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Abstract. In this paper, we delve into the thermodynamic topology of AdS Reissner-
Nordstrom (R-N) black holes by employing nonextensive entropy frameworks, specifi-
cally Rényi (with nonextensive parameter A) and Sharma-Mittal entropy (with nonex-
tensive parameter «, §). Our investigation spans two frameworks: bulk boundary and
restricted phase space (RPS) thermodynamics. In the bulk boundary framework, we
face singular zero points revealing topological charges influenced by the free parame-
ter (A) with a positive topological charge (w = +1) and the total topological charge
(W = +41), indicating the presence of a single stable on-shell black hole. Further analy-
sis shows that when () is set to zero, the equations align with the Bekenstein-Hawking
entropy structure, demonstrating different behaviors with multiple topological charges
(w = +1,—-1,41). Notably, increasing the parameter o in Sharma-Mittal entropy re-
sults in multiple topological charges (w = +1, —1, +1) with the total topological charge
(W = +41). Conversely, increasing () reduces the number of topological charges, main-
taining the total topological charge (W = +1). Extending our study to the restricted
phase space, we observe consistent topological charges (w = +1) across all conditions
and parameters. This consistency persists even when reducing to Bekenstein-Hawking
entropy, suggesting similar behaviors in both non-extended and Hawking entropy states
within RPS.
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1 Introduction

Wei et al. [1,2] recently introduced a novel technique for exploring the topological charge of
black holes. This method conceptualizes black hole solutions as topological defects within
the thermodynamic parameter space. By leveraging the generalized off-shell free energy,
they were able to categorize black holes based on their topological charge, which is deter-
mined by the winding numbers of these defects. Black holes with positive winding numbers
are locally stable, whereas those with negative winding numbers are locally unstable [1,2].
This new approach offers a unique viewpoint on the thermodynamic stability of black holes
and provides valuable insights into the phase transitions and critical phenomena in black
hole thermodynamics. It has been applied to various black holes, including those in anti-de
Sitter (AdS) spacetime, uncovering new types of critical points and phase behaviors. The
topological method for black hole thermodynamics has become popular due to its straight-
forwardness in examining thermodynamic properties. It has been utilized to investigate
the Hawking-Page phase transition of Schwarzschild-AdS black holes and their holographic
counterparts, which relate to the confinement-deconfinement transition in gauge theories.
Quantum gravity corrections, expressed through higher-derivative terms, have been studied
for black holes in Einstein-Gauss-Bonnet and Lovelock gravity. These corrections shed light
on the behavior of black holes in higher-dimensional spacetimes and the effects of quan-
tum gravity. Although these studies mainly focus on static black holes, the topological
approach has also been extended to rotating black holes, offering significant insights into
their thermodynamic properties and stability [3-10]. In this article, we aim to explore the
topology of holographic thermodynamics using non-extensive entropies such as Rényi and
Sharma-Mittal entropy. Our objective is to identify the topological class of these black holes
and compare it with the Bekenstein-Hawking entropy. Non-extensive entropy, often linked
with Tsallis entropy, is a generalization of the traditional Boltzmann-Gibbs entropy. This
concept was introduced by Constantino Tsallis in 1988 to address systems where the conven-
tional assumptions of extensive entropy do not apply. In classical thermodynamics, entropy
is extensive, meaning it scales linearly with the system’s size. However, many physical sys-
tems exhibit non-extensive behavior due to long-range interactions, fractal structures, or
other complexities [11-13]. Non-extensive entropy has been applied to various astrophysical
phenomena, including the distribution of stellar objects and the dynamics of galaxy clusters.
It aids in modeling systems where gravitational interactions are long-range and cannot be
described by extensive entropy. Non-extensive entropy extends information theory concepts
to systems with non-standard probability distributions. It is utilized in coding theory, data
compression, and the analysis of complex networks [11-13]. Holographic thermodynamics
is a framework that applies the principles of holography to the study of black hole ther-
modynamics. This approach often involves the AdS/CFT correspondence, which posits a
relationship between a gravitational theory in an anti-de Sitter (AdS) space and a confor-
mal field theory (CFT) on its boundary. This duality allows physicists to study complex
gravitational systems using quantum field theories’ simpler, well-understood properties. So,
one can study two spaces with some features viz bulk-boundary, and restricted phase space.
Bulk-boundary correspondence is a principle that connects the properties of a bulk system
(like a black hole in AdS space) with those of its boundary (the CFT). This correspondence
is crucial in understanding topological phases of matter and has applications in condensed
matter physics and high-energy physics. It essentially states that the behavior of a system’s
boundary can reveal information about the bulk properties. Restricted phase space ther-
modynamics is a newer formalism that modifies traditional black hole thermodynamics by
fixing certain parameters, such as the AdS radius, as constants. This approach eliminates the
need for pressure and volume as thermodynamic variables, instead using the central charge
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and chemical potential. This formalism maintains the Euler relation equation, providing
a consistent framework for studying black hole thermodynamics [14-22]. Based on these
explanations, we will organize the article as follows; Section 2 will introduce the concepts
of non-extensive entropies, specifically Rényi and Sharma-Mittal entropies. In Section 3,
we will explain the thermodynamic topology using the generalized Helmholtz free energy
method. In Section 4, we will provide a concise overview of the black hole model within
the contexts of bulk-boundary correspondence and restricted phase space. So, this section
involves the calculation and discussion of the thermodynamic topography of the model,
focusing on non-extensive entropies. Finally, Section 5 will present our conclusions and
summarize the key findings.

