a lower limit for the 

parameter λ, and constant parameter n. So, one can obtain the following equations,  

PƦ ≈ ( 2ζ + θ + 6η(−1 + 2n)2 (H/M)2(λ+2) + 2θ log[12θ(H/M)2λ])−1/ (72π(1 + λ) є1
2)                                      (14) 

Also, є3 is calculated as  

є3 = (d2H/dt2)/ H dH/dt + dH/dt[ 3ζ + 6ηλn + 3η + 8θλ + 4θ + 6ζλ + 4(2θλ + 6θ) log [12θ(H/H)2λ ]] / ( H2 + 

(2ζ + 6θ + 6η(−1 + 2n)2 (H/M)2(2+λ) + 2θ log [12θ(H/M)2λ ]).                                                                        (15) 

Assuming the approximation of the slow-roll parameters, the sentences that include d2H/dt2 are ignored, and a 

relationship is formed between the two parameters є3 and є1. Hence, we will have: nƦ − 1 ≈ −2(λ + 2) є1 + 2 є2 

− 2 є3.  So, one can obtain,  

nƦ = 1 − 8 є1 (3ζ − 2θλ + θ + 2ηλn + 3nη + 2θ log [12θ(H/M) 2λ]) / (2ζ + 6θ + 6η(−1 + 2n) 2 

(H/M) 2(2+λ) + 2θ log [12θ(H/M) 2λ ] )                                                                                                             (16) 
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We consider $ ≡ H/M, also assume that during inflation, the de Sitter expansion proceeds at a constant rate of 

the Hubble parameter, in which case each of the above parameters is expressed in terms of a number of e-folds 

in the following form.  

PƦ ≈ N2 × (2ζ + θ + 6η(−1 + 2n) 2 ($) 2(λ+2) + 2θ log [12θ($) 2λ ])−1 /36π(1 + λ)                                           (17) 

nƦ ≈ N – 4 / N + 24θ(1 + λ) /2N (2ζ + 6θ + 6η(−1 + 2n)2 ($) 2(2+λ) + 2θ log [12θ($) 2λ ])                              (18) 

r ≈ 12(1 + λ) N2 (63)                                                                                                                                       (19) 

It is noteworthy that the numerical values can be obtained from the above solution according to the available 

values and the observation data such as Planck 2018 [19] and the number of e-folding (N = 60). Also, we plot 

some figures as r − ns by using the above equation and observable data such as Planck 2018 [19] for different 

values of e-folding (N) and constant parameter ζ, η, θ and n concerning parameter of gravity rainbow. In the 

figures below, we used different n, N, and the rainbow parameter to plot the figures. Figures show the allowable 

range for each of them. In figures (1) and (2), we compare two important cosmological parameters r and ns 

relative to each other and explain the changes of these two parameters are well. As shown in figure (1a), We 

plot the plan r − ns for n = 2.2 and N = 60 as well as the various values of the rainbow parameter λ according 

to the constant values ζ, η, and θ using $ = 100. As it is clear, the allowable range of these two cosmological 

parameters is well shown in figure(1a). Also, in figure (1b), these changes are plotted for constant parameters 

mentioned with a change in values of $. So, the range of these cosmological parameters is also determined. If 

we assume the smaller values for the parameter $, i.e., $ < 50, it leads the parameter out of range, with the 

explanation that the constant parameters ζ = 0.17, η = 0.05, and θ = 0.01 are considered with respect to [15]. 

For $ ≥ 50, the virtual range is verified, considering the latest visible data. We also measure the changes of 

these two parameters in figure (2a) and (2b) for different values of the parameter n. Noting that in these figures, 

the constant parameters are ζ, η, θ, and $ = 100 is also fixed. As apparent in these figures, they are out of range 

with $ < 50 and n > 3 for different parameters λ. Of course, the valuable point is that by adjusting the parameters 

η = θ = 0, the model is reduced to the famous Starobinsky model. As it is evident in both figures, for the 

constant parameters mentioned and the latest observable data, a tolerance for the allowable range of gravity 

rainbow parameter is observed. In general, it can be noted that figure (1) has the most compatibility. Also, this 

compatibility decreases by decreasing the parameter $ and increasing parameter n. After examining the 

gravitational rainbow’s perspective for the logarithmic model, it may 16 be interesting to note we can review 

this application of inflationary models by combining it with conjectures such as the weak gravity conjecture. 

Using this method with a corresponding model may be exciting and investigate the universal relation to weak 

gravity conjecture. We specified for n = 2.2, different values of λ and N=60 with respect to constant values ζ 
= 0.17, η = 0.05 and θ = 0.01 using $ = 100 in fig (1a) and $ = 50 in fig (1b).  Also, for different values of λ and 
N=60 with respect to constant values ζ = 0.17, η = 0.05 and θ = 0.01 using $ = 100 and n = 2.5 in fig (2a) and 
n = 3 in fig (2b). 
 

  
                                                          

                   Figure 1. (r − ns) plan                                               Figure 2. (r − ns) plan  
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Abstract. We apply the hard-wall model for the nucleon-Roper transition form factors investigation and 

consider the 𝑁 + 𝛾∗ → 𝑅(1710)   transition. The profile functions of the spinor and vector fields in the bulk 

of AdS space are presented. We plot the Dirac and Pauli form factor dependencies on transferred momentum 

square. Also, the spiral amplitudes for these transitions are presented. The hard-wall results are close to 

experimental data and nonrelativistic quark model at some point. 

Keywords: AdS/CFT correspondence; Hard-wall model; Roper nucleon; Electromagnetic form factors; Pauli 

and Dirac formfactors; Helicity amplitude. 

 

1 Introduction 

 

Understanding the internal structure of the nucleon as a composite system, built up of quarks and gluons, is 

one of the most important unsolved problems in hadron physics. Studying the internal structure of nucleons 

plays an important role in solving this problem.  

Nucleon resonances have also been discussed in the AdS soft-wall approach in Refs. [1-4]. In Ref. [1] 

the Dirac form factor for the electromagnetic nucleon-Roper transition was calculated in light-front 

holographic QCD. In addition, in Ref. [2], a formalism for the study of all nucleon resonances in soft-wall 

AdS/QCD has been proposed and a detailed description of Roper-nucleon transition properties (form factors, 

helicity amplitudes and transition charge radii) was performed. 

The data extracted from experiments in facilities such as Jefferson Lab (JLab) and MAMI (Mainz), 

allow us to extract the electromagnetic transition form factors of resonant states in the region 𝑄2 < 𝐺𝑒𝑉2(𝑄2 

=-𝑞2), corresponding to the first and second resonance region  𝑊 < 1.6𝐺𝑒𝑉, with 𝑊 being the 𝛾∗𝑁 invariant 

mass [5,6]. The planned JLab 12-GeV upgrade will enable us to make a detailed study of the resonances in the 

third-resonance region (W ≈ 1.7 GeV) [6,7].  

mailto:taghievashahnaz@gmail.com
mailto:sh.mamedov62@gmail.com
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We obtain electromagnetic form factors and helicity amplitudes of the 𝑁 + 𝛾∗ → 𝑅 transition using 

hard-wall AdS/QCD model.  

The paper is organized as follows. In Sec.2 we introduce the profile function for nucleons and vector field. In 

Sec.3 we present the analytical calculation and the numerical analysis of electromagnetic form factors and 

helicity amplitudes of the nucleon and the Roper framework soft-wall AdS/QCD model. Finally, Sec.4 contains 

our numerical results and conclusions. 

