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Abstract. In recent years, inflationary models have been studied from different per-
spectives using different conditions. Now, in this paper, we want to investigate the
inverse monomial Inflation (IMI) on the brane. We limit our results to the potentials
of the form M4+σ

ϕσ , where M and σ are constants. We calculate some cosmological
parameters and then we investigate the satisfaction of the model with some conjec-
tures of the swampland program. We will check the model’s compatibility with the
refined dS swampland conjecture (RDSSC), further refining the de Sitter swampland
conjecture (FRSDC), scalar weak gravity (SWGC), and strong scalar weak gravity con-
jecture (SSWGC). Despite the incompatibility with (DSSC), We find a specific region
of compatibility with other ones which means it satisfied the (FRDSSC) for example
with a = 0.982873, b = 0.017127, and q = 2.2. Also, the model is compatible with the
(SWGC) with the (ϕ ≤ σ + 2) condition and consistent with the (SSWGC) with the
ϕ ≤

√
(σ + 2)(σ + 1) condition. Since, IMI on the brane could satisfy some swamp-

land conjecture simultaneously, it has the potential to be a “real” inflation model of
the universe.
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1 Introduction
Recently the weak gravity conjecture [1–9] as an important conjecture in the swampland
program has been studied in various concepts of cosmology such as inflation that one of the
central ideas of modern cosmology [10–12], black hole physics, etc. In this scenario, gravity
is the weakest force. The weak gravity conjecture is formulated in flat space-time. On the
other hand, we know that to unite the four fundamental forces in nature, one uses a theory
called string theory, which has two open and closed strings. The open and closed strings are
representations of the gauge and gravitational theory, respectively. At high energy levels,
with respect to the fact that string is a compatible theory, it has an area called landscape
(an area that is a set of effective theories compatible with quantum gravity). But one of
the main problems with this theory is that it is not visible in the laboratory, so we need
a method for testing it. At low energy levels, theories that are compatible with gravity
can only be seen in small areas (landscape) which are surrounded by a large area called a
swampland (an area where the set of incompatible theories with quantum gravity (QG)).
We also know at low energy levels, whenever we talk about quantum gravity, we have to
use effective low-energy theories. As a result, researchers investigated some concepts such
as inflationary models by using the conjectures of the swampland program that you can see
in Refs. [13–26]. In recent years, it has been suggested that if we have a compatible theory
with QG, it must have some criteria in its background or in other words, it must satisfy
some conjectures. These criteria represent a series of restrictions that are challenged with
cosmological concepts [27–52]. They also cross-reference their findings with the most recent
observational data. So, we will have,

S =

∫
d4x

√
−g

(
− 1

2
M2

pR+
1

2
gµνW

ij∂µϕi∂
νϕj − V

)
, (1)

where ϕi represents field and W ij denotes the field space metric. We analyze the model
in terms of the action (1). This examination is facilitated by the DSSC and RDSSC, with
Mp = 1 ([53,54]),

∆ϕ

Mpl
< O(1),

∇V

V
≥ c1,

min (∇i∇jV )

V
≤ −c2, (2)

considering c1 and c2 as constant quantities, researchers derived a novel conjecture by com-
bining the de Sitter and refined de Sitter conjectures. This new conjecture, named the
’further refining de Sitter swampland conjecture,(∇V

V

)q

− a
min (∇i∇jV )

V
≥ b, (3)

where a = 1− b, q > 2, and a, b > 0. a, b, and q are free parameters. Additionally, one can
obtain,
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1
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V
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Thus, based on the above equations, we can express the RDSC as follows:

F q
1 − aF2 ≥ 1− a. (5)

Also, we will have,
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√
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8
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2
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WGC is a conjecture within the swampland program. It posits that gravity is the weakest
force. Additionally, Palti extended this conjecture to propose that gravity is even weaker
than the force exerted by scalar fields. This extension is known as SWGC. According to the
SWGC, when a particle of mass m is coupled to a scalar field, assuming

m2 =
∂2V

∂ϕ2
,

the following condition holds:
(V (3))2 ≥ (V (2))2, (7)

where the number in parentheses represents the order of the derivative with respect to (ϕ).
Additionally, there exists a stronger version of the SWGC:

2(V (3))2 − V (2)V (4) ≥ (V (2))2. (8)

Some points should be summarized regarding the concepts raised as well as the study of the
inflationary model on brane according to the condition of the swampland. Therefore, the
number of e-folds for the slow-roll inflation of a single field is introduced as follows.