2 Non-extensive Entropy

Non-extensive entropy, introduced by Constantino Tsallis, is an extension of the traditional
Boltzmann-Gibbs entropy. This concept is particularly useful for systems that exhibit non-
linearity and a strong dependence on initial conditions. Unlike Boltzmann-Gibbs entropy,
which assumes extensive properties (i.e., entropy scales linearly with system size), non-
extensive entropy can handle systems where this linearity does not hold. It has applications
in various fields, including theoretical physics, cosmology, and statistical mechanics, and is
especially relevant for systems with long-range interactions, fractal structures, or memory
effects [23]. Rényi entropy, denoted as Sk, is defined as [24],

1
Sszhl(l—f—)\SBH), (1)

where A is the non-extensive parameter. The valid range for A\ is —oco < A < 1, as values
outside this range render the entropy function ill-defined due to its convex nature. In
the context of black hole thermodynamics using Rényi statistics, the entropy Sg is well-
defined for 0 < A < 1. Within this range, A exhibits favorable thermodynamic properties, as
highlighted in recent research. When the Rényi parameter A approaches zero, the generalized
off-shell free energy converges to the Boltzmann-Gibbs statistics case [25-27]. Sharma-Mittal
entropy (SM), which generalizes both Rényi and Tsallis entropies, offers intriguing insights
in cosmological studies. This generalization is particularly useful for describing the current
accelerated expansion of the universe by effectively utilizing vacuum energy. Although non-
extensive entropies have been used to study the thermodynamic properties of black holes,
Sharma-Mittal entropy has not yet been applied in this context. This gap motivates us
to explore the thermodynamic properties of black holes, considered as strongly coupled
gravitational systems, using SM entropy. The SM entropy is defined as [28-30],

Ssu = é ((1 +BST)% — 1) : (2)

In this expression, St = %, where A = 4mr? and r is the horizon radius, represents the
Tsallis entropy. The parameters a and 8 are free and must be determined by fitting the
results with observational data. Notably, when @ — 0 and o« — 3, Sharma-Mittal entropy
reduces to Rényi and Tsallis entropies, respectively.

3 F-Method

Recent developments have introduced novel techniques for examining critical points and
phase transitions in black hole thermodynamics. One significant approach is the topological
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method, particularly Duan s topological current ¢-mapping theory, which offers a topological
perspective in thermodynamics. Wei et al. have pioneered methods for studying topological
thermodynamics, emphasizing generalized free energy functions. Given the relationship
between mass and energy in black holes, the generalized free energy function is expressed as
[1,2],

S
F=M = (3)
where 7 denotes the Euclidean time period, and 7', the inverse of 7, represents the temper-
ature of the ensemble. The generalized free energy is on-shell only when 7 = 7y = ﬁ A
vector ¢ is constructed as follows,
= (ar,—cote)csc@). (4)
aTH