 

2 Profile functions for nucleons and vector field 

 

As known, the minimal bulk action for the spinor field is written as follows: 

𝑆𝑁 = ∫ 𝑑5𝑥 √𝑔(𝑖�̅�1𝑒𝐴
𝑀𝛤𝐴 𝐷𝑀𝑁1 − 𝑚5�̅�1𝑁1)                                                                                                 (1) 

where 𝑔- is the determinant of the AdS metric, 𝛤𝐴 −are the Dirac matrices, The Lorentz and gauge-covariant 

derivative is defined in the below form: 

 𝐷𝑀 = 𝜕𝑀 −
𝑖

4
𝜔𝑀 𝐵𝐶Σ𝐵𝐶                                                                                                                                   (2) 

Equation of motion obtained from the action (1) has an explicit form: 

(𝑖𝑧ð + 𝑧𝛾5𝜕𝑧 − 2𝛾5 − 𝑚5)𝑁1 = 0                                                                                                                  (3) 

Then the Dirac equation (3) will be written as equations for the profile functions  𝐹1,2,𝐿,𝑅: 

(𝜕𝑧
2 −

4

𝑧
𝜕𝑧 +

(6−𝑚5−𝑚5
2)

𝑧2 ) 𝑓1𝑅(𝑝. 𝑧) = −|𝑃|2𝑓1𝑅(𝑝. 𝑧)                                                                                      (4) 

(𝜕𝑧
2 −

4

𝑧
𝜕𝑧 +

(6+𝑚5−𝑚5
2)

𝑧2 ) 𝑓1𝐿(𝑝. 𝑧) = −|𝑃|2𝑓1𝐿(𝑝. 𝑧)                                                                                      (5) 

Solutions to the equations (4), (5) are expressed in terms of Bessel functions 𝐽2.3  [8,9]: 

𝑓1𝐿
𝑛 (𝑧) = 𝑐1

𝑛𝑧5 2⁄ 𝐽2(𝑚𝑛𝑧),                                                                                                                                 (6) 

𝑓1𝑅
𝑛 (𝑧) = 𝑐1

𝑛𝑧5 2⁄ 𝐽3(𝑚𝑛𝑧).                                                                                                                                 (7) 

𝑓2𝐿
𝑛 (𝑧) = −𝑐2

𝑛𝑧5 2⁄ 𝐽3(𝑚𝑛𝑧),                                                                                                                              (8) 

𝑓2𝑅
𝑛 (𝑧) = 𝑐2

𝑛𝑧5 2⁄ 𝐽2(𝑚𝑛𝑧).                                                                                                                                 (9) 

where 𝑐1.2 are constants were found from the normalization conditions as below: 

𝑐1.2 = |
√2

𝑧𝑚𝐽2(𝑚𝑛𝑧𝑚)
|.                                                                                                                                         (10) 

Action for the 5-dimensional vector field VM corresponding to the photon field in the boundary theory is 

written in the form: 

𝑆𝑉 = −
1

2𝑔5
2 ∫ 𝑑5𝑥 √𝑔𝑇𝑟𝐹𝑀𝑁

2                                                                                                                             (11) 
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If the Fourier transform of the vector field is written in (11) action, the equation of motion can be expressed as 

follow for bulk-to-boundary propagator: 

𝜕𝑧 (
1

𝑧
𝜕𝑧𝑉(𝑞. 𝑧)) +

𝑞2

𝑧
𝑉(𝑞. 𝑧) = 0                                                                                                                   (12) 

The solution of the equation (12) is written in terms of the Bessel function [10]: 

𝑉(𝑞. 𝑧) =
𝜋

2
𝑧𝑞 (

𝑌0(𝑞.𝑧0)

𝐽0(𝑞.𝑧0)
𝐽1(𝑞𝑧) − 𝑌1(𝑞𝑧))                                                                                                      (13) 

3 Electromagnetic form factors. Helicity amplitudes 

 

The action must be written for to obtain  electromagnetic formfactors of the 𝑁 + 𝛾∗ → 𝑅 transition in bulk AdS 

spacetime 

𝑆𝑖𝑛𝑡 = ∫ 𝑑4𝑥 𝑑𝑧√𝑔𝐿𝑖𝑛𝑡(𝑥. 𝑧)                                                                                                                         (14) 

where 𝐿𝑖𝑛𝑡(𝑥. 𝑧)  is the interaction lagrangian of two fields (holographically corresponding to hadron nucleon 

and the Roper nucleon) and vector field (holographically corresponding to the electromagnetic field): 

𝐿𝑖𝑛𝑡(𝑥. 𝑧) = ∑ 𝑐𝜏
𝑅𝑁�̅�𝑖.𝜏

𝑅
𝑖=+.+;𝜏 (𝑥. 𝑧)�̂�𝑖(𝑥. 𝑧)𝜓𝑖.𝜏

𝑁 (𝑥. 𝑧)                                                                                     (15) 

�̂�±(𝑥. 𝑧) = 𝜏3Γ𝑀𝑉𝑀(𝑥. 𝑧) ±
𝑖

4
𝜂𝑉[Γ𝑀Γ𝑁]𝑉𝑀𝑁(𝑥. 𝑧) ± 𝑔𝑉𝜏3Γ𝑀𝑖Γ𝑧𝑉𝑀(𝑥. 𝑧)                                                   (16) 

According to AdS/CFT correspondence generating function is equal exponent of classical bulk action 𝑆𝑖𝑛𝑡: 

𝑍𝐴𝑑𝑆 = 𝑒𝑖𝑆𝑖𝑛𝑡                                                                                                                                                    (17) 

The vacuum expectation value of the nucleon’s vector current is defined as below in holographic principle 

〈𝐽𝜇〉 = −𝑖
𝛿𝑍𝑄𝐶𝐷

𝛿𝑉𝜇(𝑞)
|

𝑉𝜇=0

= −𝑖
𝛿𝑒𝑖𝑆𝑖𝑛𝑡

𝛿𝑉𝜇(𝑞)
|

𝑉𝜇=0

                                                                                                          (18) 

Electromagnetic form factors for the 𝑁 + 𝛾∗ → 𝑅(1710) reaction will be written in terms of integrals over the 

z variable from the comparison the electromagnetic current of the Roper-nucleon transitions with the nucleon 

vector current [11]: 

𝐺1(𝑄2) =
1

2
∫ 𝑑𝑧𝑉(𝑄. 𝑧) ∑ 𝑐𝜏

𝑅𝑁(𝐹𝜏.0
𝐿 (𝑧)𝐹𝜏.1

𝐿 (𝑧) + 𝐹𝜏.0
𝑅 (𝑧)𝐹𝜏.1

𝑅 (𝑧)𝜏
𝑧𝑚

0
)                                                             (19) 

𝐺2(𝑄2) =
1

2
∫ 𝑑𝑧𝑉(𝑄. 𝑧) ∑ 𝑐𝜏

𝑅𝑁(𝐹𝜏.0
𝑅 (𝑧)𝐹𝜏.1

𝑅 (𝑧) − 𝐹𝜏.0
𝐿 (𝑧)𝐹𝜏.1

𝐿 (𝑧)𝜏
𝑧𝑚

0
)                                                             (20) 

𝐺3(𝑄2) =
1

2
∫ 𝑑𝑧𝜕𝑧𝑉(𝑄. 𝑧) ∑ 𝑐𝜏

𝑅𝑁(𝐹𝜏.0
𝐿 (𝑧)𝐹𝜏.1

𝐿 (𝑧) − 𝐹𝜏.0
𝑅 (𝑧)𝐹𝜏.1

𝑅 (𝑧)𝜏
𝑧𝑚

0
)                                                         (21) 

𝐺4(𝑄2) =
𝑀

2
∫ 𝑑𝑧𝑉(𝑄. 𝑧) ∑ 𝑐𝜏

𝑅𝑁(𝐹𝜏.0
𝐿 (𝑧)𝐹𝜏.1

𝑅 (𝑧) + 𝐹𝜏.1
𝐿 (𝑧)𝐹𝜏.0

𝑅 (𝑧)𝜏
𝑧𝑚

0
)                                                            (22) 

Pauli and Dirac form factors of the 𝑁 + 𝛾∗ → 𝑅(1710) can be expressed as following using (19-22) integral 

formulas:  

𝐹1(𝑄2) = 𝐺1(𝑄2) + 𝑔𝑉𝐺2(𝑄2) + 𝜂𝑉𝐺3(𝑄2)                                                                                                 (23) 
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𝐹2(𝑄2) = 𝜂𝑉𝐺4(𝑄2)                                                                                                                                       (24) 

From time to time the functions 𝐹1(𝑄2)  and 𝐹2(𝑄2) are called respectively, the charge and moment form 

factors of the nucleon. The helicity amplitudes, 𝐴1/2 and 𝑆1/2 can be defined within the form factors 𝐹1(𝑄2)  

and 𝐹2(𝑄2) [12]: 

𝐴1/2(𝑄2) = 𝑅( 𝐹1(𝑄2) + 𝐹2(𝑄2))                                                                                                                 (25) 

 

𝑆1/2 =
𝑅

√2
|𝑞|

𝑀𝑅+𝑀

𝑄2
{ 𝐹1(𝑄2) − 𝜏𝐹2(𝑄2)}                                                                                                       (26) 

where  𝜏 =
𝑄2

(𝑀𝑅+𝑀)2,  𝑅 =
𝑒

2
√

𝑄−
2

𝑀𝑅𝑀𝐾
. 

