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Abstract. One of the major developments in classical black hole thermodynamics
is the inclusion of vacuum energy in the form of thermodynamic pressure. Known as
Black Hole Chemistry, this subdiscipline has led to the realization that anti de Sitter
black holes exhibit a broad variety of phase transitions that are essentially the same
as those observed in chemical systems. Since the pressure is given in terms of a nega-
tive cosmological constant (which parameterizes the vacuum energy), the holographic
interpretation of Black Hole Chemistry has remained unclear. In the last few years
there has been considerable progress in developing an exact dictionary between the
bulk laws of Black Hole Chemistry and the laws of the dual Conformal Field Theory
(CFT). Holographic Black Hole Chemistry is now becoming an established subfield,
with a full thermodynamic bulk/boundary correspondence, and an emergent under-
standing of CFT phase behaviour and its correspondence in the bulk. Here I review
these developments, highlighting key advances and briefly discussing future prospects
for further research.
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1 Introduction
Black Hole Chemistry [1] – an extension of black hole thermodynamics in which the (neg-
ative) cosmological constant Λ is identified with a (positive) thermodynamic pressure in d
spacetime dimensions via [2, 3, 4, 5, 6]

P = − Λ

8πG
=

(d− 1)(d− 2)

16πL2G
(1)

– is 15 years old, though its roots extend further back [7, 8, 9]. The introduction of pressure
in turn implies a conjugate thermodynamic volume V , and the mass of the black hole can
be understood as thermodynamic enthalpy [2]. Incorporation of these quantities into black
hole thermodynamics has been shown to yield a range of phenomena as rich as can be
found in a chemistry laboratory. Examples include Van der Waals type phase transitions for
charged anti de Sitter (AdS) black holes [10], reentrant phase transitions [11, 12], triple points
[13, 14, 15], heat engines [16], polymer transitions [17], superfluid transitions [18], Joule-
Thompson expansions [19], molecular microstructures [20], and most recently multicritical
behaviour [21, 22]. Extensions to asymptotically flat [23], Rindler [24, 25, 26], and de Sitter
[27, 28, 29] spacetimes have been carried out in recent years. The formalism can even be
extended to solitons [30, 31].

For a charged and multiply-spinning AdS black hole, the generalised Smarr relation and
first law are [27]

M =
d− 2

d− 3

(
TS +

∑
i

ΩiJi
)
+ ϕQ− 2

d− 3
PV (2)

δM = THδS + ϕδQ+
∑
i

ΩiδJi + V δP , (3)

respectively, where M is the mass of the black hole whose angular momenta are Ji. The rel-
ative angular velocities Ωi between the horizon and infinity [32] are their respective thermo-
dynamic conjugates. The remaining thermodynamic variables are the Hawking temperature
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TH , the electric charge Q (with conjugate electrostatic potential ϕ) and the Bekenstein-
Hawking entropy S. In general relativity, S = A

4G , where the d-dimensional gravitational
constant G has the same dimensions as the horizon area A (a length dimension of (d− 2)),
rendering the entropy unitless.

Despite this cornucopia of interesting results, the holographic interpretation of black hole
chemistry has been somewhat puzzling [16, 33, 34, 35, 36, 37, 38]. Despite the fact that
from a cosmological perspective Λ is the energy/pressure of the vacuum, and so might be
considered a variable quantity, in the AdS/CFT correspondence [39, 40] Λ is regarded as fixed
– it sets the asymptotic structure of the bulk spacetime and is proportional to the number of
colours N (or central charge C) in the dual gauge theory. Indeed, an early version of what
could be called holographic black hole thermodynamics argued that Anti-de Sitter (AdS)
black holes were equivalent to thermal states in the dual conformal field theory (CFT) [41].
Advancing this further, the temperature and entropy of a Schwarzschild-AdS black hole
match the respective thermal temperature and entropy of the dual CFT. Furthermore, the
first-order phase transition between a large black hole and thermal AdS spacetime (known
as the Hawking-Page transition [42]) corresponds to the confinement/deconfinement phase
transition of a quark gluon plasma [41]; this transition was later shown to correspond to a
liquid-solid transition in black hole chemistry [6].

The holographic dictionary states that the thermodynamics of AdS black holes is com-
pletely equivalent to the thermodynamics of the dual CFT. Since a CFT is a standard
unitary gauge theory (perhaps with a large number N of color degrees of freedom), the
correspondence suggests that black hole evaporation is a unitary process. More generally,
one expects that perplexing features of black holes can be studied in the dual field theory,
and vice-versa, via holographic duality.

However a variable Λ is difficult to interpret in the context of holographic duality. Its
variations correspond to changing both N (or the central charge C) and the CFT volume
V [16, 33, 34, 43]; consequently the first law (3) cannot be straightforwardly related to the
corresponding thermodynamics of the dual field theory [44, 45, 46]. Furthermore, electric
charge and its conjugate potential both rescale with the AdS length L in the correspondence.

Recently considerable progress has been made in understanding holographic black hole
chemistry. An exact dictionary between the laws of Black Hole Chemistry and the laws in
the CFT has been constructed. An emergent understanding of CFT phase behaviour and its
correspondence in the bulk is taking place, leading to a full thermodynamic bulk/boundary
correspondence. In this article I shall review these recent developments, highlighting some
key advances and briefly discussing future avenues of research.

2 Holographic Smarr Relation
The general assumption underlying nearly all investigations of the AdS/CFT correspondence
is that the cosmological constant is a fixed parameter, related to the number of colours N
in the dual gauge theory via a holographic relation of the form [44]

k Ld−2

16πG
= N2 (4)

where the numerical factor k depends on the details of the particular holographic system and
L is the AdS length from (1). The relation (4) emerged out of the AdS/CFT correspondence
[39], in which the near horizon geometry of N coincident D3 branes in type IIB supergravity
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corresponds to an AdS5 × S5 spacetime. Specifically,

L4 =

√
2ℓ4Pl

π2
N (5)

where ℓPl is the 10-dimensional Planck length, expresses the correspondence with an N = 4
SU(N) Yang-Mills theory on the boundary of the AdS5 × S5 spacetime.