N =
1

M2
pl

∫
V

V ′ dϕ ≈
∆ϕ
Mpl

Mpl(
V ′

V )
, (9)

where V and V ′ are potential and its derivative with respect to ϕ. As you see, somehow
in fact the first criteria give us a number of e-folds. This states that it may not be possi-
ble to have large e-folds. Also, the initial density perturbation resulting from inflationary
fluctuations seems to be the second limitation incompatibility with the tensor-to-scalar ra-
tio. Recently, various methods and mechanisms have been proposed to circumvent these
constraints in single-field inflation, including the curvaton-like mechanism [55,56]. It is gen-
erally stated that quintessential brane inflation corresponds with the swampland criterion,
but there are some drawbacks to the initial conditions of non-Bunch-Davies components. It
can also be stated that different inflationary models such as warm inflation are consistent
with this criteria [57]. All of the above concepts were the motivation which this paper to be
organized as follows.
In section 2, we introduce inflation on the brane. In section 3, we investigate the Inverse
Monomial Inflation (IMI) according to the mechanism proposed in section 2 and we calculate
some cosmological parameters such as the tensor-to-scalar ratio, the scalar spectrum index
etc. In section 4, we challenge our model with some conjectures of the swampland program
such as (RDSSC), (FRDSSC), (SWGC), and (SSWGC). Then we study the satisfaction of
our model with these conjectures, and finally, we express the results in section 5

2 The Inflationary Models on the Brane
In studies related to the inflation model on the brane, we must have a series of modified
relations. In fact, in a scenario related to braneworld that our 4-D world is actually a
3-brane that is located in the higher dimensions bulk. We present an overview of 3-brane
cosmology within a five-dimensional space-time framework. A detailed analysis is conducted.
We assume the universe is filled with a perfect fluid characterized by energy density ρ(t)
and pressure p(t). In the braneworld cosmological model, the metric induced on the brane



38 Saeed Noori Gashti et al.

is a spatially flat Friedmann–Robertson–Walker (FRW) metric. The Friedmann equation
on the brane, which describes the time evolution of a(t), is given by [58–61],

H2 =
Λ4

3
+
( 8π

3M2
4

)
ρ+

( 4π

3M2
5

)2

ρ2 +
ϵ

a4
,

Here, H(t) is the Hubble parameter, a is the scale factor, Λ4 is the four-dimensional cosmo-
logical constant, and the final term represents the influence of bulk gravitons on the brane.
The term ϵ/a4 is referred to as dark radiation, as it behaves similarly to radiation. However,
during inflation, this term is rapidly diluted and can be neglected. Therefore, according to
equations, we are faced with a series of modifications, for example, with respect to [63–71],
Friedmann modified equations are expressed as follows,

H2 =
1

3Mpl
ρ(1 +

ρ

2λ
), (10)

Assuming that inflation quickly renders any dark radiation term negligible, this simplifies
to the standard Friedmann equation for (ρ ≪ λ). If the universe is dominated by a scalar
field (ϕ) with potential (V (ϕ)), we can apply the slow-roll approximation to express it as
follows [72–74]:

H2 =
1

3Mpl
V (ϕ)

(
1 +

V (ϕ)

2λ

)
.

The scalar field follows the standard slow-roll equation,

3Hϕ̇ ≃ −V ′(ϕ).

Given the above relation λ, provides a relations between M4 and M5. The relations are as
follows,

M4 =

√
3

4π

(M2
5√
λ

)
M5, (11)

where M4 and M5 are the 4-dimensional Planck scale and 5-dimensional Planck scale, re-
spectively. Mpl = M4√

8π
is the reduce Planck and the constraint M5 ≥ 105TeV . If the

universe is primarily governed by a scalar field ϕ with a potential V (ϕ), we can employ the
slow-roll approximation to

H2 = 8πV (ϕ)
(
1 + V (ϕ)/2λ

)
/3M2

4 .