 

4 Numerical results 

 

We shall present the numerical calculations for the 𝑁 + 𝛾∗ → 𝑅(1710) transition form factors according to 

the (24) and (25) formulas. The parameters and constants in these formulas are fixed as 𝑐3
𝑅𝑁 = 0.72, 𝜂𝑃 =

0.453 [2] and 𝑧𝑚 =
1

Λ𝑄𝐶𝐷
= 0.205 𝐺𝑒𝑉. The form factor results for the 𝑁 + 𝛾∗ → 𝑅(1710) transition is 

presented in Fig.1 and compared to the nonrelativistic quark model [15] and the data from CLAS [13], MAID 

[14] experiments. Our results for the Pauli and Dirac form factors are close to these experimental data.  
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FIG.1  𝑁 + 𝛾∗ → 𝑅(1710) transition transition Dirac and Pauli form factors (red lines) compared with CLAS 

experimental data (squares with error bars) [13], MAID fit (dashed lines) [14] and nonrelativistic quark model 

(green lines) [15]. 

The hard-wall results for the 𝐴1/2(𝑄2) and 𝑆1/2(𝑄2) helicity amplitudes for this transition are given in Fig.2. 

The graphs of these amplitudes are close to the experimental data at some points. 

 

FIG.2  𝑁 + 𝛾∗ → 𝑅(1710) 𝐴1/2(𝑄2) and 𝑆1/2(𝑄2) helicity amplitudes in units of 10-1 GeV-1/2 (red lines) is 

compared with CLAS experimental data (squares with error bars) [13], MAID fit (dashed lines) [14] and 

nonrelativistic quark model (green lines) [15]. 

 

5 Conclusions 

 

In this work, we have used the har-wall AdS/QCD model, to predict the transition form factors and the helicity 

amplitudes for the 𝑁 + 𝛾∗ → 𝑅(1710)  reaction. The hard-wall results are close to experimental data and 

nonrelativistic quark model at some points. Therefore, the future measurements of the helicity amplitudes in 

the large  𝑄2 region can be used to test the assumption that the 𝑁(1710) state is the second radial excitation 

of the nucleon and this model can be used to study the radial excited states in the Δ  sector (isospin 3/2), and 

also in the strange baryon sector, as well as.                                                                                      
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Abstract. We investigate the dependence of the $\rho$ meson-nucleon coupling constant on the temperature 

of the medium, using the soft-wall model of AdS/QCD. The finite temperature profile functions for the vector 

and fermion fields were applied in the model having a thermal dilaton field. The interaction Lagrangian in the 

bulk between these fields was written as in zero temperature case and includes minimal and magnetic type 

interactions. Temperature dependence of the $g_{\rho NN}(T)$ coupling constant and its terms are plotted. 

We observe that the coupling constant and its separate terms become zero at the medium temperature near the 

Hawking temperature of phase transition. 
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Abstract. In this paper we consider the equation of circular loops in the BTZ black hole background in massive 

gravity. We study possibility that the cosmic string loops finally collapse to form black holes.   

Keywords: Black Hole; Massive Gravity; Cosmic Strings. 

 

1 Introduction 

 

The topological stable defects like strings may create through a phase transition in the early 

universe. In that case, cosmic strings are the result of one-dimensional topological space–time defects. This 

phenomenon is due to the condensations of energy density at the boundaries between regions. The presence of 

cosmic strings may lead to the interesting cosmological results [1]. Moreover, cosmic strings have strong 

implications like as gravitational lensing [2], gravitational wave [3] and the early re-ionization [4]. In 

Friedmann-Robertson-Walker universe, the cosmic string loops can collapse to form black holes [5]. Also, the 

tensions of cosmic strings are important for the situation of the final stage. In that case, we already studied the 

equation of circular loops with time-dependent tension in the BTZ black hole 

background. So, we obtained various cases where cosmic string loops finally collapse to form black holes [6]. 

Also, we obtained the effect of the BTZ black hole mass and angular momentum on the evolution of cosmic 

string loops. We found the critical values of initial radii as a limit for the cosmic string loops collapsing to form 

black holes. Now we would like to perform the similar study for the BTZ black hole in massive gravity. 

 

2 Rotating BTZ black hole 

 

Rotating BTZ black hole is described by the following metric, 

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 +
𝑑𝑟2

𝑓(𝑟)
+ 𝑟2 (𝑑𝜙 −

𝐽

2𝑟2
𝑑𝑡)

2

                                                                                                         (1) 

where the metric function is 

𝑓(𝑟) = −𝑀 +
𝑟2

𝑙2
+

𝐽2

4𝑟2
                                                                                                                                                    (2) 

where 𝑙 is the AdS curvature constant, 𝑀 is an integration constant, which will be considered as the mass 

parameter and, is related to the mass of black hole, moreover 𝐽 is the angular momentum. These are given by, 

𝑀 =
𝑟+

2 + 𝑟−
2

𝑙2
,             𝐽 =

2𝑟+𝑟−

𝑙
                                                                                                                                    (3) 

mailto:h.farahani@du.ac.ir
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where the horizon radii are given by, 

𝑟±
2 =

𝑀𝑙2

2
(1 ± √1 − (

𝐽

𝑀𝑙
)

2

)                                                                                                                                      (4) 

 

We already studied behavior of a circular cosmic string in this background [6] and found special conditions 

where the loops will collapse to form black hole. Now, we would like to study the effect of massive gravity. 

 

3 BTZ black hole in massive gravity 

 

BTZ black hole in massive gravity may be described by the following metric, 

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 +
𝑑𝑟2

𝑓(𝑟)
+ 𝑟2𝑑𝜙2                                                                                                                                 (5) 

where the metric function is given by 

𝑓(𝑟) = −𝑀 +
𝑟2

𝑙2
+ 𝑚2𝑐𝑟 − 2𝑞2 ln

𝑟

𝑙
                                                                                                                            (6) 

where 𝑞 is an integration constant which is related to the black hole electric charge (𝑄 ) as 𝑞 =  2𝑄 . 𝑚 is 

massive gravity parameter and 𝑐 is the corresponding positive constant. 

Propagation of a free string in a space-time sweeps out a two-dimensional surface which is called string world-

sheet. Then the Nambu–Goto action for a cosmic string with timelike and spacelike string coordinates is given 

by, 

𝑆 = − ∫ 𝑑2𝜎𝜇(𝜏)√(
𝜕𝑥

𝜕𝜎0

𝜕𝑥

𝜕𝜎1
)

2

− (
𝜕𝑥

𝜕𝜎0
)

2

(
𝜕𝑥

𝜕𝜎1
)

2

                                                                                                   (7) 

where 𝜇(𝜏) is the time-dependent string tension. We would like to consider time-varying tension as 

𝜇(𝜏) = 𝜇0𝑡𝑛                                                                                                                                                                         (8) 

where 𝜇0 is a constant. Therefore, according to the metric (5), the Nambu–Goto action reduced to, 

𝑆 = − ∫ 𝑑𝑡𝑑𝜙𝜇0𝑡𝑛𝑟√𝑓 −
�̇�2

𝑓
                                                                                                                                         (9) 

where 𝑓 is given by the equation (6). 

 

4 The circular loop equation 

 

By using the action (9) and the assumption that the string lies in the hypersurface, one can obtain the following 

equation of motion, 

𝑓2𝑟�̈� +
𝑛

𝑡
𝑟�̇�(𝑓2 − �̇�2) − �̇�2(𝑓2 + 3𝑓𝑟2) + 𝑓4 + 𝑟2𝑓3 = 0                                                                                  (10) 

where we assumed 𝑙 = 1. Also, In the case of planar circular loops, we assumed 𝑟 = 𝑟(𝑡) , which means that 

the radial profile is only time-dependent.  

Already, this equation been solved for circular loops of cosmic string in the Minkowski space–time, 

Robertson–Walker universe, de Sitter space–time, Kerr–de Sitter space–time and rotating BTZ. It has been 

found some constraints that a loop of cosmic string should not collapse to form black hole for the case of 

constant and time-dependent tension.  