These relations suggest that variation of the AdS radius L implies variation of the number
of colours N in the corresponding Yang-Mills theory. A consequence of this is that the
variation of Λ in the bulk corresponds to variation in the space of field theories in the
boundary. There have been a few proposals of this type [16, 33, 34], where V is interpreted
in the boundary field theory as an associated chemical potential µ for colour.

An alternative proposal is to keep N fixed. The field theory then remains unchanged, and
variation of Λ then corresponds to variation of the curvature radius governing the space on
which the field theory is defined [44]. This perspective yields a ‘holographic Smarr relation’
based on the scaling properties of the dual field theory. In the limit of large N the free
energy F of the field theory scales as N2, and so

F(N,µ, T, l) = N2F0(µ, T, l) (6)

The equation of state is
E = (d− 2)pV (7)

for a conformal field theory, and this can be used with (6) to obtain the standard Smarr
relation (2) (setting J = Q = 0 for simplicity). Recalling (4), varying Λ (or the AdS length
L) implies that G must also be varied since N is fixed.

This relation can be extended beyond the large N limit [45]. The bulk correlates of
the subleading 1/N corrections are related to the couplings in a class of higher curvature
generalizations of Einstein gravity known as Lovelock gravity theories. In the context of
string theory the additional higher curvature terms in Lovelock gravity are understood as
quantum corrections to Einstein gravity. In the context of holographic thermodynamics, the
Lovelock couplings are related to a function of N , and their variations dictate the behaviour
of the corresponding CFT.

It is instructive to see how this works for the class of charged AdS black holes. The
action for Lovelock gravity minimally coupled to electromagnetism (Fab = ∇[aAb]) is

I =
1

16πG

∫
ddx

√
−g
[ d−1

2∑
k=0

α̂(k)L
(k) − 4πGFabF

ab
]
. (8)

where α̂(k) is the Lovelock coupling constant for the k-th power of curvature, and

L(k) =
1

2k
δa1b1...akbk
c1d1...ckdk

Rc1d1

a1b1
...Rckdk

akbk
(9)

is the Euler density of dimension 2k composed of powers of the Riemann tensor Rckdk

akbk
, with

δa1b1...akbk
c1d1...ckdk

totally antisymmetric in both sets of indices of the Kronecker delta functions.
Variation of the metric and gauge field yield the equations of motion

d−1
2∑

k=0

α̂(k)G
(k)a

b = 8πG
[
FacF

c
b − 1

4
gabFcdF

cd
]

∇aF
ab = 0 (10)
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where
G(k)a

b = − 1

2k+1
δaa1b1...akbk
bc1d1...ckdk

Rc1d1

a1b1
...Rckdk

akbk
(11)

each of which independently satisfy

∇aG
(k)a

b = 0 (12)

which is a generalization of the Bianchi identities.
Imposing spherical symmetry

ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2
(κ)d−2 F =

Q

rd−2
dt ∧ dr (13)

where dΩ2
(κ)d−2 is the line element of a (d − 2)-dimensional compact space of constant

curvature (d− 2)(d− 3)κ (κ = −1, 0, 1), the equations of motion (10) become [12]
d−1
2∑

k=0

αk

(
κ− f

r2

)k

=
16πGM

(d− 2)ωκ
d−2r

d−1
− 8πGQ2

(d− 2)(d− 3)r2(d−2)
(14)

where ω
(1)
d−2 = 2π(d−1)/2

Γ((d−1)/2) and

α0 =
α̂(0)

(d− 1)(d− 2)
, α1 = α̂(1) αk = α̂(k)

2k∏
n=3

(d− n) for k ≥ 2 (15)

is a useful rescaling of the Lovelock couplings.
Without solving (14), the first law of thermodynamics and the Smarr relation can re-

spectively be shown to be [47]

δM = TδS + ϕδQ− 1

16πG

d−1
2∑

k=0

Ψ(k)δα̂(k) (16)

(d− 3)M = (d− 2)TS + (d− 3)ϕQ+

d−1
2∑

k=0

2(k − 1)

16πG
Ψ(k)α̂(k) (17)

where

M =
ω
(κ)
d−2(d− 2)

16πG

∑
k=0

αkκ
kr+

d−1−2k +
ω
(κ)
d−2Q

2

2(d− 3)r+d−3

Q =
1

2ω
(κ)
d−2

∫
∗F ϕ =

ω
(κ)
d−2Q

(d− 3)rd−3
+

T =
1

4πr+D(r+)

[∑
k=0

καk(d− 2k − 1)(
κ

r2+
)k−1 − 8πGQ2

(d− 2)r
2(d−3)
+

]
(18)

S =
ω
(κ)
d−2(d− 2)

4G

∑
k=0

kκk−1αkr
d−2k
+

d− 2k
D(r+) ≡

∑
k=1

kαk(κr
−2
+ )k−1

are the respective mass M , charge Q (with conjugate potential ϕ) and (if it is a black hole)
temperature T , and entropy S. The quantities

Ψ(k) =
κk−1ω

(κ)
d−2(d− 2)

16πG
rd−2k
+

[
κ

r+
− 4πkT

d− 2k

]
, k ≥ 0 (19)
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are the thermodynamic conjugates to the α̂(k); both can be regarded as thermodynamic
variables [47]. The horizon radius r+ is the largest root of f(r) = 0, and the thermodynamic
pressure and volume are given by the k = 0 terms

P = − Λ

8πG
=

(d− 1)(d− 2)

16πG
α0 V = ω

(κ)
d−2

rd−1
+

d− 1
(20)

so that PbVb = α0Ψ
(0). The CFT volume is v = ω

(κ)
n Rn where R is the radius of the sphere

on which the CFT is defined. The CFT pressure p has a length dimension of −(n+ 1).
In Lovelock gravity the free energy does not directly scale with the number of colours

N , but rather has the form [44, 45]

F(N,µ, T, αj , R) =
∑
k=0

gk(N)Fk(µ, T, αj , R) (21)

where the gk(N) are assumed to be polynomial functions, with g0(N) = N2, where N2 is
the central charge. The thermal properties of AdS black holes can be reinterpreted as those
of a CFT at the same finite temperature according to the AdS/CFT correspondence [41],
and so

F = M − TS − ϕQ ↔ F̃ = M̃ − T S̃ − ϕ̃Q̃ (22)

for the grand canonical free energy, where M̃, S̃, Q̃ = QL/
√
G, ϕ̃ = ϕ

√
G/L are the respec-

tive mass, entropy, charge, and electrostatic potential per unit volume of the CFT, along
with αF

k = αk

(
L2

G

)(1−k)

and Ψ
(k)
F = Ψ(k)

(
L2

G

)(k−1)

, with other quantities unchanged.
The grand canonical free energy (21) is a polynomial in 1/N2. Only the leading term (of

order N2) in this polynomial is taken into account in Einstein gravity [44], since the large
N limit is taken. However additional powers of 1/N2 need to be included in the Lovelock
case because of contributions from higher curvature terms.