So the scalar field obeys the usual slow-roll equation 3Hϕ̇ ≃ −V ′(ϕ). It should be noted
that in the concepts related to inflation, there exists a series of parameters for calculations,
including slow-roll parameters. the modified slow-roll parameters [67] are as follows,

ϵ ≡ 1

2κ2

(V ′

V

)2 1

(1 + V
2λ )

2

(
1 +

V

λ

)
, (12)

η ≡
(V ′′

V

)( 1

1 + V
2λ

)
, (13)

where
κ2 = 8πG = 8π/M2

4 ,

and
M4 = 1.22× 1028eV.
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Inflation concludes when either of the two slow parameters reaches one. In this scenario,
calculating the number of e-foldings from the beginning to the end of inflation becomes
straightforward. The expansion amount, expressed in e-foldings, is given by,

N =

∫ ϕi

ϕe

( V

V ′

)(
1 +

V

2λ

)
dϕ. (14)

Also, the spectrum (PR) is given by,

PR =
1

12π2

V 3

V ′2

(
1 +

V

2λ

)3

. (15)

The spectrum of scalar perturbations is written as,

A2
S =

4

25

H2

ϕ̇2

(H

2π

)2

≃ 512π

75M6
4

(V (ϕ))3

(V (ϕ))2

(
1 +

V (ϕ)

2λ

)3

. (16)

Within the framework of the slow-roll approximation, the scale dependence of the scalar
power spectrum is governed by the scalar spectral index, which follows the standard relation,

ns − 1 =
d lnA2

S

d ln k
≃ +2η − 6ϵ. (17)

In the high-energy approximation, both ϵ and η are suppressed. Within the braneworld
context, we find that ns is very close to 1, resulting in the Harrison–Zel’dovich spectrum
(ns = 1). The running of the spectral index (αs) is also presented, and it is possible to
define the variation of the spectral index,

αs =
dns

d ln k

∣∣∣∣
k=aH

≃ −24ϵ2 + 16ϵη − 2ζ2. (18)

Also, the amplitude of tensor perturbations is as follows,

A2
T =

32

75M4
4

(
V (ϕ)

[
1 +

V (ϕ)

2λ

])∣∣∣∣
k=aH

. (19)

So the tensor spectral index is given by,

nT =
d lnA2

T

d ln k

∣∣∣∣
k=aH

≃ −2ϵ. (20)

Consequently, the tensor-to-scalar ratio is as follows

r =
A2

T

A2
S

=

(
ϵ

[
1

1 + V (ϕ)
λ

])∣∣∣∣
k=aH

. (21)

According to all the contents as well as the parameters introduced above in the next section,
we introduce our inflationary model. Then we will calculate the cosmological parameters
mentioned above and we will challenge the model with swampland conjectures.
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3 IMI on the Brane
In this section, we want to investigate the (IMI) inflation model [68,76,77], according to the
concepts and parameters mentioned in the previous section. This inflation model is usually
denoted by an inverse monomial potential. We limit our results to the potentials of the
following form. This potential has been extensively examined about quintessence in brane
inflation and tachyonic inflation. A notable finding from these studies is that inflation occurs
when σ > 2 [78,79].

V (ϕ) =
M4+σ

ϕσ
, (22)

where M and σ are constants. The corresponding model with an exponential potential was
investigated in [76,77] and in the context of tachyonic inflation [80], an intriguing finding
by Huey and Lidsey [76,77] is that inflation occurs for values of σ greater than 2. At
high energies, the standard slow-roll parameters undergo modification due to the quadratic
correction in the Friedmann equation. In the following path, we use the condition V

λ ≫ 1.
Therefore, the effects related to brane will be significant, this condition can show its upper
bound of (λ). Now according to equations (12), and (13) one can obtain,

ϵ =
1

2κ2
σ2ϕσ+2

[
4λ(ϕσ +M4+σ)

(2λϕσ +M4+σ)2

]
, (23)

and
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[
4λ
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]
. (24)

With respect to the approximation λ ≪ V (ϕ), and slow-roll brane inflation, we will have,

ϵ ≃ 4λσ2

2κ2

ϕσ−2

M4−σ
, (25)
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κ2M4+σ
, (26)
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2κ2
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V 4
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2κ2
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M8+2σ
ϕ2σ−4. (27)

As you know, inflation ends at ϕ = ϕe if one of the slow-roll parameters is the order of one,
that is, in other words (ϵ = 1) or (η = 1). According to ϵ = 1, one can calculate,

ϕe =

(
2κ2

4λ

M4+σ

σ2

) 1
σ−2

, (28)

and
Ve =

1(
κ2

2λσ2

) σ
σ−1

(
M

4+σ
σ−1

) . (29)