The possibility that the cosmic strings collapse to form a black hole is strongly depend on the values of 

parameters 𝑛, 𝑀 , 𝑚 , 𝑐 , and 𝑞. The equation (10) can be solved numerically for various values of above 
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parameters to show that how the cosmic strings can collapse to form a black hole. We can obtain it by drawing 

the plots of 𝑟 in terms of 𝑡 for several different black hole parameters.       
 

5 Conclusion 

 

In this paper, we obtained the equation of a circular cosmic string loop in the massive gravity BTZ black hole. 

By solving equation (10) numerically, we can obtain various cases where cosmic string loop finally change to 

form black holes. 
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Abstract. Recently, a modified gravity theory in four dimensions, known as Starobinsky-Bel-Robinson 

gravity, has been proposed. The theory is obtained by joining the Starobinsky model of inflation with the 

compactification of M theory down to four dimensions. A natural question to ask is whether it is possible to 

make predictions within this theory. In this talk I will focus on black holes and I will discuss how the 

thermodynamics properties (temperature, pressure, entropy) and lifetime of Schwarzschild black holes get 

modified in the new theory.  
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Abstract. We present a new possible conjecture on the correspondence between Entangled Universes and 

Eternal black holes that could provide a solution for baryonic asymmetry. We will base our arguments on the 

AdS/CFT correspondence and the holographic principle. This conjecture might open a way of mapping the 

thermodynamics of the universe to an eternal black hole horizon, and it could be a testbed for discussing 

different cosmological phenomena.  
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Abstract  :  We find phase transition in a system with a chiral magnetic effect via AdS/CFT 

correspondence. The change in chiral chemical potential is responsible for the phase transition. We 

explore the non-equilibrium critical behavior of the chiral magnetic effect from holographic probe branes. 

The spinning branes in the presence of an external magnetic field holographically could generate a dual 

system to study the chiral magnetic effect. We observe that this configuration has a phase transition 

structure when the chiral chemical potential changes. We consider susceptibility as a response to a system 

with respect to the current variation and find the critical exponent of its power law behavior with respect 

to the chiral chemical potential which agrees with Landau’s theory at the equilibrium phase transition. 

 

Keywords: Holographic phase transition; Chiral magnetic effect, Chemical potential, AdS/CFT. 

 

1 Introduction 

 

The universal properties of the equilibrium critical phenomena have been extensively studied in physics. But 

most of the physical phenomena generally happen far from equilibrium. One of the well-known nonequilibrium 

circumstances in which critical phenomena are mostly studied, is a system at non-equilibrium steady state  

(NESS), see [1] and its references. 

   In this paper we are dealing with NESS, using AdS/CFT correspondence. Introducing the electric field on 

the D7-branes in the background of D3-branes, is holographically a dual to a NESS with a constant current J 

alongside it [2,3]. If the strength of external electric field on the probe brane be stronger than the tension of the 

string, which its’ both ends located on the same D-brane, the string tears apart. In the quantum dual theory this 

means that the transition might happen between stable bounded state of Fermions(quark) anti-Fermions of J = 

0, and the non-equilibrium stationary state of J ≠ 0. 

At the zero electric field there are two topologies for probe D7-brane embedding which are Minkowski 

embedding (ME) and black hole embedding (BE). These two solutions are classified by ratio of the flavor 

mass1 and the background temperature i.e., 
𝑚

𝑇
. For sufficiently small 

𝑚

𝑇
 , we have BE and for a large value for 

𝑚

𝑇
 we have ME. A first order phase transition is possible between ME and BE, see [2, 3, 4, 5]. 

 
1 The distance between probe D7-branes and background D3-branes. 
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mailto:alihosseinzadeh@ipm.ir
mailto:navidnk92@gmail.com


64 
 
 

 

   At the non-zero electric field the induced metric on the probe branes will introduce another horizon 

(worldvolume horizon) which is differ from background horizon, so we have another class of embedding which 

is called Minkowski embedding with world-volume horizon  (MEH)  [2-30]. In the dual theory BE and MEH 

define a state with non-zero current J ≠  0. It was shown that in the conductor state, the fist order and also the 

continues (second order) phase transition will happen [31]. 

   In the context of D3/D7 system, the electric conductivity was introduced as an order parameter for this NESS 

to explore the structure of phase transitions and critical exponent in the conductor phase in [31]. The interesting 

result in there was that this non-equilibrium system has critical exponents same as Mean-field or Landau theory 

for the phase transition2. It would be natural to ask what would happen if we would consider a magnetic field, 

instead of electric field, and then comparing the results with the Mean-field values at the equilibrium. 

Introducing the magnetic field to this system alongside with electric field, will not change the phase structure 

of this system, for more detail see [32]. At zero electric field the magnetic field will not cause any instability 

in this configuration. But if we consider rotating probe D-brane, the magnetic field will play important role at 

the zero electric field. 

    The rotating probe brane in the Schwarzschild AdS background with constant magnetic field on the probe 

brane is a dual to the chiral Fermionic system, out of the equilibrium. With injection of angular momentum to 

the Fermionic sector, we deal with NESS [20]. The angular velocity of the probe branes corresponds to the 

axial chemical potential (or inequality between left-handed and right-handed Fermions) in the dual quantum 

boundary theory. Introducing the constant magnetic field on the probe spinning branes would be a framework 

to study the chiral magnetic effect for a strongly interacting matter via holography (holographically). In this 

paper we consider a system which is a holographic dual of a system with chiral magnetic effect. The imbalanced 

of left-handed and right-handed Fermions at the presence of external magnetic field will produce electric 

current along the magnetic field, 

𝐽 = 𝜎𝜒 dr2                                                                                                                                                        (1) 

This phenomenon is known as chiral magnetic effect (CME) [10, 12] and 𝜎𝜒 is called chiral magnetic 

conductivity (CMC). There are observational evidences for CME in quark-gluon plasma in heavy ion 

experiments [13, 14] and also in condensed matter physics at Weyl and Dirac semi-metals [15, 16, 17,18]. 

The results of studies for the strong coupling with holographic principle beside perturbation methods in weak 

coupling systems show a universal property for CME conductivity for mass-less particles3 which will be fixed 

by axial chemical potential [20]. For the massive Fermions from the probe brane holography the chiral 

magnetic conductivity also depends on axial chemical potential. 

In this paper we try to explore the critical exponent for the phase transition in the conductor state. We actually 

study the phase transition for the differential chiral conductivity. 

 

2 Review: Chiral Magnetic effect from Probe branes holography 

 

The probe branes holography constructed from 𝑁𝑓 flavor branes as probe in the background of 𝑁𝑐 color 

branes. In the duality to the supergravity limit of this system the 𝑁𝑓branes consider as a fundamental matter 

and Nc branes as background gauge theory. Considering D7 branes as probe in D3 branes we have 

supersymmetric QCD-like system as a dual field theory (see [34] and references therein). 

 In the limit 𝑁𝑐 →∞ and for the large ’t Hooft coupling, the background D3-branes are replaced by the 

extremal supergravity solution which is Ad𝑆5 × 𝑆5 . This system is dual to N = 4 super Yang-Mills theory 

(SU(Nc)) in 1 + 3 dimension. The near extremal solution of D3 brane would be a SchwartzshildAdS space-

 
2 If we define susceptibility as a response of the system to the current [33]. 
3 See [19, 20] and their references. 
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time which is a dual to the quantum system at non-zero temperature 4, in the unit of AdS radius, we choose it 

with the following coordinates 

 

ds2 = −|𝑔𝑡𝑡|dt2 + 𝑔𝑥𝑥d�⃗� 2+ 𝑔𝑟𝑟dr2 + 𝑔θθdθ2+𝑔φφ dφ2+ 𝑔𝑆𝑆dΩ3
2
,                                                              (2) 

where 

 

𝑔𝑡𝑡 =  
1

𝑟2
 𝑓(r),     𝑔𝑥𝑥 =  

1

𝑟2
,     𝑔𝑟𝑟 =

1

𝑟2
 𝑓−1(r),    

𝑔θθ =1,      𝑔φφ = 𝑆𝑖𝑛2θ,     𝑔𝑆𝑆 = 𝐶𝑜𝑠2θ.                                                                                                        (3)              

  