These can be inferred from the dimensionality of the couplings. For some length scale l

αk ∼ l2(k−1) or [αk] = 2(k − 1) (23)

implying
gk(N) = βk(αk)

d−2
2(k−1) (24)

which is
N2 = β0L

d−2 =
δLd−2

16πG
(25)

for k = 0, recovering the relationship (4) [44] where δ is an arbitrary dimensionless constant.
For any arbitrary function X of the parameters αk, (24) implies

2(k − 1)αk
∂X

∂αk
= (d− 2)gk

∂X

∂gk
(26)

for any arbitrary function X of the parameters αk. Since −2α0∂α0 = L∂L (from (1) and
(20)), this relation can be written as

L
∂

∂L
+
∑
k=1

2(k − 1)αk
∂

∂αk
= (d− 2)

∑
k=0

gk
∂

∂gk
(27)
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after summing over k. In particular

2
∑
k=0

(k − 1)αkΨ
(k) = (d− 2)

∑
k=0

gk
∂F
∂gk

= (d− 2)F (28)

using the Euler scaling relation f(tx1, . . . , txm) = tnf(x1, . . . , xm) for a homogeneous func-
tion of order n, where Ψ(k) = ∂F

∂αk
and

F =
∑
k=0

gk
∂F
∂gk

(29)

since F is an homogeneous function of the gk of degree 1.
Of course the free energy is not only a function of the gk, but also depends on R and the

charge(s). The derivative of a function f(l, Z) with respect to l is

∂lf(l, Z)|Zb
= ∂lf |Z + z

Z

l
∂Zf |l. (30)

if Z scales as Z = Z0l
z for some constant Z0. For a charged AdS black hole

Ab = LA, ϕb = Lϕ, Qb = Q/L R = R0L (31)

upon converting to a canonical normalized field strength of dimension 2, where Ab is the
horizon area. The scaling of R is a consequence of the form

ds2boundary = −dt2 + L2dΩ2
d−2 (32)

of the boundary metric [44].
Consequently (28) becomes∑

k=0

2(k − 1)αkΨ
k = (d− 2)

∑
k=0

gk∂gkF
∣∣
ϕ,T

+R∂RF
∣∣
ϕ,T,αk≥1

+Q∂QF
∣∣
ϕ,T,αk

= (d− 2)F −M − ϕQ

= (d− 3)M − (d− 2)TS − (d− 3)ϕQ (33)

recovering the bulk Smarr relation (2) upon using (22).
The remaining task is to see how the gk(N) can be approximated. Since we expect terms

for k ≥ 1 to be suppressed relative to the k = 0 case (25), the ansatz

gk(N) ≡ O(N2(1−k)) (34)

will be employed. In the context of higher curvature theories of gravity, the additional
contributions can be understood as correction terms to the Einstein-Hilbert action, or in
other words, we expect

L(0) ∼ R0 → N2 L(1) ∼ R1 → N0 L(2) ∼ R2 → N−2

· · · L(k) ∼ Rk → N2(1−k) · · · (35)

with R some scalar measure of the curvature.
These terms make distinct contributions to the scattering amplitude. To illustrate this,

consider a field theory coupled to a Yang-Mills gauge theory, whose Lagrangian L(1) gives
rise to planar and non planar diagrams. Gauge field self-interaction terms arise from L(1),
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Figure 1: The contribution to the scattering amplitude of the planar diagram on the left is
proportional to N2(gYM )0 = N2λ0 = N2 and corresponds to L(0) in the Lovelock theory.
Contributions to the scattering amplitude from L(1) yield non-planar diagrams of the form
shown on the right, and are proportional to N2(gYM )4 = N0λ2 = λ2. The Yang-Mills
coupling gYM appears at each vertex of the diagram. This figure originally appeared in
Ref. [45] and is reprinted with permission.

Figure 2: This diagram can be understood as two overlaid copies of the 4-vertex non planar
diagram in figure 1. Non-planar diagrams of this form yield contributions to the scattering
amplitude proportional to N2(gYM )8 = N−2λ4, and result from L(2) terms in the Lovelock
theory. This figure originally appeared in ref. [45] and is reprinted with permission.
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whereas higher order diagrams come explicitly from higher curvature terms (Rd+1 = Rd +
gF 2 + ...); these will yield non-planar diagrams as shown in figures 1 and 2. Non-planar
diagrams with 4 vertices contribute terms proportional to N2g4YM = λ2 – of order N0 –
to the scattering amplitude, where gYM and λ are the respective Yang-Mills and ’t Hooft
couplings. For k = 2 non-planar diagrams of the form shown in figure 2 will contribute
terms proportional to N2(gYM )8 = N−2λ4. The L(k) term in the Lovelock action will
yield diagrams having a stack of k copies of the four vertices non planar diagram, whose
the contribution to the scattering amplitude is proportional to N2(gYM )2k = N2(1−k)λ2k,
commensurate with the correspondence (34). These results are applicable to any higher-
curvature theory of gravity.

3 Variable G

One approach in understanding the variation of L whilst retaining the consistency of the
relation (4) is to vary the gravitational constant G [48]. This has profound consequences for
black hole chemistry and its holographic interpretation.

Recall that the first law is

δE = TδS − pdV + ϕ̃δQ̃+ΩδJ + µ̃δC , (36)

for the CFT [46], where p and V = V0L
d−2 are the CFT pressure and volume, taking the

radius of the sphere on which the CFT is defined to be the AdS length. The quantity E is the
CFT energy; it is not the enthalpy. The angular momentum and conjugate angular velocity
are respectively J and Ω, and Q̃, ϕ̃ are the respective holographic charge and conjugate
potential. The quantity µ̃ is the chemical potential for the central charge C. For SU(N)
gauge theories with conformal symmetry C ∝ N2; more generally C is proportional to a
power of N .