In this context, ¢© diverges, and the vector direction points outward at © = 0 and © = 7.
The ranges for rg and © are 0 < ry < oo and 0 < © < m, respectively. Using Duan’s
¢-mapping topological current theory, a topological current can be defined as:

1
j“ = Tgltupgabaunaapnba w,v,p=0,1,2 (5)
T
r (€]
where n = (n',n?), and n! = \%I’ 2 = % From the conservation equation, we observe

n
0. After some calculations, the topological number or

that j# is non-zero only when ¢
d as,

total charge W can be expresse

W = / 0d%x = iﬁmz‘ = Zn:wi- (6)
z i=1 i=1

Here, ; denotes the positive Hopf index, which counts the loops of the vector ¢ in the
¢-space when z* is near the zero point z;. Meanwhile, 1; = sign(j°(¢/z).,) = £1. The
quantity w; represents the winding number for the i-th zero point of ¢ in X.

4 AdS Reissner-Nordstrom black holes

AdS Reissner-Nordstrom (AdS R-N) black holes are distinguished by their presence in AdS
space and their Abelian electric charge. These black holes are solutions to the Einstein-
Maxwell equations with a negative cosmological constant. The metric for an AdS R-N black
hole is given by,

dr

ds* = —f(r)dt* + f(:) + r2dQ2. (7)

4.1 Bulk boundary thermodynamics
In the framework of bulk boundary, we will have

2GM  Gg¢® r?
- + 2 + IER (8)

flr)=1

The entropy S and the radius [ of AdS space are defined as?

1 6
S=7¢ =1V rar
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The Hawking temperature T for an AdS R-N black hole is,

.2
2(— & + spis 3R PC

T = 8PG™ (10)
3r
In this context, G is variable and defined as:
2
r
G=——L—s. 11
8Pwr + 32 (11)
The mass M and Helmholtz free energy for this black hole are,
2 2
4(831‘%—’— si’rc:hn "'Tﬁ) Pr
M = . (12)
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Here, M is the mass, ¢ is the charge, and [ is the AdS radius. This metric describes the
spacetime geometry around the black hole, which has a singularity at » = 0 and one or
two horizons depending on the values of M, ¢, and [. The horizons are the surfaces where
f(rp) =0, with the outermost horizon being the event horizon, which determines the black
hole’s size.

4.1.1 Thermodynamic topology within Rényi statistics
Consequently, using Eqs. (1), (3), and (12), the Helmholtz free energy for this black hole is

derived as follows,

TAr?
 8rGPrt 433G 32 I (T + 1)
N 67GPr AT '

Two vector fields, ¢™ and ¢?, are computed based on the previously discussed concepts and
Eq. (4), as follows,

F

(13)

. 8tGPrt —Gg¢* +1r? 2mr cot(d
¢ = > - 5 ) (14)
2rGPr GT + wAr?r sin(6)
Additionally, we determine 7 as follows,
4m2GPr3
L =G Pr (15)

(G +7Ar2) (8nGPrt — G2 +1r2)’

By analyzing these vector fields and the parameter 7, we can gain valuable insights into
the topological structure of phase transitions in black hole thermodynamics. This approach
allows us to identify stable and unstable regions, as well as the nature of critical points,
providing a deeper understanding of the underlying thermodynamic properties. In our
study, we investigate the thermodynamic topology of AdS Reissner-Nordstrom (R-N) black
holes using nonextensive entropy, such as Rényi and Sharma-Mittal entropy, within two
frameworks: bulk boundary and RPS thermodynamics. We first explore the thermodynamic
topology in the bulk boundary framework. The illustrations are divided, with normalized
field lines shown on the right. Figs. (1) and (2) display Rényi and Sharma-Mittal entropy,
respectively. Figs. (1(b)) and (1(d)) reveal a singular zero point, indicating a topological
charge determined by the free parameter A\ discussed in the study. This charge, which
correlates with the winding number, is located within the blue contour loops at coordinates
(r,0). The sequence of these illustrations is governed by the parameter A\. The findings
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from these figures highlight a distinctive feature: a positive topological charge (w = +1)
and a total topological charge W = +1, represented by the zero point enclosed within the
contour. Our analysis examines black hole stability by evaluating the winding numbers.
Positive winding numbers suggest the thermodynamic stability of the on-shell black hole,
further supported by specific heat capacity calculations. Given the solitary on-shell black
hole, its topological number matches the winding number, amounting to 1. This indicates
the presence of a single stable on-shell black hole, with a topological number reflecting a
positive winding number across all black hole configurations (W = w = +1).