In the above, f(r) = (1- 𝑟4/𝑟ℎ
4) and dΩ3

2
  is the metric of a unit 3-sphere (S3). In this choice of coordinates, 

the boundary of the AdS located at r → 0 and the field theory lives in 1 + 3 dimension Minkowski space with 

coordinates (t, �⃗�). The 𝑟ℎ indicates the location of the horizon of the black hole and is related to the Hawking 

temperature, which is also the temperature of our state in the dual field theory, by 

T =  
1

𝜋 𝑟ℎ
 .                                                                                                                                                               (4) 

At the 𝑟ℎ →∞ the Eq. (2) will change to Ad𝑆5 × 𝑆5. In this background we also have a self dual R-R five form 

field 𝐹5 = dC4 where  

 

C4  = 𝑔𝑥𝑥
2 𝑣𝑜𝑙ℝ1,3 −  𝑔𝑠𝑠

2 dφ ∧  𝑣𝑜𝑙𝑆3  .                                                                                                              (5) 

 

 Consider the intersection of Nc stack of D3-branes and 𝑁𝑓 stack of the D7-branes which embedded in ten-

dimension space-time as Table (1), 

                                                                                
Table 1: D3−D7 embedding 

 t �⃗� r S3 θ φ 

D3 × × ×    

D7 × × × ×   

 

   The probe limit elaborates with  
𝑁𝑓 

𝑁𝑓𝑐 
 ≪ 1 with this assumption the dynamics of probe D7-branes is given by 

the addition of DBI action and Wess-Zumio term 

𝑆𝑫𝟕 = 𝑆𝑫𝑩𝑰  + 𝑆𝑾𝒁 ,                                                                                                                                                                                                                       (6)   

𝑆𝑫𝟕  = −𝑁𝑓𝑇𝐷7 ∫ 𝑑8 σ √−𝑑𝑒𝑡 (𝑃[𝑔𝑎𝑏]  +  (2𝜋𝛼′)𝐹𝑎𝑏)                                                                                                    (7) 

 𝑆𝑾𝒁 =
𝟏

𝟐
𝑁𝑓𝑇𝐷7 (2𝜋𝛼′)2 ∫  𝑃[𝐶4] ∧ F ∧  F,                                                                                                          (8) 

 

where 𝑇𝐷7 = 
𝑔𝑠

−1𝛼′−4

(2𝜋)7  is the D7-brane tension, σ𝑎 are the worldvolume coordinates, 𝑃[𝑔𝑎𝑏] is the induced metric 

on the probe branes or pullback of the background metric to the D7-branes, 𝐹𝑎𝑏 is the U (1) worldvolume field 

strength, and 𝑃[𝐶4] is the pullback of the RR four-form to the probe D7-branes. 

    

With the embedding as table  (1), where the probe D7-branes extended along Ad𝑆5 × 𝑆3, there is a rotational 

symmetry in (θ,φ)-plane which is resemble a global axial 𝑈𝐴(1)  symmetry. By considering θ = θ(r) we could 

break the rotational symmetry. In the dual theory we could related those assumption to the flavor fermionic 
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(quark) sector mass. We could also simulate the chiral anomaly in the dual field theory with attribute the angular 

velocity ω to the probe branes with considering φ(t,r) = ωt + ϕ(r) 5. But considering rotating probe branes with 

constant angular velocity ω the flavor fermion mass would be a complex quantity |m|𝑒𝑖φ(t,r) [20, 25]. It is 

shown that in [20] that time dependent part of the phase of the complex mass or probe branes angular velocity 

leads to the chiral anomaly in the dual field theory. As pointed out in [20] the angular velocity ω is a bulk dual 

of axial chemical potential µ5 in the boundary QFT [20], 

ω = 2 µ5 .                                                                                                                                                           (9)  
 

To study the chiral magnetic effect we introduce a constant magnetic field B on the probe D7-branes. And Also 

to find out the system’s response to do this external field we assume the U(1) gauge field on the D7-brane as 

follows, 

2𝜋𝛼′𝐹𝑥𝑦= B,            2𝜋𝛼′𝐹𝑟𝑧 = 𝜕𝑟 𝐴𝑧(𝑟)                                                                                                          (10)  

 

with these assumptions we can rewrite 𝑆𝑫𝟕. The reality condition of the action coincides with the world-volume 

horizon of the probe D7 brane. Following [20] the world-volume horizon r∗ is given by the following equation 

|𝑔𝑡𝑡(𝑟∗)|- 𝑔φφ(𝑟∗)ω2= 0                                                                                                                                                    (11)  

 𝒩2 (1+
𝐵2

 𝑔𝑥𝑥
2
)|𝑔𝑡𝑡| 𝑔φφ 𝑔𝑥𝑥

3𝑔𝑆𝑆
3|𝑟∗

= β                                                                                                                          (12)  

 
𝒩B ω 𝑔𝑆𝑆

2(𝑟∗)= β                                                                                                                                                                       (13) 

 
From the near boundary solution of the Eq. (12) and AdS/CFT correspondence we would know that, [20], 

 

< J𝑧 >= −2πα′β                                                                                                                                                (14) 

 therefore, we could observe the chiral magnetic effect  

 

< J𝑧 >= 𝜎𝜒 �̃�                                                                                                                                                  (15) 

 

where from Eq. (10) we recover the magnetic field �̃� of boundary QFT by 2πα′ �̃� = B and we define 𝜎𝜒 = 

(2πα′)2 𝒩ω𝑔𝑆𝑆
2(𝑟∗) as the chiral magnetic conductivity (CMC).  

The non-zero current means that the magnetic field will turn apart strings with both ends located on a probe 

rotating brane similar to the electric field on the static branes [23]. Therefore, the current < J𝑧 > will be 

produced. For the mass-less flavor we have 𝑔𝑆𝑆 = 1 so the the CMC determines by chemical axial potential 

 𝜎𝜒= 
𝑁𝑓 𝑁𝑐

2𝜋2
µ5                                                                                                                                 (16) 

We could intemperate the 𝑟∗ as a location of world-volume horizon which obviously is different from 

background horizon. Hence, we able to assign an effective temperature in the dual boundary theory to it, see 

[26, 28]. It is clear from Eq  (11) that for zero angular velocity ω we have 𝑟∗ = 𝑟ℎ even at non-zero magnetic 

field, see also [25]. In the dual field theory this statement means that if we do not have chiral asymmetry 

between left-handed and right-handed flavors or zero axial chemical potential µ5  the magnetic field will not 

generate CME. So, for the non-zero ω we should deal with other class of probe brane embedding which is 

differ from the ME and BE. We call it Minkowski embedding with (world-volume) horizon (MEH). This is 

similar to the non-rotating probe branes at the presents of an external electric field which we have non-zero 

current for the BH and MEH embedding. To clarify this statement, we do same numerical analysis as [30, 31, 

32, 41] by solving the following equation 

 
𝜕ℒ

𝜕𝜃
−

𝑑ℒ

𝑑𝑟
(

𝜕ℒ

𝜕𝜃′) = 0                                                                                                                                               (17) 
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with two boundary condition on the location of world-volume horizon 𝑟∗ i.e., θ (𝑟∗) and θ′(𝑟∗). Among the 

interval 0 < θ (𝑟∗) < π/2, we select a value for θ (𝑟∗). The other condition, θ′(𝑟∗), obtain by inserting linear order 

expansion of θ(r) near 𝑟∗  .i.e., 

θ (𝑟) = θ (𝑟∗) + (𝑟 −𝑟∗) θ′(𝑟∗) + ...                                                                                                                   (18) 

 

to the Eq. (17). With these two initial or boundary conditions we solve numerically Eq. (17) and from the 

2πα′m = lim
𝑟→0

θ (𝑟)

𝑟
 we read the mass 𝑚 of the fermion flavors. For fixed value of magnetic field B and also fixed 

background temperature T and angular velocity ω, for specific value for current 𝐽𝑧  we could correspond a 

flavor’s mass. Finally, we will find mass-current relation through the figure (1). It is clear that for small current 

region we have two current with the same mass. This is a signature of existence of both solutions, MEH and 

BE. As it is evident in the figure, there is a maximum mass where for the criteria 𝑚 > 𝑚𝑀𝐴𝑋 there is no current 

so we interpret that region as a Minkowski embedding (ME). Non-zero current as mentioned means that the 

string with both ends on the same brane will be torn apart which in the dual theory this means the bound 

between fermion anti-fermion will break and system will transit from ME J = 0 to MEH or BH with J≠0. We 

call the state with non-zero current as a conducting phase and zero current state as an insulator state or phase. 