Dimensionally these quantities scale as

[E] = [T ] = [Ω] = [µ̃] =
1

L
[V] = Ld−2 [S] = [Q̃] = [J ] = [C] = L0 (37)

which in turn implies (7) from the standard Euler scaling argument.
Using the fact that S, Q̃, J, C scale as C, but V does not [46] yields the holographic Smarr

relation [46]
E = TS + ϕ̃Q̃+ΩJ + µ̃C , (38)

via a similar Eulerian scaling argument. Note that d-dependent factors are absent in (38)
and that no p − V term appears. Noting the relationship between C and N , equation (4)
can be written as

C = k Ld−2

16πG
(39)

and furthermore
E = M , Q̃ =

QL√
G

, ϕ̃ =
ϕ
√
G

L
, (40)

can likewise be identified.
Inserting these relations into (36) yields

δ(GM) = κ
8π δA+Ω δ(GJ) +

√
Gϕ δ(

√
GQ)− V

8π δΛ

⇔ δM = κ
8πGδA+ΩδJ + ϕδQ− V

8πGδΛ− α δG
G , (41)
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using (1) and (38), where

α =
1

2
ϕQ+ µ̃C + TS = M − ΩJ − 1

2
ϕQ , (42)

V =
8πGl2

(d− 1)(d− 2)

(
M − ϕQ− (d− 2)Cµ̃

)
=

(d− 3)

2P

(d− 2

d− 3
(ΩJ + TS) + ϕQ−M

)
. (43)

The last relation is the bulk Smarr relation (2) (with vanishing Lovelock couplings).
Allowing G to vary raises it to the status of a thermodynamic variable, whose conjugate

is α/G. When G is held fixed, the first law (41) reduces to (3). Dimensional analysis of the
various quantities implies

[ϕ] = L
2−d
2 , [Q] = L

d−4
2 , [A] = [G] = Ld−2 , (44)

[M ] = 1
L , [Λ] = 1

L2 , [P ] = 1
Ld , [V ] = Ld−1 ,

and yields the bulk Smarr relation (2) provided (42) holds. Since this relation follows from
the holographic Smarr relation, we see a connection between the two.

We can use (39) to write variations of G in terms of C and L (that is, P ), and in turn
rewrite the bulk first law (41) as

δM = TδS +ΩδJ + ϕδQ+ VCδP + µδC , (45)

where
VC =

2M + (d− 4)ϕQ

2dP
, µ =

2P (VC − V )

C(d− 2)
, (46)

are a new thermodynamic volume VC and chemical potential µ.

4 Variable Conformal Factor
The variation of G in the previous section kept the variations of C and V independent.
Since V = V0L

d−2, variations of the cosmological constant (the bulk pressure) induce vari-
ations of the CFT volume V, and without variation of G, the corresponding CFT first law
would be degenerate, since the µδC and −pδV would not be independent, leaving the CFT
interpretation of black hole chemistry obscure at the least. However variation of G as a
thermodynamic quantity is likewise fraught with unclear interpretation. For this reason
another approach is desirable.

Fortunately such an approach has recently been developed [49]. The boundary metric of
the dual CFT is actually [50, 40]

ds2 = ω2
(
−dt2 + L2dΩ2

(κ)d−2

)
(47)

and is obtained by the conformal completion of the bulk AdS spacetime, where ω is an ‘arbi-
trary’ dimensionless conformal factor that is a function of boundary coordinates, reflecting
the conformal symmetry of the boundary theory.

If ω is set to 1 (the standard choice) than the CFT volume V ∝ Ld−2, as in the previ-
ous section. However we saw in section 2 that in general the radius of the space on which
the CFT is defined need not be given in terms of L. This suggests that ω be treated as
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a (dimensionless) thermodynamic parameter, rather than a function of the boundary coor-
dinates, making the central charge and volume independent variables. This is not without
precedent. For the κ = 0 planar AdS black brane case, variations of volume V and central
charge C are clearly independent; varying the former corresponds to changing the number
of points in the system, whereas varying the latter corresponds to varying the number of
degrees of freedom at each point. Since the planar case can be reached as a limit of the
κ = 1 spherical case, it is reasonable to expect this independence to extend to non-planar
cases.

Regarding ω as another variable is tantamount to changing the CFT volume, which is
now proportional to

V ∝ (ωL)d−2 . (48)

and for Einstein-Maxwell theory implies the following generalized dictionary

S̃ = S =
A

4G
, Ẽ =

M

ω
, T̃ =

T

ω
, Ω̃ =

Ω

ω
,

J̃ = J, Φ̃ =
Φ
√
G

ωL
, Q̃ =

QL√
G

. (49)

between the bulk (no tildes) and dual CFT (with tildes) thermodynamic quantities. Note
that variations in L (or Λ) induce variations in C via (39) with G fixed whilst keeping V
independent, and likewise enter in the variation of spatial volume and electric charge.

Using the Smarr relation (43), the first law (41) (for fixed G) can be rewritten as

δ
(M
ω

)
=

T

ω
δ
( A

4G

)
+

Ω

ω
δJ +

Φ
√
G

ωL
δ
(QL√

G

)
+

(M
ω

− TS

ω
− ΩJ

ω
− ΦQ

ω

)δ(Ld−2/G)

Ld−2/G
− M

ω(d− 2)

δ(ωL)d−2

(ωL)d−2
, (50)

which, using (39), (48) and (49), becomes

δẼ = T̃ δS + Ω̃δJ + Φ̃δQ̃+ µδC − pδV , (51)

which is the CFT first law, where

µ =
1

C
(Ẽ − T̃ S − Ω̃J − Φ̃Q̃) (52)

p =
Ẽ

(d− 2)V
(53)

recovering (7) in the latter equation. The duality between the AdS-bulk first law (50) and
CFT-boundary first law (51) is now clear.

