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Abstract. In this paper, we derive the black hole solution in the context of nonlinear
electrodynamics (NLED) coupled to a perfect fluid dark matter (PFDM) field. The
resulting black hole solution interpolates between the AdS Ayoén—Beato—-Garcia (ABG)
black hole in the absence of the PFDM field and the Schwarzschild black hole devoid
of magnetic monopole charges and PFDM influence. A numerical investigation of
the horizon structure and thermodynamic properties, including both local and global
stability, is conducted for the obtained black hole solution. The presence of the NLED
and PFDM fields shows that the thermodynamic quantities are modified. We observe
that the behaviour of thermodynamical quantities of black holes depends on these
parameters significantly. We also discuss the stability and phase transition dependency
on these parameters.
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1 Introduction

A fundamental aspect of general relativity is identifying exact solutions to Einstein’s field
equations, a task that often proves to be highly nontrivial. Notable among these solutions
are the Schwarzschild black hole, which arises in the vacuum, and the Reissner-Nordstrém
black hole, which accounts for the presence of charged matter. Both of these solutions exhibit
spherical symmetry and possess a central singularity enclosed by an event horizon. However,
in contrast to these singular solutions, there also exist non-singular or regular black hole
solutions of Einstein’s field equations, which avoid the central singularity and represent a
distinct class of black hole geometries. Bardeen pioneered the concept of a central matter
core based on Sakharov and Gliner proposal [1,2] and presented a conventional formulation
of a black hole with horizons, albeit without a singularity [3], 30 years later, ABG gave
the source of the Bardeen black hole when gravity is coupled to the NLED [4]. We can
understand the features of NLED from the perspective of gravity. The concept of NLED
was initially put forth by Born and Infeld [5,6] to establish the point charge’s finite self-
energy. Furthermore, significant advancements have been realized in various settings. Since
the effective string action naturally yields a generalized Born-Infeld action, NLED also gains
significance [7-11].

The Bardeen black hole represents a spherically symmetric solution that violates the
strong energy condition. Bardeen’s pioneering work laid the foundation for discovering nu-
merous regular (non-singular) black hole solutions. Among these, a significant example is
the AdS ABG black hole, which belongs to this class of regular black hole solutions. The
ABG black hole behaves like a de-Sitter core close to its center (r — 0) and is asymptotically
flat, leading to the Reissner-Nordstrom black hole in the limit of large r (r — o0). Conse-
quently, unlike the Reissner—Nordstrom black hole, the ABG black hole exhibits a de-Sitter
core and eventually settles with a regular, non-singular center. The AdS ABG black hole
is a generalized Bardeen solution, as it has been demonstrated to be an exact black hole
solution in the AdS spacetime framework [12-14]. The effects of magnetic charge on the
phase transition of modified ABG black holes with five parameters are also studied [15].

Thanks to the holographic principle, which says that a quantum gravity theory in AdS
space is equivalent to a conformal field theory (CFT) defined on the AdS boundary, the
Hawking-Page phase transition has been reinterpreted in terms of the dual CFT. On the
CFT side, this transition corresponds to the confinement/deconfinement phase transition in
the associated gauge field theory. The Hawking-Page transition, a first-order phase transi-
tion, holds a substantial interest in this context, particularly due to its connection with the
thermalization transition in the strongly coupled boundary CFT. We examine thermody-
namic properties and conduct a detailed analysis of its phase structure and critical behaviour
of ABG black hole in the presence of a PFDM field. Furthermore, regular black holes have
also been found within the context of modified theories of gravity, such as AdS spacetime
[16-21] Einstein-Gauss-Bonnet (EGB) gravity [22-26], 4D EGB gravity [27-32], and rotating
regular black holes [33-37]. By correctly using the NLED Lagrangian parameters, the first
law of black hole thermodynamics precisely reproduces the authors’ predicted modification
to the first law. However, certain regular black hole solutions appear to violate the area law
of black hole thermodynamics. This violation stems from inconsistency with the first law
of thermodynamics, a fundamental principle that governs the thermodynamic behaviour of
black holes. The issue can be addressed by employing a modified form of the first law of
thermodynamics, which restores consistency and resolves the apparent discrepancy in the
area law for these regular black hole solutions [38,39]. Moreover, additional regular solutions
with spherical symmetry were proposed [40-42]. Considerable progress has been made in
studying regular black hole solutions along with their properties [43-54].
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The structure of this paper is as follows: In Section 2, we explore an action that combines
Einstein’s gravity with NLED and a PFDM field, leading to the derivation of a non-singular
black hole solution. Section 3 is devoted to analysing the black hole’s thermodynamic
properties, where we find that the solution obeys a modified version of the first law of
thermodynamics. Finally, in the concluding section, we summarize the key findings and
discuss their broader implications.