Or confinement and deconfinement state respectively. Having two embedding with non-zero current or two 

conducting states same as metallic AdS/CFT [30, 31, 32]. So, we will continue the next section to study 

numerically the CMC for a massive flavor sector. 

 

Figure 1: 𝑚𝑞-J curve for different values of B at T = 0.318309 and ω = 0.1 

3 Results and Discussion 

As already observed, we have two different current for a fixed mass in the previous section. So, it would be 

interesting if we fix mass and exploring the behavior of chiral magnetic conductivity with illustrating the (J 

−B)’s plot. Unlike the previous cases of studied phase transitions in the gravity duality, for this chiral magnetic 

conductivity, we do not see a phase transition occurring via the parameter uh, which is related to the Hawking 

temperature Eq. (4). The only active parameter for a phase transition, is the ω.  

   In Figure (2), we see a phase transition occurring for our Chiral magnetic differential current, with respect to 

the external field parameter of B, and ω. We also see a second-order continuous phase transition at ω = 1.4, 

changing to a first-order non-continuous transition, with the critical value of ω𝑐= 1.2 in between. It is 

noteworthy to mention that the J-B diagram will have a multi-valued behaviour, at some region of B for the 

first-order transitions of ω < ω𝑐. In a physical system, only the the points with the lowest energy are expected 
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to be occurring in the system. This condition will determine the exact point of the discontinuous transition, 

which will become handy in the determination of the critical exponents. 

   In the case of metallic AdS/CFT [30, 31, 32, 33] the study of electric conductivity reveals the negative 

differential conductivity (NDC) to positive differential conductivity (PDC) phase transition. 

For the chiral conductivity as its clear from the figure (2), by changing the axial chemical potential the structure 

of phases will changes but we have NDC to NDC phase transition. 

 
 

Figure 2: J-B curve for different values of ω = 1, 1.2, 1.4 at T = 0.31878 and m = 0.902. The Calculated value 

of ω𝑐= 1.195. 
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Abstract. In this paper, we consider two (2 + 1)-dimensional black holes, one a charged BTZ black hole 

and the other a black hole in f (R; ɸ) gravity. Then, the geodesic motion of test particles and light rays in 

the vicinity of the spacetime of these black holes is investigated. The analytical solutions of the geodesic 

equations are solved and presented in terms of Weierstrass elliptic and derivatives of Kleinian sigma 

hyperelliptic functions. Moreover, the possible orbits are discussed and classified according to the 

particle's energy and angular momentum. Also, several types of possible orbits have been drawn as 

examples. 

 

Keywords: Black hole; Geodesic motion; Elliptic function; Analytical solution. 

 

1 Introduction 

 

The beginning of the exact solutions of three-dimensional black holes can be considered with famous work of 

Banados, Teitelboim, and Zanelli (BTZ) black hole [1, 2]. After that, different types of solutions were obtained 

by considering different scalar fields (coupled scalar, regular scalar, asymptotic coupled scalar and etc) [3-7]. 

Also, several three-dimensional black hole solutions for different cases (static, charged, dilaton gravity, f (R) 

gravity and so on) have been obtained [8-12]. Moreover, a better understanding of the physics of black holes 

by studying them in lower dimensions can be useful. One of the most experimental ways to investigate the 

gravitational field of black holes is to study the movement of particles and light around them. It is true that the 

effects of gravity can be investigated by means of numerical solutions, but a comprehensive study should be 

done by means of analytical solutions. Analytical solutions help a lot to study experimental predictions, 

including (light deviation, gravitational time delay, perihelion shift, and Lens-Teering effect) [13]. In this 

paper, elliptic and hyper elliptic functions are used to solve the geodesic equations analytically. 

 

2 Metric and equation of motion 

 

In this section, the metrics of two (2 + 1)-dimensional black holes, one a charged BTZ black hole and the 

other a black hole in f (R; ɸ) gravity, are investigated. 

 

2.1 The (2 + 1)-Dimensional charged BTZ black hole 

 

The action for a charged BTZ black hole in presence of cosmological constant can be written as follow 

mailto:soroush@yu.ac.ir
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31

( , ) [ 2 ( ) ].
16

s

MI g A d x g R kF 


= − −  +                                                                                               (1) 

So, the metric of this black hole is written as follow 
2

2 2 2 2( )
( )

,
dr

ds g r dt r d
g r

= − + +                                                                                                                         (2) 

2

2
( ) ,

2

r
f r m

l r

K
= − −                                                                                                                                          (3) 

where m is the mass, q is the electrically charge, 2 1
l = −


 and   is the cosmological constant. 

 

2.2 The (2 + 1)-Dimensional black hole in f (R; ɸ) Gravity 

The action for a black hole in in f (R; ɸ) Gravity can be written as follow

3 2

2

2 1
,

8
S d x g R p R

l
g 

  
 

= − + − 


− − 


                                                                                              (4)                                               

Therefore, the metric of this black hole is written as follow [14] 
2 2 1 2 2 2( ) ( ,)ds f r dt f r dr r d−= − + +                                                                                                                           (5) 

2

2

( ) ( 2 )
( ) ,

r b r b
f r

l r

+ −
=                                                                                                                                                 (6) 

where b is a constant. 

 

3 Geodesic equations 

In this section, the geodesic equations for these (2+1)-d black holes are investigated. The geodesic equation 

and the Euler–Lagrange equation can be written as 
d2xμ

ds2 + Γϱσ
μ dxϱ

ds

dxσ

ds
= 0   ,                                                                                                                                    (7) 

  ℓ =
1

2
 gμν

dxμ

ds

dxν

ds
=

1

2
ϵ   ,                                                                                                                                 (8)       

where ɛ = 0, 1 for massless and massive test particles respectively. So, using the above equations we have 
2

2 2

2
( ) ( )( ),
dr L

E f R
d r




= − +                                                                                                                               (9) 

4 2
2 2

2 2
( ) ( ( )( )) ( ),

dr r L
E f R R r

d L r



= − + =                                                                                                                            (10) 

2

2
( )( ).eff

L
V f R

r
= +                                                                                                                                                      (11) 

These equations are dynamics of the geodesic motion. Therefore, for (2+1)-d charged BTZ black hole we 

have 
2

2 6 4 3 2

2 2 2 2 2 2

1
( ) ( ) ( ) ( ) ,

2 2

dr E m K Kr
r r r mr

d l l
= − + + − + + +                                                                       (12)                                                                              
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and for the (2 + 1)-Dimensional black hole in f (R; ɸ) Gravity, we have
6 2 3 3 2 2 3

2 2 2 4

2 2 2 2 2
( ) 3 2 3 2 .

dr L r L b L b r b r b r
E L l r

d l l l l l

− 
− + + − + + + 


=


                                                                               (13)  

4 Null Geodesics 

For ɛ = 0, using a new parameter 
1

r
u

=  and then the other substitution u =
1

b3
(4y −

b2

3
), the equations (12) and 

(13) change to a polynomial of degree 3 and can be solved as 

(
dy

dφ
)2 = 4y3 − g2y − g3 =  p3(y),                                                                                                                              (14)  

where, 

g2 =
1

16
(

4

3
b2

2 − 4b1b3) , g3 =
1

16
(

1

3
b1b2b3 −

2

27
b2

3
− b0b3

2) .                                                                   (15)  

So, the analytical solution of equation (20) is 

y(φ) = ℘ (λ − λin; g2; g3)                                                                                                                                             (16) 

λin = λ0 + ∫
dy

√4y3−g2y−g3

∞

y0
 ,                 λ0 =

1

4
(

b3

r̃0−r̃R
+

b2

3
),    

and therefore, 

r(λ) =
b3

4℘(λ − λin; g2; g3) −  
b2

3

+ rR                                                                                                                        (17) 

 

5 Timelike Geodesics  

For ɛ = 1, using 
1

r
u

= , the equations (12) and (13) transfer to a polynomial of degree 5 and can be solved as 

u(λ) =  −
σ1

σ2

(λσ)    ,                                                                                                                                                        (18) 

where, i  is the i-th derivative of the Kleinian sigma function in two variables 

σ(z) = Ceztkzθ[g, h](2ω−1z; τ)  ,                                                                                                                                 (19) 

here,  

θ[g; h](z; τ) = ∑ eiπ(m+g)t(τ(m+g)+2z+2h)

m∈ℤg

  ,                                                                                                          (20) 

and therefor, 

r(φ) =  −
σ2

σ1

(λσ) .                                                                                                                                                                            (21) 

 

6 Orbits 

 

The shape of an orbit depends on the energy E and the angular momentum L of the test particle or light ray. 