Eq. (52) is the Euler relation for holographic CFTs. It is dual to the bulk Smarr re-
lation (43) for charged AdS black holes [44, 46]. It follows (on the CFT side) from the
proportionality of the thermodynamic quantities with the central charge (Ẽ, S̃, J̃ , Q̃∝C),
and occurs in the deconfined phase (dual to an AdS black hole geometry). Note that (52)
has no dimension-dependent factors whereas the bulk Smarr relation (43) does. To see how
this works, we can write PV as a partial derivative of the CFT energy Ẽ

−2PV = L

(
∂M

∂L

)
A,J,Q,G

= Lω

(
∂Ẽ

∂L

)
A,J,Q,G

(54)
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and since Ẽ = Ẽ(S(A,G), J, Q̃(Q,L,G), C(L,G), V (L, ω)) as a function of bulk quantities,
(39), (48) and (49) yield(

∂Ẽ

∂L

)
A,J,Q,G

=
1

L
(Φ̃Q̃+ (d− 2)µC − (d− 2)pV) (55)

=
1

L
((d− 3)(Ẽ − Φ̃Q̃)− (d− 2)(Ω̃J + T̃ S)) ,

using (52) and (53). Inserting (55) into (54) yields the bulk Smarr relation (43).
Eq. (53) is the CFT equation of state (7), derivable from CFT scaling symmetry. Note

that there is no pV term in the Euler relation (52), reflecting the fact that the internal energy
is not an extensive variable on compact spaces at finite temperature in the deconfined phase.
This is a feature of holographic CFTs. For ωLT̃ ≫ 1, namely the high-temperature or large-
volume regime, the µC term becomes equal to −pV, and the energy becomes extensive.

The rescaling property that yielded the Euler relation and equation of state can be used
to eliminate some of the terms in the first law (51). For example the pδV term can be
removed by rescaling

Ê = ωLẼ T̂ = ωLT̃ Ω̂ = ωLΩ̃ Φ̂ = ωLΦ̃ µ̂ = ωLµ (56)

yielding

δÊ = T̂ δS + Ω̂δJ + Φ̂δQ̃+ µ̂δC , (57)
Ê = T̂ S + Ω̂J + Φ̂Q̃+ µ̂C , (58)

from (51) and (52) respectively. Since all thermodynamic quantities are now scale invariant,
the thermal description respects the symmetries of the CFT.

Alternatively, the µδC term can be eliminated from (51) using (52), giving

δĒ = T̃ δS̄ + Ω̃δJ̄ + Φ̃δQ̄− p̄δV , (59)
Ē = (d− 2)p̄V , (60)

with the rescaled quantities:

Ē =
Ẽ

C
, S̄ =

S

C
, J̄ =

J

C
, Q̄ =

Q̃

C
, p̄ =

p

C
. (61)

Note that these barred quantities are no longer proportional to C. All thermodynamic
quantities now retain their standard dimensionality, and the ‘standard’ thermodynamic first
law, with Ē interpreted as internal energy, is recovered.

The laws (57) and (58) were recently proposed in another context called the “restricted
phase space” approach [51], in which the CFT volume V is kept fixed and variations in C
arise from variations of G in the bulk. The physical interpretation is thus very different and
the resultant holographic thermodynamics has nothing to do with the original black hole
chemistry. In contrast to the restricted phase space approach, here variation of C (and of
V) is induced by variation of Λ in the bulk, with G fixed [49].

5 Holographic Thermodynamics for Charged AdS Black
Holes

We can now make use of the preceding considerations to analyze the thermodynamic be-
haviour of charged AdS black holes from a holographic viewpoint [52]. There are three pairs
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of conjugate quantities – (Φ̃, Q̃), (p,V) and (µ,C) – and so there are eight possible thermo-
dynamic (grand) canonical ensembles in the CFT. Only three of these – fixed (Q̃,V, C), fixed
(Φ̃,V, C), and fixed (Q̃,V, µ) – exhibit interesting phase behaviour or critical phenomena
[52].

The action for electromagnetism minimally coupled to Einstein gravity is given by (8)
with α(k) = 0 for k ≥ 2. For later convenience we write this as

I =
1

16πG

∫
ddx

√
−g
(
R− 2Λ− F 2

)
(62)

in d spacetime dimensions, with Λ is given in (1). Note the normalisation 1/16πG of the
matter action, which is not standard.

The field equations yield the solution

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2

d−2 (63)

in the spherically symmetric case, where

f(r) = 1 +
r2

L2
− m

rd−3
+

q2

r2d−6
. (64)

and m is the mass parameter of the black hole. It is related to the ADM mass by

M =
(d− 2)Ωd−2

16πG
m (65)

where Ωd−2 is area of the unit d− 2 round sphere. The associated gauge potential is

A =

(
−1

ζ

q

rd−3
+Φ

)
dt (66)

and the electric charge is related to the charge parameter q via

Q =
(d− 2)Ωd−2

8πG
ζ q , with ζ =

√
2(d− 3)

d− 2
(67)

where Φ is a constant that plays the role of the electric potential.
Since f(rh) = 0 where rh is the (outer) horizon radius, we can write

m = rd−3
h

(
1 +

r2h
L2

+
q2

r2d−6
h

)
(68)

and
Φ =

1

ζ

q

rd−3
h

(69)

by requiring At(rh) = 0. This choice implies that Φ is the potential difference between
the outer horizon and infinity. The Hawking temperature T and the Bekenstein–Hawking
entropy S are

T =
d− 3

4πrh

(
1 +

d− 1

d− 3

r2h
L2

− q2

r2d−6
h

)
S =

Ωd−2r
d−2
h

4G
(70)
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which can be obtained by computing the surface gravity defined with respect to the time
translation Killing vector ξ = ∂t and the horizon area respectively.