So, with respect to equation (14) and λ ≪ V , we calculated the number of e-folds which is
given by,

N =
κ2M

2(4+σ)
σ

2λσ(2− σ)

(
V

σ−2
σ

e − V
σ−2
σ

i

)
, (30)

N =
κ2M4+σ
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i
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. (31)



Exploring the Parameter Space of Inflation Model 41

The amplitude of the scalar and tensor perturbations made during inflation are as follows,

A2
S =

κ6

75π2

V 3

V ′2

(
2λ+ V

2λ

)3

, (32)

A2
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κ4

150π2
V

(
2λ+ V

2λ

)
. (33)

The amplitude of the scalar perturbation is approximated at the very high energy as follows,

A2
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κ6

600π2λ3

V 6

V ′2 =
κ6

600π2λ3

(
M4+σ

ϕ2σ−1

)2

. (34)

So the above equation in terms of N and σ is as follows,

A2
S =

(
σ − (σ − 2)N

)2

600π2λκ2
. (35)

The scale-dependence of the perturbations is given by the mean of the spectral indices,

nS − 1 =
d lnA2

S

d ln k
≃ −6ϵ+ 2η =

4λσ(1− 2σ)

κ2

ϕσ−2

M4+σ
, (36)

nT =
d lnA2

T

d ln k
=

4λσ(σ + 1)

κ2

ϕσ−2

M4+σ
. (37)

At The horizon crossing, the slow parameter is calculated as,

ϵ ≃ σ

σ − (σ + 2)N
, (38)

η ≃ σ + 1

σ − (σ + 2)N
, (39)

ζ ≃ (σ + 1)(σ + 2)

(σ − (σ + 2)N)2
. (40)

So from the above equations, we can calculate,

ns − 1 ≃ 2− 4σ

σ − (σ + 2)N
, (41)

nT ≃ − 2σ

σ − (σ + 2)N
. (42)

Also, the running spectral index which is given by,

αS ≃ −24σ2 + 16σ(σ + 1)− 2(σ + 1)(σ + 2)

(σ − (σ + 2)N)2
. (43)

Also, the tensor-to-scalar ratio is obtained with respect to N and σ,

r =

(
2σ(σ − (2− σ)N)

) 2
2+σ

−2σ
(
σ2 − (σ + 2)2N2

) . (44)
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After calculating the modified parameters for the (IMI) inflation model according to the
above points mentioned, we will now determine the range of each of the parameters. To check
our inflationary model, according to the different conjectures of the swampland program, we
must obtain different values of cosmological parameters, including the scalar spectrum index
and the tensor-to-scalar ratio. Therefore, according to (N = 55, σ = 3.3), the (ns, r) will be
(0.961138, 0.0000185195), also, for (N = 60, σ = 3.3), we have (0.964411, 0.0000160583),
and for the (N = 70, σ = 3.3), we can calculate (0.96954, 0.0000124768), respectively. As it
is clear, we can calculate different values for two of the most important cosmological parame-
ters by setting different values of (N, σ). In the following, we consider the (N = 60, σ = 3.3)
for the check of swampland conjectures. The parameter r represents the tensor-to-scalar ra-
tio, which measures the relative contribution of gravitational waves (tensor perturbations)
to density fluctuations (scalar perturbations) in the early universe. A very small value of
r is considered advantageous. Current observations, particularly from the Planck satellite,
suggest that r is very small. Models of inflation that predict a small r are therefore more
consistent with these observations. A small r implies that the inflationary period was very
efficient at smoothing out any initial irregularities and flattening the universe. This helps
explain why the universe appears so homogeneous and isotropic on large scales. Inflationary
models that predict a small r often have other testable predictions that can be compared
with observations. This makes these models more robust and scientifically valuable.

4 Swampland Conjecture & IMI on Brane
In this section, we investigate the implications of the IMI on the brane in light of swampland
conjectures, specifically the FRDSSC , SWGC, and SSWGC. Additionally, we analyze how
well the model satisfies each of these conjectures

4.1 Discussion and Result
4.1.1 FRDSSC & IMI

With respect to equation (6) and (N = 60, σ = 3.3), we will have

F1 = 0.00141679, F2 = −0.0175289. (45)

Given the inflation model and the refined de Sitter swampland conjecture (RDSSC), we
have the following information: The constants c1 and c2 are related to the F1 and F2. The
RDSSC requires that c1 and c2 should not be of order O(1). Now, We evaluate this model
using the FRDSSC. From equation (5), we will have,