2 An Exact solution of AdS ABG black hole surrounded
by PFDM and NLED fields

Let’s start with a theory of gravity that includes a PEFDM field surrounding an NLED source.
The action is described by [54]

S = /d%\/fg [R —2A + %VMV“@ —V(p)+ Lpm + C(F)] ; (1)

where R is the curvature scalar, and A, representing the cosmological constant, is linked to
the AdS length [ by A = —3/I1%, ¢ is the phantom field, V() is phantom field potential,
Lpn denotes the dark matter Lagrangian density, while £(F') represents the Lagrangian
density of the NLED [13]. The explicit expression for £(F') is written as

cpy = FA=38V2PE) 3 [ (g°F))t o
(L +V20PF) 207 \(1+ \22F)5/2 )

where s is a free parameter related to the magnetic monopole charge (¢g) and black hole
mass M by s = g/2M. In the weak field limit, the nonlinear Lagrangian density (2) is
identified to Maxwell electrodynamics (L(F) = F = F,,F'**/4) and also satisfies the weak
energy condition L(F) < 0 and 0L(F)/OF > 0 [47].

The field equations for the metric tensor g,;, and the potential A, corresponding to the
action (1) are

OL(F
Gab + gabA =2 <8(F,)Fachc - gab‘c(F)> + QVQQvaSD - gabvc(pvc(p + ngMv (3)
v, (E)gg)wb) =0, and VY, (+F%) =0, (4)

where Ggp = Rgp — % gap R and TanM is an energy-momentum tensor (EMT) corresponding
to the dark matter field. The T'ZM can be approximated as diag(—ppm;,0,0,0). Given a
particular ansatz, the Maxwell invariant (F') and the NLED Lagrangian density (L(F')) are

2 2(,.2 2 2

g g°(r* —3g°) 8Myg
F=Z_ d L(F) = .
an (F) 22+ 2 | (12 + g2)2

2r4
To solve the field equations, we initially express the general static spherically symmetric
metric as [54]

(5)

ds® = = f(r)de® + b~ (r)dr® +1* (d6° + sin” dg?) (6)
where f(r) = e’(") and h(r) = e—h(r)
In a static scenario, the component Einstein equations are expressed as

1 ! 1 1
Gt =en ( - M) — 5 =53¢ "¢? = V(p) - poum, (7)

r2 r r 2
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(1 vy 1 1, o,
Gr=e “(73 7,)—72——26 Hom = Vip), (8)
e~ 1/2 v — Iu/ 1/',u’ 1
GG _ - " . o H 2 174 9
$= G (v G - ) = e - Vi) 0
It is intriguing to observe that it is possible to identify solutions that meet the condition
(0 = —v) gu = —g,,> and the mass density to be ppy = €“¢? > 0. Such a solution is

possible only due to the signature of the kinetic term of the phantom field, which is in
contrast to the ordinary scalar field like the quintessence dark matter, for which no such
solution exists.

We set v = In(1 — U) and substitute it into Eqgs to find the black hole solution. (7) and
(9) and, consequently, we obtain

20,2 2 2
27 1 ' g-(r* —39°) 8My
U" +2erld +2(e — 1)U = , 10
r +2erU 4 2(e — 1) 2% 1 g2)? + 2 + g2/ (10)
where € is constant. The solution to the equation (10) is
2 2,.2 2
_ M gt Ay (5> - (11)
(r2+g2)3/2 (124 g22 2\ 12
where A is a scale parameter, and the corresponding metric becomes
2Mr? g>r? A r r2
f('l") =1- (7‘2 n g2)3/2 + (7"2 T 92)2 + ; In (X) + lfQ (12)

This black hole solution (13) is characterised by the mass (M), magnetic monopole charge
(9), PFDM field parameter or scale parameter (\) and AdS length related to the cosmological
constant via. (I = y/—3/A). The solution (13) interpolates with a PFDM field surrounding
the black hole in the limit where the magnetic monopole charge is absent

2M A r r?
=1-" 421 - 1
1) r +r n</\)+l27 (13)
and to the AdS ABG black hole in the limit where the scale parameter () is absent [14]
IM 2 2,2 2
fr)=1- d I+ (14)