It is straightforward to show that the thermodynamic quantities (65), (67), (69), and
(70) obey the Smarr relation (43) and first law

dM = TdS +ΦdQ− V

8πGN
dΛ− (M − ΦQ)

dG

G
(71)

whose latter term differs from that in (41) due to the choice of normalization in the matter
part of the action (62). The effect of this is to redefine the bulk charge and potential
as Qb →

√
GQ and Φb → Φ/

√
G, where Qb and Φb denote the charge and potential in

previous sections, yielding ΦdQ + ΦQdG/G = ΦbdQb +
1
2ΦbQbdG/G, whose insertion into

(71) recovers (41).
The considerations of the previous section indicate that from (48) we can choose the

spatial volume of the CFT to be
V = Ωd−2R

d−2 (72)

by taking the boundary curvature radius R to differ from L. V is the volume of a (d − 2)-
dimensional sphere of radius R in the CFT boundary geometry R×Sd−2, which corresponds
to an “area” in the d-dimensional AdS bulk geometry. Asymptotically,

ds2 = − r2

L2
dt2 +

L2

r2
dr2 + r2dΩ2

d−2 → ds2 = −R2

L2
dt2 +R2dΩ2

d−2 (73)

by choosing the Weyl factor relating the AdS and CFT metrics to be λ = R/r. The
holographic dictionary is then [44, 46, 53]

S =
A

4GN
, E = M

L

R
, T =

κ

2π

L

R
, Φ̃ =

Φ

L

L

R
, Q̃ = QL . (74)

for this choice of CFT metric. The L/R factor appears because the bulk Schwarzschild
time t differs from the boundary CFT time in (73) by a factor R/L [54]. The holographic
dictionary (72) and (74) then implies (setting J = 0) the first law (36) along with the Smarr
relation (52) and equation of state (53) for the CFT.

In analyzing the phase behaviour in the CFT, it is useful to write [37]

x ≡ rh
L

, y ≡ q

Ld−2
. (75)

upon which (65), (70), and (74) become

E =
d− 1

R
Cxd−2

(
1 + x2 +

y2

x2d−4

)
T =

d− 2

4πR

1

x

(
1 +

d

d− 2
x2 − y2

x2d−4

)
(76)

S = 4πCxd−1 Q̃ = 2α(d− 1)Cy Φ̃ =
1

αR

y

xd−2
(77)

and we obtain

µ =
xd−2

R

(
1− x2 − y2

x2d−4

)
(78)

for (52).
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5.1 Thermodynamic Stability
In analyzing various ensembles, the key quantity of interest is the free energy. The expression
for the free energy (or thermodynamic potential) depends on the choice of ensemble, but in
all cases the equilibrium state corresponds to its global minimum. The state yielding the
global minimum of the free energy is generally the thermodynamically stable state.

The sign of the specific heat (or heat capacity)

CP ≡ CP,J1,...,JN ,Q1,...,Qn
= T

(∂S
∂T

)
P,J1,...,JN ,Q1,...,Qn

(79)

provides information about local thermodynamic stability; if CP > 0 then a given state is
locally thermodynamically stable, though it may not be the most stable thermodynamic
state. Considering the free energy as a function of temperature, locally stable states are
those for which the 2nd derivative is negative, whereas locally unstable states have positive
2nd derivative.

In what follows we shall find thermodynamically stable and unstable phases for the
various ensembles, commenting on these in turn.

5.2 Fixed (Q̃,V , C)
Fixing the charge Q̃, spatial volume V and central charge C corresponds to the canonical
ensemble, whose thermodynamic potential F ≡ E − TS = C xd−2

R

(
1− x2 + (2d− 3) y2

x2d−4

)
is the Helmholtz free energy. Since

dF = dE − TdS − SdT = −SdT + Φ̃dQ̃− pdV + µdC (80)

F is stationary at fixed (T, Q̃,V, C).
To understand phase behaviour, we wish to plot F as a function of T , which can both

be regarded as functions of (Q̃, R,C, x); from (72), fixing R is equivalent to fixing V. Using
(77) to eliminate y yields

F = C
xd−2

R

(
1− x2 +

2d− 3

4α2(d− 1)2C2

Q̃2

x2d−4

)
,

T =
d− 2

4πR

1

x

(
1 +

d

d− 2
x2 − 2d− 3

4α2(d− 1)2C2

Q̃2

x2d−4

)
. (81)

and plotting F in terms of T is straightforward. Note that dependence on R is trivially
fixed by scale invariance and so R = 1 can be taken without loss of generality.

The results are illustrated in Fig. 3 for a variety of choices of Q̃ relative to fixed C (up)
and of C relative to fixed Q̃ (down). In both cases the free energy displays “swallowtail”
behaviour connecting three different branches, but in the former case this only occurs for
Q̃ < Q̃crit and in the latter case for C > Ccrit, where Q̃crit and Ccrit are critical values
whose ratio is [52]

Ccrit

Q̃crit

=
1

2α(d− 1)ycrit
=

√
(2d− 3)

8(d− 2)

1

xd−2
crit

. (82)

In Fig. 3 the former case is shown on the upper plot and the latter case is shown on the
lower plot.
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Figure 3: Free energy F vs. temperature T plot in d = 4 for fixed (Q̃,V, C), setting R = 1.
Up: Plots for fixed C = 1 for Q̃ = 0.1, 0.2, 4/3

√
5, 1 (blue, orange, green, red). First-order

phase transitions occur for Q̃ < Q̃crit (blue, orange) as the “swallowtail” structure indicates,
whereas there is a second-order phase transition for Q̃ = Q̃crit (green). No phase transitions
occur for Q̃ > Q̃crit (red). Down: Plots for fixed Q̃ = 1 for C = 1, 3

√
5/4, 4 (blue, orange,

green). There is a critical central charge above which a swallowtail is present (green) and
there is a first-order phase transition. For C < Ccrit (blue) no phase transitions take place,
and for C = Ccrit (orange) there is a second order phase transition. The apparent triple
intersections of the blue, orange and green curves is a consequence of plotting resolution.
This figure originally appeared in ref. [52].
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We see the appearance of a both a critical electric charge (upper panel) and a critical
central charge (lower panel). If C is fixed, for Q̃ > Q̃crit there are no phase transitions,
whereas for Q̃ < Q̃crit a swallowtail appears, indicating a first-order phase transition. Since
the CFT entropy S = 4πCxd−1, small AdS charged black holes are dual to CFT thermal
states with small S/C, namely states with low entropy per degree of freedom. Such states
occur for low temperatures and have the smallest F . As T increases, the self-intersection
point of the curve is eventually reached, and there is then a transition to a CFT state of high
entropy (per degree of freedom), corresponding to large AdS black holes. These states now
have the lowest free energy and are along the steep (near-vertical) branch of the curve. As
Q̃ increases, the phase transition occurs at larger values of T , whilst the swallowtail shrinks
in size, vanishing at Q̃ = Q̃crit, at which point the phase transition becomes second order.
This behaviour is commensurate with the canonical ensemble for AdS black holes at fixed
charge [10, 53]; the critical point (Q̃crit, Tcrit) depends on the value of C.