(0.00141679)q + a(0.0175289) ≥ 1− a. (46)

By selecting q = 2.2, we will have
a ≥ 0.982773. (47)

Therefore, if we consider a = 0.982873, b is equal to 0.017127. So IMI is compatible with
the FRDSSC. Similarly, if we also assume (N = 55, σ = 3.3) and (N = 70, σ = 3.3),
our model will violate (RDSSC). But by using the manual adjustment that we consider for
(FRDSSC) with respect to its free parameters (a, b, q), the conjecture can be satisfied by
our inflationary model. Therefore, for different values assumed for (N, σ), our model will
generally violate (RDSSC) and satisfy (FRDSSC)
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4.1.2 SWGC, SSWGC & IMI

We obtain the potential derivatives (22) to study other conjectures such as SWGC and
SSWGC. According to the potential (22) and its derivatives, we have the following expression
for SWGC,

σ2(1 + σ)2M8+2σϕ−2(3+σ)[(σ + 2)2 − ϕ2] ≥ 0. (48)
When ϕ ≤ σ+2, the above relationship is met. In this case, SWGC will be satisfied with the
IMI. Also, we can evaluate the SSWGC with respect to potential (22) and its derivatives.
So, we have,

σ2(1 + σ)2M8+2σϕ−2(3+σ)[(σ + 2)(σ + 1)− ϕ2] ≥ 0. (49)
When ϕ ≤

√
(σ + 2)(σ + 1), we can find the points that the SSWGC holds for our model.

Table 1: Summary of the results.
The Model RDSSC FRDSSC SWGC SSWGC

M4+σ

ϕσ Violate
Satisfied

(a = 0.982873,
b = 0.017127,

q = 2.2)

Satisfied
(ϕ ≤ σ + 2)

Satisfied
(ϕ ≤

√
(σ + 2)(σ + 1))

5 Conclusions
So far, inflationary models have been studied from different perspectives and using various
conditions such as slow-roll, constant-roll, and the conjectures of the swampland program.
In this paper, we investigated the inverse monomial inflation (IMI) on the brane. We
limited our results to potentials of the form M4+σ

ϕσ , where M and σ are constants. We
calculated several cosmological parameters, including the spectral index nS , the tensor-to-
scalar ratio r, and the running of the spectral index αs. Next, we examined the model’s
compatibility with several swampland conjectures. Specifically, we checked its alignment
with the refined de Sitter swampland conjecture (RDSSC), the further refining de Sitter
swampland conjecture (FRDSSC), the scalar weak gravity conjecture (SWGC), and the
strong scalar weak gravity conjecture (SSWGC). Despite the model’s incompatibility with
the RDSSC, we identified a specific region where it is compatible with the other conjectures.
For instance, the model satisfies the FRDSSC with parameters a = 0.982873, b = 0.017127,
and q = 2.2. Additionally, the model is compatible with the SWGC under the condition
ϕ ≤ σ + 2 and consistent with the SSWGC under the condition ϕ ≤

√
(σ + 2)(σ + 1).

We summarized these results in Table 1. Inverse monomial inflation (IMI) on the brane
emerges as a promising candidate for a realistic inflation model of the universe, as it can
satisfy several swampland conjectures simultaneously. The swampland conjectures are a
set of criteria that distinguish effective field theories that can be consistently coupled to
quantum gravity from those that cannot. Therefore, it is crucial to investigate how to
derive IMI from string theory, which is a leading framework for quantum gravity. Moreover,
we should explore other inflation models that can also meet these swampland criteria and
compare them with IMI. By doing so, we may discover common features of inflation models
that are compatible with quantum gravity. This comparative analysis could provide deeper
insights into the nature of inflation and its connection to fundamental theories of physics.
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Additionally, understanding these common features could guide the development of new
models that are both theoretically sound and observationally viable. In conclusion, our study
highlights the potential of IMI on the brane as a viable inflationary model that aligns with
several swampland conjectures. This alignment not only supports the model’s theoretical
foundation but also enhances its credibility as a candidate for describing the early universe.
However, the non-canonical scalar field and potentials are also a very powerful inflation
framework[81–83]. Future research should focus on deriving IMI from string theory and
exploring other models that satisfy the swampland criteria, thereby contributing to the
broader understanding of inflation and its role in the context of quantum gravity.
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