(7’2 +92)3/2 + (’I"2 +92)2 12

It is noticed that the obtained black hole solution (13) behaves with the Reissner—Nordstrom
black hole asymptotically

2M g2 A r r2 1
=1—-— 4+ =+ -1 (—) —4+0|=]. 15
f(?“) r +r2+7“n/\ +l2+ r3 ( )
The circumstance allows one to estimate the location of the black hole horizon
2Mr? g3r? A r r2
—1- 21 <7) L—) 16
f(r) (r2 + ¢2)3/2 + (r2 + g2)2 + r n 2\ + 12 (16)

However, Eq. (16) suggests that the black hole horizon’s location depends upon the parame-
ters M, g, A and [. The Eq. (16) does not have an analytic solution. The numerical solution
is tabulated in Table 1. The pictorial view of horizon radius is realized for different values
of (g,A) in Fig (1).

The influence of the scale parameter (A) and magnetic monopole charge (g) on the horizon
structure of the derived black hole solution (13) exhibits the following characteristics:
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Table 1: Inner horizon (r_), outer horizon (r; ) and their difference (§ = r —r_) for different
values of magnetic charge g with fixed values of scale parameter (A = 0.010, A = 0.020), mass
(M =1) and AdS length (I =1).

A =0.010 A = 0.020
g r_ T4 ) g r_ T4 )
0.30 0.161 0.885  0.724 0.30 0.177 0.871 0.694
0.35 0.227 0.847  0.620 0.35  0.235 0.825  0.590
0.469  0.537 0537 0 0.458 0.535 0535 0

A=0.010 A=0.020
15 / 15 /
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Figure 1:  f(r) vs r for different values of magnetic monopole charge with a fixed value of
scale parameter (A = 0.1&\ = 0.2).

1. The roots of the f(r) = 0 tells about the number of horizons. The resulting black hole
solution possesses three distinct horizons: the Cauchy horizon (r_), the event horizon
(ry4), and the cosmological horizon (r4).

2. As the magnetic monopole charge (g) and the scale parameter (\) increase, the black
hole’s size diminishes correspondingly.

3. For (A = 0.010), the black hole possesses three horizons when (g < 0.469) and one
horizon when (g > 0.469). For (A = 0.020), the black hole has three horizons when
(g < 0.458) and one horizon when (g > 0.458).

3 Thermodynamics and Modified First Law

The mass of the black hole solution is determined by applying the condition f(r) = 0 [54]

_ R+ g% g°ri oA T4
My = 1+ + — 1 [ } . 17
' 2r} RO N R "

The black hole mass simplifies to that of the AdS black hole in the presence of the PFDM
field when the magnetic monopole charge is set to zero, i.e.,

2
M+:T+<1+T+—:\n[r;D, (18)
+

and the AdS ABG black hole mass in the absence of scale parameter, and the black hole mass
interpolates with AdS massive Reissner-Nordstrom black hole mass in the limit g = A = 0.
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The conventional method for calculating the Hawking temperature of the black hole is
expressed as follows:
K /_gtthT‘

where k=" (19)

T, = =
o 2

In the case of the obtained black hole solution, this leads to the following expression for the
temperature:

P S b 29°r% ,i(pln[’i})
ol B s R R e
r2 gzr2 A r
— o144 I LAy [i} . 20

In the absence of magnetic monopole charge, the temperature of this black hole simplifies
to that of the AdS black hole within the context of the PFDM field, represented as follows:

1 272 A A r r? A T
T, = 2 D) 21+ 4+ Zm | )] 21
* 47r7’+{(12 r++r+n{)\]> (+12+r+n{)\} (21)

The temperature identifies to AdS ABG black hole temperature in the absence of PFDM
field, and the black hole temperature interpolates with AdS Reissner-Nordstrém black hole
temperature in the limit g = A = 0. In Fig. 2, it is evident that decreasing the Hawking
temperature decreases to attain a local minimum 7, at horizon radii 14 and then grows
to a local maximum 7},,,, at ro4 and next to attain a local minimum 7,;, at horizon radii
r34+ and increase again. The Hawking temperature of the AdS black hole has a maximum at
the critical radius shown in Table 2. The Hawking temperature decreases (cf. Fig. 2) with
increases in the horizon radius r; and A and decreases with g. Further, the temperature
diverges when the horizon radius shrinks to zero for a Schwarzschild black hole.