There is likewise for any fixed Q̃ a critical value of C above which there is a first order
phase transition, as shown in the right panel of figure 3 [48]. For C > Ccrit the transition is
again between states with low- and high-entropy per degree of freedom, and at at Ccrit there
is a second-order phase transition; a single phase is present for C < Ccrit. As C decreases
the value of F at which the first-order phase transition occurs also decreases whereas for
fixed C, F increases as Q̃ decreases.

5.3 Fixed (Φ̃,V , C)
Fixing the potential Φ̃, instead of the charge Q̃, yields

W ≡ E − TS − Φ̃Q̃ = µC = C
xd−2

R

(
1− x2 − y2

x2d−4

)
(83)

for the thermodynamic potential of this ensemble, which is the Gibbs free energy. The
middle equation follows from (52), and so the free energy W ∝ µ. The last equality follows
from (78).

Writing Φ̃ = y/αRxd−2 yields

W = C
xd−2

R

(
1− x2 − α2R2Φ̃2

)
T =

d− 2

4πR

1

x

(
1 +

d

d− 2
x2 − α2R2Φ̃2

)
(84)

allowing a parametric plot of W(T ) using x as parameter, shown in Fig. 4.
In this case at W = 0 there is a first-order phase transition between the high-entropy

“deconfined” state and a “confined” state. This is dual to a generalised Hawking-Page
transition between a large black hole and thermal AdS, depending on the value of Φ̃. Setting
W = 0 and eliminating x in terms of T yields

Φ̃ = Φ̃c

Tc

√
T 2
c − T 2 , with Tc =

d−1
2πR , Φ̃c =

1
αR = 1

R

√
d−1
2d−4 (85)

which describes the coexistence line between the two phases shown in the lower panel of
figure 4. At T = 0 the phase transition occurs at Φ̃ = Φ̃c, and at Φ̃ = 0 the transition is at
T = Tc, and is equivalent to the standard Hawking-Page phase transition in the bulk.

For Φ̃ < Φ̃c (blue curve in the upper panel of figure 4) the free energy curve is a cusp. The
upper branch corresponds to low-entropy CFT states (dual to small black holes) whereas
the lower branch corresponds to high-entropy CFT states (dual to large black holes). The
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Figure 4: Free energy W vs. temperature T plot and phase diagrams in d = 4 for fixed
(Φ̃,V, C), setting R = 1. Up: Plots for the parameters C = 1 and Φ̃ = 0.9Φc (blue),
Φ̃ = Φc =

√
3/2 (orange) and Φ̃ = 1.1Φc (green). For Φ̃ < Φc the free energy curve is

two branches joining in a cusp, with the upper/lower branches corresponding to a low/high-
entropy states. Now there is a first-order phase transition at W = 0 between the high-entropy
“deconfined” state and a “confined” state, dual to a generalised Hawking-Page transition
between a large black hole and thermal AdS, depending on the value of Φ̃. For Φ ≥ Φc the
curve never has W > 0 and so no phase transition occurs. Down: Phase diagram for C = 1;
the coexistence curve is a line of (de)confinement phase transitions in the CFT. At T = 0
the transition takes place at Φ̃ = Φ̃c whereas it occurs at the Hawking-Page temperature
T = Tc = 3/2π for Φ̃ = 0. This figure originally appeared in ref. [52].
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temperature as a function of x is minimized at the cusp(
∂T

∂x

)
Φ̃

= 0 at xcusp =

√
d− 2

d
(1− α2R2Φ̃2) , ⇒ Tcusp =

1

2πR

√
d(d− 2)(1− α2R2Φ̃2)

(86)
which is turn is the coldest possible (unstable) deconfined state. The specific heat is posi-
tive/negative on the lower/upper branch indicative of stable/unstable solutions.

5.4 Fixed (Q̃, V, µ)
For fixed chemical potential µ, the free energy is

G ≡ E − TS − µC = Φ̃Q̃ (87)

where (52) was used to obtain the last equality. The differential of G is

dG = −SdT + Φ̃dQ̃− pdV − Cdµ (88)

using the first law (36), and so G is stationary at fixed (T, Q̃,V, µ).
Although fixing the chemical potential instead of the number of degrees of freedom is

very natural in thermodynamics, this ensemble has only recently been considered [52]. Here
fixed µ implies that the central charge can vary, which is only possible if we consider a family
of holographic CFTs having different central charges. In the gravity theory this corresponds
to allowing for variations of Λ (and G).

Using (78) and (77) gives

G = |Q̃|
αR

√
1− x2 − Rµ

xd−2 , (89)

T = d−2
4πR

(
Rµ
xd−1 + 2(d−1)

d−2 x
)
. (90)

where (87) implies that

G =
L

R
ΦQ =

L

R

(d− 1)Ωd−1

8πG

q2

rd−2
h

≥ 0

which is why the absolute value of Q̃ appears in (89).
In figure 5 a plot of G(T ) is given for several values of µ, along with the phase diagram

for this ensemble. For 0 < µ < µcoin (red and purple curves) there are two branches, cutting
the G = 0 line at two temperatures

T1 =
3− 4µR+ 3

√
1− 4µR

√
2πR

(
1 +

√
1− 4µR

)3/2 , T2 =
3− 4µR− 3

√
1− 4µR

√
2πR

(
1−

√
1− 4µR

)3/2 (91)

for d = 4, with T2 ≥ T1. For any value of d the two intersection points correspond to the
two positive roots of the function f(x) = 1 − x2 − Rµ

xd−2 in (89). The lower branch is a
high-entropy state, and is thermodynamically preferred for T0 < T < T1, where