AAAdAAddA4dd

— a0 AdAd 444 AAAAAAAdAddAd{Addd4
=04, g:1, 6004 Y hbbhL Ll bl bdtcisinid — Ja07, g1, 6=004 P s bbbk ik doblststetasicd

P i ides

1
i
Y
i
i

PN YV I aa

RERTTERTYTTY
R RRERERERREREEE) 00)
LARAMAARARAAZARARS L L . o0

A
LAY
[ARRARARRI

[12ras

11431

Lttt

<~xhAAA
22333

Figure 1: The curve described by Eq. (15) is illustrated in Figs. (1(a)), (1(c)), and (1(e)). In Figs.
(1(b)), (1(d)), and (1(f)), the zero points (ZPs) are located at coordinates (r,0) on the circular
loops, corresponding to the free parameter (A, ¢,G), P =0.9 and 7 =6,1,17

4.1.2 Thermodynamic topology within Sharma-Mittal statistics
Here, utilizing Eqgs. (2), (3), and (12), the Helmholtz free energy calculate as follows,

2 ,..2 —3 (ﬁ +1)a/ﬁ+4ar37+3
_GgE+r G

16
2nGPr 3at (16)
The ¢™ is calculated based on Eq. (4), as follows,

1 LP B 47TT(LGT‘2+1)F71 q2 ,

T T T _ . 1
¢ 2 G 7w Pr2 e (17)
Furthermore, 7 is determined as follows,
a/B
4m2GPr (75 4+ 1)
T= (18)

(G +7pr?) (8nGPrt — Gg? +12)’
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Additionally, as shown in Fig. (1(f)), when the parameter (1)) is set to zero, our equations
reduce to the Bekenstein-Hawking entropy structure, yielding different results. Fig. (1(f))
shows the three topological charge (w = +1, —1,+1) with total topological charge W = +1.
Fig. (2) shows Sharma-Mittal entropy. As seen in Fig. (2), by increasing the parameter «
from 0.7 to 1.4, the number of topological charges increases (w = +1, —1,+1) with the total
topological charge (W = +1). Interestingly, when the parameter § increases, the number of
topological charges should decrease, resulting in (w = +1) with the total topological charge
(W = +1), as clearly shown in Figs. (2(b)), (2(d)), and (2(f)).

— a0, 15,6004 a0l — a4, =15, 6:004

(a) (b) (c) (d)

— ael 18,6004

(e) ®)

Figure 2: The curve described by Eq. (18) is illustrated in Figs. (2(a)), (2(c)), and (2(e)). In Figs.
(2(0)), (2(d)), and (2(f)), the zero points (ZPs) are located at coordinates (r,6) on the circular
loops, corresponding to the free parameter (o, 8 G), P = 0.9 and 7 = 3,13.5,7

4.2 RPS thermodynamics

In the framework of restricted phase space (RPS), the entropy for an AdS R-N black hole
is reformulated as,

q=\/q5, G:g, S:C;’QLW. (19)
The temperature T of this black hole is:
T_ 02127"% + 3027"% — l4qA2. (20)
473 C;ﬁ C’T,QL
The parameter C' is determined by,
C= 3 (21)

NCEE T
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The critical value r, is, @. Using these equations, we can derive thermodynamic quantities

such as mass as follows,
B C?1%r3 + C%r + 1242

M (22)
915 /Clzzr}%
4.2.1 Thermodynamic topology within Rényi statistics
For RPS thermodynamics, using Egs. (1), (3), and (22), the F is derived as follows,
wCAr?
F C2r4 4 O12r2 + 1442 In <f + 1) 29)
NG o
The ¢™ is as follows,
o [C2r2 2,2
¢r B 71(]2 CT n 3r Cl2 n Cr - 2nC'r (24)
N 202r3 213 913, [C?r? 7CAr2T + 171
l2