Since r should be real and positive the physically acceptable regions are given by those r for which E
2

 ≥ V
eff

. 

Using obtained analytical solutions and the shape of effective potentials (see Fig. 2), examples of some possible 

orbits are plotted (see Fig. 2). 

Flyby orbits: r starts from ∞, then approaches a periapsis r = r
p
 and goes back to ∞. 

Bound orbits: r oscillates between to boundary values r
p
 ≤ r ≤ r

a
 with 0 <r

p
 < r

a 
< ∞. 
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Terminating bound orbits: r starts in (0, r
a
] for 0 < r

a
 < ∞ and falls into the singularity at r = 0. 

Terminating escape orbits: r comes from ∞ and falls into the singularity at r = 0. 

 

 

 

 

 

 

 

Figure 1. Examples of Effective potential. 

 

 

 

 

 

 

 

Figure 2. Examples of trajectory orbits. 

 

7 Conclusions 

In this paper, we investigated the motion of massive and massless test particles in the vicinity of (2+1) 

dimensional black holes. We obtained the equations of geodesic motion and solved them according to 

Weierstrass elliptic and Kleinian sigma hyper-elliptic functions. Moreover, by the help of these solution and 

the effective potential, the complete set of orbit types were classified. We also demonstrated that for both 

timelike and null geodesics there are different regions where test particles can move in. For timelike and null 

geodesics, various orbits such as TBO, BO, FO and TEO are possible are appeared. These results can be 

useful information for orbits around heavy objects, including the light deflection, periastron shift and else. 
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Abstract. Black Hole (BH) thermodynamics has been pivotal to quantum gravity research. A pressing 

problem in this direction is to decipher the microscopic origin of Bekenstein-Hawking entropy. In 

particular, this takes us to us to the question: what happens to the thermodynamic behaviour as the BH 

size decreases due to Hawking evaporation? We investigate this problem by analyzing thermodynamic 

Ruppeiner geometry of higher dimensional Reissner-Nordström black holes (RNBHs) with Bekenstein-

Hawking entropy modified by exponential contributions. Using a canonical ensemble approach, we 

discuss thermal stability of our BH and show how radically it changes for smaller sizes, while having no 

impact for large geometries. We find that these exponential corrections are a mixed blessing for the BH 

inasmuch as it either stabilizes or destabilizes BH, depending on the scale of corrections and the choice 

of charge. The changes are manifested around extremal geometry where the BH mass and charge balance 

each other. Our findings stand in stark contrast to earlier observations that RNBHs are universally 

endowed with a flat Ruppeiner geometry. 
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Abstract. We investigate the non-linear response of a holographic confining theory to an external 

electromagnetic field by deriving the complex electromagnetic Euler-Heisenberg effective Lagrangian.  

To do so holographically, one needs to calculate the imaginary part of the probe D7-brane DBI action 

when the electromagnetic field is suddenly turned on. Through these calculations, we study thoroughly 

the instability and decay rate of the system and find the minimum critical electric field required for 

producing the quark pairs. We moreover consider how the production rate of the quarks is affected by 

applying the magnetic field parallel and/or perpendicular to the electric field direction, for various 

values of the parameters of the system. 

 

Keywords: Schwinger effect, Confinement, Holography. 

 

1 Introduction 

 

The production of the charged particle and antiparticle pairs from the vacuum due to the presence of external 

electric fields is known as the Schwinger effect which is a nonperturbative phenomenon. Although it has not 

been observed experimentally yet, the study of this effect is important both experimentally and theoretically 

since it is not only a realistic phenomenon expected to be seen in labs, but it also may help us understand the 

quark confinement, the nonperturbative problems and the response of the theories to electromagnetic fields in 

confined and deconfined phases which could be illuminating in theoretical and experimental high energy 

physics. 

Historically, the vacuum pair production in the presence of electric fields was first studied by Euler and 

Heisenberg, and later by Schwinger [1]. Euler and Heisenberg showed that the vacuum can behave as a 

dielectric and thus can be polarized by application of an electric field. To study this effect, they evaluated the 

imaginary part of the effective action of the QED in the presence of an external constant electric field, i.e., the 

Euler-Heisenberg (EH) Lagrangian which is a generating function of the nonlinear electric response of the 

vacuum.  

Since QCD is strongly coupled at low energy and the Schwinger effect is nonperturbative in nature, the use 

of the AdS/CFT correspondence [2] or gauge/gravity duality could be very useful to analyze the response of 

the system to even strong electromagnetic fields. This is called Holographic Schwinger effect which has drawn 

a lot of attention in recent years. A vast amount of papers has concentrated on the study of the response to the 

electric or electromagnetic fields in different backgrounds and physical situations using the method developed 

in [3]. Another approach was proposed in [4] where they derived the Euler-Heisenberg Lagrangian using the 

AdS/CFT correspondence. They conjectured that a D-brane action in AdS is equivalent to the effective 
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Lagrangian, i.e., the EH Lagrangian. They concluded that the imaginary part of the effective Lagrangian in the 

presence of electromagnetic fields shows the decay rate of the vacuum in the gauge theory side.  

Our motivation in this work is to use the second above explained approach to investigate the instability 

caused by the external constant electromagnetic field in the background proposed in [5]. In the next section, 

after a brief review of the background of our interest, we present the derivation of the effective Lagrangian in 

the presence of the electric and magnetic field. Then, after setting the electric current to zero, we find the decay 

rate of the vacuum through the imaginary part of the effective Lagrangian. Section 3 is devoted to performing 

the calculations and results when only the electric field is present. In the next section we consider the decay 

rate when the magnetic field is also turned on. The magnetic field could be applied parallel or perpendicular to 

the electric field direction, which are called longitudinal and transverse cases, respectively. Finally, we 

summarize and conclude in section 5. 

 

2 Effective Electromagnetic Euler-Heisenberg Lagrangian  

 

In this section we evaluate the effective action (EH Lagrangian) of the D3-brane/D-instanton model introduced 

and explained in [5], when not only a constant electric field but also a constant magnetic field is turned on in 

the gauge theory. The ten-dimensional metric of the gravity side in the string frame is given by the following 

expression 

𝑑𝑠2 = 𝑆(𝑢) [
𝑢2

𝐿2 𝜂𝜇𝜈𝑑𝑥𝜇𝑥𝜈 +
𝐿2

𝑢2
(𝑑𝜌2 + 𝜌2𝑑Ω3

2 + 𝑑𝑦2 + 𝑦2𝑑Φ2)] ,                                                              (1) 

where 𝑆(𝑢) = 1 +
𝑞

𝑢4 in which 𝑞 denotes the instanton density (a uniformly distributed D-instanton over D3 

branes) corresponding to the gluon condensation in the field theory. The conformal invariance of the N=4 SYM 

is broken by nonzero 𝑞. 𝐿 is the AdS radius, 𝑢 is the radial coordinate of the AdS, and 𝑢2 = 𝜌2 + 𝑦2. The 

boundary is located at 𝑢 → ∞. This geometry is quasiconfining with confined quarks and deconfined gluons. 

This theory is different from other holographic confining models in that it does not contain any compactified 

direction.  

To obtain the pair creation rate of the quarks, we perform the following steps presented in the next 

subsections  

• We construct a D3/D7 brane system by probing a D7 brane in the bulk. 

• We derive the Dirac-Born-Infeld (DBI) action of the D7 brane in the presence of an electromagnetic field, 

which corresponds to the effective EH Lagrangian of the system. 

• We obtain the creation rate of the quark antiquark pair under the external fields by computing the 

imaginary part of the D7-brane action. 

 

2-1 Effective action of the D3/D7 brane system 

 

To include the quark sector, we introduce a D7 brane to the gravity side in the probe limit in order to neglect 

the backreaction of the D7 branes on the geometry. 