Table 2: The maximum temperature (T'/**) at critical horizon radius (r.) for varying values
of magnetic monopole charge (g) and scale parameter (\) with fixed value of (I).

g =0.50 g = 0.60
A 0.43 0.45 0.50 0.55 0.55 0.60 0.65 0.70
71 0.046 0.047 0.049 0.497 0.040 0.042 0.044 0.046
Tlc 1.35 1.27 1.25 1.12 1.62 1.51 1.44 1.37
T2c 5.973 5.973 5.973 5.973 5.995 5.995 5.995
T2 0.0279 0.0279 0.0289 0.0284 0.0282 0.0284 0.0286 0.0293

Assuming the given black hole solution satisfies the first law of thermodynamics:
dMy =T,dS+ + ¢dg. (22)

and, utilising the first law of thermodynamics, we can calculate the entropy of the obtained
black hole solution. With the magnetic monopole charge held constant, the first law of
thermodynamics provides the following formulation for entropy:

1 dM,
S+ —/ﬁ d’r‘+ d7"+. (23)
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Figure 2: The upper panel illustrates the relationship between temperature and horizon
radius for various values of the magnetic monopole charge (g), with the scale parameter ()
held constant. Conversely, the lower panel shows the same relationship for different values
of the scale parameter (A), while keeping the magnetic monopole charge (g) fixed.

Upon substituting the values of M, and T from the black hole solution (13) into Eq. (23),
the resulting expression for entropy is:

2 3 2
Sy =2mr, [Mri—ng (r;—g>+gln (hr—l—\/g?—&-ri)} (24)

T+
It is clear from this expression that the entropy deviates from the area law, implying that
the given black hole solution does not adhere to the standard form of the first law of ther-
modynamics. The deviation of the entropy (24) relies on the general structure of the EMT
of matter fields for regular black holes. The mass term is modified in the presence of NLED
with an extra factor. The modified mass is

o0 TO
dM = <1+47r/ ri;}]\f dm.) =C(My,ry)dM,, (25)
T+ JF

where C(M,,r;) is the correction term. The modified first law of thermodynamics, as
proposed in Refs. [24,38,39]:

C(My,ry)dMy =TydSy, (26)

where Ty is Hawking temperature. The correction factor C(My,ry) is formulated based on
the energy density T3 and is expressed as
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In accordance with the modified first law of thermodynamics, the entropy is determined as

Sy =mr2 = é (28)
This entropy is consistent with the area law and exactly matches the entropy of the four-
dimensional Schwarzschild black hole.

We now turn our attention to the stability—both local and global-of this black hole. It is
widely recognized that the sign of the heat capacity serves as an indicator of local stability.
A positive heat capacity suggests that the system is stable, whereas a negative heat capacity
implies instability. However, Gibbs free energy describes the nature of global stability. Now,
it is a matter of calculation to obtain the heat capacity of the obtained black hole solution
(13) from the following relation:

_ 6M+ _ 8M+ 6T+
G = T, <8T+ > <5T+>. 29)

For the given expressions of M, and T’y , the above expression (29) leads to the heat capacity
as

27 (g® + ri)5/2(31"3_ + l2r§_(r+ + N)g?(Ag* + Bg? + C) — 3¢%1%(¢* + ri))H

C. =
+ 3rit — 12r8(ry — 2)\) 4+ Dg8 + E¢S + Fg* + Gg? + 69212 (g? + r31)?(g? + 2r3 )H’
(30)
where

A=1P\-2ry), B =3r% —31%r% (ry — \), (31)
C =6r7 +30°ry (ry — 3)\), D = —1*(5\—2r,), (32)
E =9r% +1*r3 (11ry — 17X), F=21rT +30%r (rp — 7)), (33)
G = 1579 + 1205 (8ry — 11)), H =2\l [%} . (34)

When the magnetic monopole charge is set to zero, this heat capacity simplifies to that of
the AdS black hole surrounded by a PFDM field. In the absence of the PFDM field, it
corresponds to the heat capacity of the AdS ABG black hole. Additionally, in the limit
where both g and A\ approach zero, the heat capacity of this black hole interpolates to that
of the AdS Reissner-Nordstréom black hole.