T0 =
d

2πR

(
d− 2

2
µR

)1/d

(92)

is the temperature at the cusp, obtained from solving ∂T
∂x |µ = 0. For larger values of T

this phase does not exist, and the CFT undergoes a zeroth-order phase transition to the
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Figure 5: Free energy G vs. temperature T plot and phase diagram for fixed (Q̃,V, µ) for
R = 0.1 and Q̃ = 1 in d = 4. Up: Free energy G(T ) for µ = −60,−10, 0, 1/10, 2 (blue,
orange, green, red, purple curves). We see the existence of a single stable phase for µ ≤ 0
(blue, orange, green curves). There are branches for µ > 0 (red, purple curves) that meet
at a cusp T = T0 (92), corresponding to two CFT phases. These branches meet the G = 0
line at the temperatures T1 ≤ T2 (91). The upper/lower branch corresponds to a low/high
entropy state. The specific heat is positive along the upper branch near and below T = T2,
but becomes negative at some intermediate temperature Tint, indicated by the black dashed
line for the red curve. Nevertheless, this phase is the thermodynamically preferred phase for
T > T −1. Once T = T1, there is a a zeroth-order phase transition to the high-entropy CFT
phase given by the lower branch. As T further decreases this phase is preferred, until T = T0

at which point both phases coincide. Below this temperature there are no CFT states.
Down: The µ− T phase diagram indicating the different phases. High-entropy phases are
in the green shaded region bounded by the green curve. Here the heat capacity is positive.
The orange and red regions on the right above the T -axis correspond respectively to stable
(“S”) and unstable (“U”) low-entropy phases having respective positive and negative heat
capacities. White regions indicate that no solution exists. This figure originally appeared
in ref. [52].
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low-entropy CFT phase on the upper branch. This branch has positive specific heat near
and below T = T2, but becomes negative at some intermediate temperature

Tint =
(d− 2)µ

(
2

dµR

) d−1
d−2

4π
+

(d− 1)
(

2
dµR

)− 1
d−2

2πR
, (93)

indicated (for the red curve) by the black dashed line in the upper panel of figure 5. For
Tint > T > T0 the low-entropy phase has negative heat capacity and so is unstable for these
low temperatures. The temperatures Tint and T1, at which the zeroth-order phase transition
occurs, coincide for two values of the chemical potential. One is at µ = µ∗, which is at

µ∗ =
1

324R

(
16
√
7− 35

)
T∗ =

2

3πR

√
2 + 8/

√
7 (94)

for d = 4. This means that for 0 < µ < µ∗ the phase transition happens between the unstable
low-entropy state and the stable high-entropy state. For larger values of µ the zeroth-order
phase transition takes place between the stable low-entropy phase and the high-entropy
phase. This occurs in the region µ∗ < µ < µcoin, where µcoin = 2

dR

(
d−2
d

) d−2
2 is the value

of µ at which T2 = T1 = Tcoin =

√
d(d−2)

2πR = T0(µcoin). The free energy is not real for
µ > µcoin, and no CFT phases exist for these values of µ.

As µ decreases, T2 becomes increasingly large and T1 decreases. For µ = 0, T2 → ∞ and
T1 = 3

2πR . A qualitative change takes place at µ = 0 (green curve) – the free energy curve
becomes single-valued (and monotonically decreasing). This persists for all values of µ < 0
(blue, orange curves). The single-valuedness indicates a single phase in the CFT.

Although the zeroth-order phase transition can take place as temperature increases above
T1, such a transition has the peculiar feature that the entropy decreases during the process,
in contradiction to the second law of thermodynamics. The phase transition from the low-
entropy to the high-entropy state happens for T decreasing below T = T1, increasing the
entropy during the process. Such a transition seems more favourable thermodynamically.

The phase diagram in the lower panel of figure 5 shows the high-entropy phase in green
and the low-entropy phase in red (for the stable region having positive heat capacity) and
orange (for the unstable region with negative heat capacity). The coexistence curve between
the high and low entropy phases is the boundary between the green region and the red/orange
one. There are no solutions in the white regions. The boundary of the green high entropy
region is determined by T1 and is indicated by the red line. The right and left boundaries
for µ > 0 are respectively set by T2 and T0; these meet at the coincidence point, µ = µcoin.
The boundary between the red (stable) and orange (unstable) low-entropy phases is set by
Tint. The two coexistence lines (the intersection of the two dashed lines) meet at the point
(µ∗, T∗).

5.5 Other ensembles and criticality

Critical points in the Q̃ − Φ̃ and C − µ planes can both be shown to have mean field crit-
ical exponents. In the former case criticality has been observed [37] but the latter case
is a genuinely novel recent discovery [52]. None of the other five ensembles display crit-
ical phenomena or phase transitions, though some ensembles have two different branches
corresponding to low and high entropy phases [52].
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6 Conclusion
Holographic Black Hole Chemistry is now on a considerably firmer footing than it was a
few years ago. The duality between the first laws in the AdS bulk (50) and dual CFT (51)
is now clear, as is the duality between the bulk Smarr relation (43) and the CFT Smarr
relation (52). The stage is set to obtain a new and deeper understanding of gauge-gravity
duality from a thermodynamic perspective.

One possible line of research is to better understand going beyond the large-N limit.
This has been done to some extent for the holographic Smarr relation in section 2 [45].
However in SU(N) gauge theories with conformal symmetry such as N = 4 supersymmetric
Yang-Mills theory, the central charge C ∼ N2. Changing the rank N of the gauge group
is tantamount to changing the original theory, and so variations of C can be regarded as
moving within the space of theories and changing the number of degrees of freedom N2. But
this cannot be done continuously since N is an integer. In the large-N limit, ∆N/N ≪ 1,
and hence µdC ∼ dC/C ≪ 1, which makes sense in this limit. However subleading terms
are induced by higher curvature corrections, as pointed out in section 2, and understanding
the variation of C in this case merits further study.

There have also been recent studies on rotating AdS black holes [55, 56] where, as for
charged black holes, the (inverse) central charge plays a role similar to that of thermodynamic
pressure. There are 8 possible ensembles, all of which have classical superradiant instabilities
in the bulk; what this means for the CFT remains to be understood. Other studies are
emerging, including an investigation of the topological properties of bulk/boundary phase
transitions [57], and understanding the holographic CFT of accelerating black holes [58].
Recent work on holographic complexity has shown that the the complexity of formation
scales with bulk thermodynamic volume (and not entropy) for large black holes, something
particularly manifest for rotating black holes [59, 60, 61, 62].

These results but are a small sample of what lies ahead. The holographic implications
for the full panoply of results in Black Hole Chemistry [1] remain to be explored!
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