Additionally, 7 is determined as follows,

ATClor?, [ S
T = . (25)
(3C2rd + C12r2 — 14¢2) (rCAr?2 + 1)

A particularly interesting aspect of this study is its extension to the restricted phase space.
When we continue our studies in this space with the two mentioned entropies, we notice that
under all conditions and for all free parameters, we have a topological charge w = +1 with a
total topological charge (W = +1). Also, in RPS, when we reduce it to Bekenstein-Hawking
entropy, similar behavior can be observed. This suggests that, unlike the bulk boundary
space, similar behavior can be seen in both non-extended entropy and Hawking entropy
states in RPS, as illustrated in Fig. (3) and Fig. (4).

4.2.2 Thermodynamic topology within Sharma-Mittal statistics
Here, with respect to Eqgs. (2), (3), and (22), we will have,

2 0‘//3
wBCr
2.4 2.2 4,2 =" +1 -1
}_:CT—FClr—i—lq_< 1 ) . (26)

[C2r2 aT
215 l{

The ¢™ is calculated as follows,

a_q
Cl2r? (7’ —4rl? C;;Z (Lﬂfr2 + 1) ? ) +3C%rtr — 14¢%r
Q" = ) (27)

C2 .2
20577\ =

Additionally, 7 is,

a/B
A7 C5r2 /C;QTQ (‘nﬁlC'r2 _|_1)

T 7 3RBC36 + nBC22r + 3C2r — nBCI4G22 + Cler? — 5@

(28)
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Figure 3: The curve described by Eq. (25) is illustrated in Figs. (3(a)), (3(c)), and (3(e)). In Figs.
(3(b)), (3(d)), and (3(f)), the zero points (ZPs) are located at coordinates (r,6) on the circular
loops, corresponding to the free parameter (A,C), g =1,1=1and 7 = 3,0.8,5

In summary, our comprehensive analysis of the thermodynamic topology of AdS R-N black
holes using nonextensive entropy frameworks reveals significant insights into the stability
and phase transitions of these systems. The study underscores the importance of topological
methods in understanding the complex thermodynamic behavior of black holes, paving the
way for future research in this intriguing field.

5 Conclusion

In this paper, we explored the thermodynamic topology of AdS Reissner-Nordstrom (R-N)
black holes using nonextensive entropy frameworks, specifically Rényi (with nonextensive
parameter A) and Sharma-Mittal entropy (with nonextensive parameters «, 8). Our inves-
tigation spanned two frameworks: bulk boundary and restricted phase space (RPS) ther-
modynamics. In the bulk boundary framework, we encountered singular zero points that
revealed topological charges influenced by the free parameter A\. These charges exhibited
a positive topological charge (w = +1) and the total topological charge (W = +1), indi-
cating the presence of a single stable on-shell black hole. Further analysis demonstrated
that when A is set to zero, the equations align with the Bekenstein-Hawking entropy struc-
ture, showing different behaviors with multiple topological charges (w = +1,—1,+1). No-
tably, increasing the parameter « in Sharma-Mittal entropy resulted in multiple topological
charges (w = +1,—1,+1) with a total topological charge (W = +1). Conversely, increas-
ing B reduced the number of topological charges, maintaining the total topological charge
(W = +1). Extending our study to the restricted phase space, we observed consistent topo-
logical charges (w = +1) across all conditions and parameters. This consistency persisted
even when reducing to Bekenstein-Hawking entropy, suggesting similar behaviors in both
non-extended and Hawking entropy states within RPS. Our comprehensive analysis under-
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Figure 4: The curve described by Eq. (28) is illustrated in Figs. (4(a)), (4(c)), and (4(e)). In Figs.
(4(b)), (4(d)), and (4(f)), the zero points (ZPs) are located at coordinates (r,6) on the circular
loops, corresponding to the free parameter (o, 8, C), g=1,1=1and 7 = 3,6,5

scores the significance of topological methods in understanding the complex thermodynamic
behavior of black holes. These findings provide valuable insights into the stability, phase
transitions, and black hole classification.
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