As shown in Fig. 3, we plotted the expression (30) for various scale parameters (A) and
magnetic monopole charges (g) to find out how stable the heat capacity was. The plot reveals
that the heat capacity diverges at the critical points 714, 714 and 34, with r14 < roy < 7oy
(refer to Fig. 3). The AdS ABG black hole is stable for horizon radii where 14 < ry < roq
and r4 > rsy, while it becomes unstable for horizon radii within the range r. < r;4 and
roy < rp < rsy. It is evident from Fig. 3 that the AdS ABG black hole experiences three
phase transitions: the first occurs at 1,4, transitioning from an unstable state to a stable
one, and the second at ra4, where it shifts from a stable state (when r14 < r4 < roy) back
to an unstable state (for r > ro ), and third r3; >back to a unstable state to stable state.
Specifically, a phase transition takes place at ry = r14 = 0.48, roy = 1.3 and at rg4 = 5.9
for A = 0.3, marking the points where the black hole alternates between unstable and stable
phases. Moreover, the divergence of the heat capacity at the critical point r; = r. indicates
that this represents a second-order phase transition [55,56]. In Fig. 3, we can see that the
size of the intermediate region (stable region) decreases with increasing the () and g. It is
worthwhile to mention that the size of the stable black hole decreases with increases in the
A and g.
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Figure 3: The plot of heat capacity vs horizon radius for different values of magnetic
monopole charge (g) with a fixed value of scale parameter (\)(upper panel) and different
values scale parameter (\) with fixed values of magnetic monopole charge (g) (lower panel).

The stability of the system can be assessed by examining the heat capacity plots with
fixed parameters, as illustrated in Fig. 3. The heat capacity exhibits discontinuities at two
specific points, namely the critical radii 7y = r14 and ry = roy. At these critical radii, the
temperature reaches both its maximum value, denoted as T7}**, and its minimum value,
referred to as T57%*.

Subsequently, we study the black hole’s global stability characterized by Gibbs free en-
ergy. The Gibbs free energy can be calculated using the definition Gy = M, —T,. S, which
is expressed as follows:

Rl GO i S SO L)
+ 2r? (ri 4922 1?2 i A
(e wa e
4Nz (ri+g¢?)3 (i 4+g?)? Ty A
r2 92r2 A T
—2(1 L AN [im 35
BRI %)

This Gibbs free energy expression simplifies to the free energy of the AdS black hole in the
presence of a PFDM field when the magnetic monopole charge is set to zero. In the absence
of the scale parameter (\), it corresponds to the free energy of the AdS ABG black hole.
Furthermore, in the limit where both g and A\ approach zero, the black hole free energy
interpolates with that of the AdS Reissner-Nordstrom black hole. The global stability of
the black hole is confirmed by the condition G < 0. We will now examine the behavior of
this expression in detail.
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Figure 4: The upper panel presents a plot of Gibbs free energy as a function of horizon radii
for different values of the magnetic monopole charge (g), while maintaining a constant scale
parameter (A). In contrast, the lower panel displays the Gibbs free energy against horizon
radii for varying scale parameter values (), with the magnetic monopole charge (g) held
constant.

In this analysis, we identify a global minimum (7;,,;,,) and a global maximum (7,4, ) that
correspond to the extremal points of the Hawking temperature. At these critical points, the
nature of the free energy undergoes a transformation. Specifically, beyond the minimum
radius r,,:,, the free energy rises with increasing horizon radius r, reaching its peak at
Tmaz- Subsequently, beyond this maximum, the free energy begins to decline as the horizon
radius increases.

4 Results and Conclusions

We have demonstrated that nonsingular black holes coupled with a PEFDM field constitute
an exact solution within the framework of gravity minimally coupled to NLED. Notably,
the well-known Schwarzschild black holes emerge as a special case when both NLED and
PFDM fields are absent.

The characteristics of this solution are defined by a thorough examination of the horizons,
which can be maximally three in number: the Cauchy horizon (r_), the event horizon (ry),
and the cosmological horizon (rp). We added a correction that takes regularisation into
account so that we could look more closely at the thermodynamic properties and phase
transitions of the AdS ABG black holes when the PFDM field is present.

Through this framework, we computed modified thermodynamic quantities, including
the Hawking temperature, entropy, and local and global stability measures. Divergences in
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the heat capacity, which occur at critical locations known as degenerate horizons and where
the Hawking temperature reaches a local maximum, are indicators of phase transitions.

The analysis further reveals that stable and unstable branches of the black hole are
associated with positive and negative heat capacities, respectively. Intriguingly, the smaller
black hole exhibits global stability with negative free energy and positive heat capacity,
highlighting its robustness within the thermodynamic landscape.
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