The DBI action of the D7 brane, which is also valid for strong fields and served as an EH Lagrangian of the 

field theory side via the gauge/gravity duality, is in the following form 

𝑆𝐷𝐵𝐼 = −𝜇7 ∫ 𝑑𝑡𝑑3𝑥𝑑𝑢𝑑Ω3√−𝑑𝑒𝑡[𝑃[𝑔]𝑎𝑏 + 2𝜋𝛼′𝐹𝑎𝑏],                                                                                (2) 

where 𝑃[𝑔]𝑎𝑏 and 𝐹𝑎𝑏 are the projected metric and the electromagnetic field on the D7 brane, respectively. 

Also, 𝜇7 denotes the D7-brane tension.  
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In this work, we parametrize the embedding by the ansatz (𝐿 = 𝐿(𝜌), 𝜙 = 0). The second equality preserves 

the rotational symmetry of the 𝑆3 wrapped by the D7 brane. By the use of the ansatz, one can obtain the induced 

metric. We should also introduce a gauge field to the D7 brane with the following form to take into account 

the charge density 𝑑, the constant electric field 𝐸, the current 𝑗, i.e., the response to 𝐸, and the magnetic field 

in all boundary spatial dimensions 
(𝐴𝑡, 𝐴𝜌 , 𝐴𝑥1 , 𝐴𝑥2 , 𝐴𝑥3) = (𝑎𝑡(𝜌), 0, −𝐸𝑡 + ℎ(𝜌) + 𝐵3𝑥2, 𝐵1𝑥3, 𝐵2𝑥1).                                                           (3) 

Here without loss of generality the electric field is chosen in 𝑥1 direction. Therefore, 𝐵1 is the component of 

the magnetic field parallel to 𝐸 (longitudinal case, 𝐵𝐿) and one of the other two spatial components could be 

chosen as the magnetic field perpendicular to 𝐸 (transverse case, 𝐵𝑇).  

To look at the electric conductivity and the electric current of the system, one needs to find the full solution 

of the problem, including the full D7-brane shape in the presence of external fields. In that case the current 𝑗 

should be determined so as to make the effective action real. However, here we are instead interested in the 

instability induced by the sudden application of the electric or electromagnetic field. At the moment when the 

fields are turned on, 𝑗 = 0 and the solution of the equations of motion would be the one without electromagnetic 

fields, i.e., we need to consider the false vacuum solution. 

Using the equations for 𝑎𝑡(𝜌) and ℎ(𝜌), we find the conserved charges 𝑑 and 𝑗 associated with them, 

respectively. Then, we can eliminate 𝑎𝑡(𝜌) and ℎ(𝜌) from the DBI action by the Legendre transformation. 

Consequently, after doing some algebra, we reach at the following form for the effective action 

ℒ = −2𝜋2𝜇7 ∫
𝑑𝑢√1+𝑦′2

𝑢4√�⃗⃗�2+𝑆(𝑢)𝑢4
√𝜉,                                                                                                                      (4) 

where  

𝜉 = −[�⃗⃗�2𝜌6 + (𝑑2 + 𝑆(𝑢)𝜌6)𝑢4][𝐸2𝐵1
2 − 𝑆(𝑢)(�⃗⃗�2 − 𝐸2)𝑢4 − 𝑆(𝑢)2𝑢8].                                                  (5) 

Here we have set 𝐿 = 1 and 2𝜋𝛼′ = 1. Notice that we are not interested in considering the charge density in 

the present work. Therefore, we put 𝑑 = 0 in all the results appearing in the following sections. 

 

3 Pair production rate in external electric field 

 

In this section we present the results for the decay rate when only the electric field 𝐸 is turned on. To do so, 

we set all the magnetic field components zero in Eqs. (4) and (5). The left (right) graph of Fig. 1 shows the rate 

of producing the quarks with 𝑚 = 0 (𝑚 = 1) as a function of the electric field for zero instanton density. It 

can be observed that the quarks cannot be created at the electric field less than the critical value. The critical 

electric field above which massless quarks can be created from vacuum, is 𝐸𝑠 (mentioned later) in the case 

studied here and the critical electric field for producing massive quarks depends on the quark mass. We 

furthermore see that the gluon condensation reduces the chance of the quark production at a given electric field. 

The right graph in Fig. 1 is indicating that this behavior happens for all values of 𝐸 when the quarks are massive. 

However, for massless quarks this behavior is slightly different. At a fixed 𝐸, the decay rate increases by 

increasing 𝑞 from zero at first but it starts decreasing by further increase of 𝑞. 
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Figure 1. Left (Right) graph: Production rate of quarks with 𝑚 = 0 (1) for various values of 𝑞. 

 

4 Pair production rate in external electromagnetic field 

 

Let us now turn on the magnetic field and explore the effect of the magnetic field in different directions on the 

instability induced in the system with gluon condensation. In this regard, we are interested in studying three 

different cases, the longitudinal case, the transverse case, and the case where we apply two components of the 

magnetic field say 𝐵1 and 𝐵2.  

 

 

  

Figure 2. Left top (bottom): Production rate at 𝐵𝐿 = 0 (𝐵𝐿 = 5) and for various values of 𝐵𝑇. Right top 

(bottom): Production rate at 𝐵𝑇 = 0 (𝐵𝑇 = 5) and for various values of 𝐵𝐿. 
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As can be seen in Fig. 2, the magnetic field parallel (perpendicular) to the electric field increases (decreases) 

the vacuum instability, whether the transverse (longitudinal) component of the magnetic field is present or not. 

In addition, the critical electric field 𝐸𝑠 does not alter by the presence of the parallel magnetic field in the 

absence of 𝐵𝑇, while it is enhanced by 𝐵𝑇, whether or not the longitudinal component is present. However, the 

longitudinal component decreases 𝐸𝑠 at nonzero 𝐵𝑇. These results are consistent with the following formula 

for the critical electric field (the value above which the EH Lagrangian acquires an imaginary part) which is a 

universal expression in holographic QCD 

𝐸𝑠 = 𝜎√
𝜎2+�⃗⃗�2

𝜎2+𝐵𝐿
2,                                                                                                                                                  (6) 

where 𝜎 is the QCD string tension or the critical electric field at zero magnetic field which is 𝐸𝑠
𝐵=0 = 𝜎 = √𝑞 

in our problem. Notice that although the formula (6) was found in [7] for any holographic QCD model with an 

IR wall, it is correct for our model with no IR cutoff. The behavior of 𝐸𝑠 versus 𝐵𝐿, when the perpendicular 

component of the magnetic field is nonzero, is shown in Fig. 3. 

 
Figure 3. The critical electric field 𝐸𝑠 versus 𝐵𝐿. 

Figure 4 depicts the imaginary part of the EH Lagrangian as a function of the electric field for various values 

of the transverse (longitudinal) magnetic field when the quarks are massive. As can be seen, the electric field 

induces instability provided that it is higher than the critical electric field for quarks of mass one, which reads 

𝐸𝑐 = 𝐸𝑐
0√

𝐸𝑐
02

+�⃗⃗�2

𝐸𝑐
02

+𝐵𝐿
2
,                                                                                                                                              (7) 

in which 𝐸𝑐
0 is the critical electric field for producing the quarks of mass one when there exists no magnetic 

field. Notice that the effect of the magnetic field components on the production rate of the massive quarks is 

the same as the massless quarks. 
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Figure 4. Left (right): Production rate of massive quarks at 𝐵𝐿 = 0 (𝐵𝑇 = 0). 

 

5 Summary and concluding remarks 

 

In this paper we have studied the vacuum instability of a holographic quasiconfining model against the 

simultaneous application of constant electric and magnetic fields. For our purpose, employing the method 

proposed by Hashimoto and Oka [4], we have calculated the imaginary part of the effective EH Lagrangian for 

a generic electromagnetic field and a vanishing density to find the pair production rate of the massless and 

massive quarks. We have first concentrated on the instability of the system due to the sole presence of the 

electric field and observed that in general the gluon condensation reduces the production rate of both massless 

and massive quarks. Moreover, from the graphs of the decay rate in the presence of the magnetic field, we have 

concluded that the magnetic field parallel to the electric field enhances the chance of pair production rate and 

favors the Schwinger effect. However, the perpendicular magnetic field reduces the pair production rate.  

Negative differential conductivity (NDC) [8] is a nonlinear interesting phenomenon in which the electric 

field decreases as the current increases. As it seems that the production of the charge carriers is essential in 

NDR, it would be interesting to study the effect of the gluon condensation as well as the magnetic field on 

NDR.  
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