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M2-branes on (C?/Zs x C/Zs)/Zx and a discrete integrable system. Besides the IR du-
ality induced by the Hanany-Witten transitions in the type IIB brane construction, the
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discrete symmetry which is the Weyl group W (Ds) of Ds = SO(10). The Fermi gas
formalism, together with the topological string/spectral theory correspondence and
the connection between the integrable systems and the Nekrasov partition functions
recently found, further suggests that the grand partition function of this M2-brane
partition function satisfies a bilinear difference equation associated with W (Ds), called
g-deformed Painlevé VI. By using the exact values of the partition functions we identify
the explicit expression of the bilinear equations and confirm that these equations are
indeed satisfied for higher order in the chemical potential dual to the rank N. This
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1 Introduction

One of the motivations to study supersymmetric gauge theories is to find new aspects of
quantum field theories with the help of the solvability of the models. To pursue this direction
it is important to choose a model which is sufficiently complex so that it would enjoy some
non-trivial mathematical structures to be revealed, and highly tractable at the same time.

Among other examples, a class of the N' > 4 three-dimensional quiver Chern-Simons
matter theories [3-8| fits well with these requirements. Each of these theories describes a
stack of M2-branes in M-theory on a certain background geometry, hence we may expect that
these theories have rich mathematical structure related to M-theory. On the other hand, the
supersymmetry allows us to reduce the path integral for the partition function Z(N) to an
O(N)-dimensional ordinary integration by the supersymmetry localization technique [9,10].
This O(N) dimensional integration can be evaluated by the standard techniques in the
analysis of the matrix models such as the large N saddle point approximation and the 't Hooft
expansion. Indeed by the large NV saddle point approximation the large IV leading behavior
of the free energy — log Z(IN) was obtained [11], which reproduces the N3/2 scaling behavior
argued in the gravity side [12]. Moreover, for these theories there is another powerful way
to evaluate the partition function called Fermi gas formalism [13], which is not available for
other general supersymmetric theories.! Indeed, various non-trivial structures in the large
N expansion of the partition function were revealed by using the Fermi gas formalism. For
example, all order 1/N perturbative corrections to the free energy were found to add up to
the Airy function characterized only by three parameters.? Furthermore, the infinite series
of the 1/N non-perturbative corrections are also given by the large radius expansion of the
free energy of refined topological string on a certain Calabi-Yau threefold associated with
the background orbifold of the M2-branes [17,18].

The Fermi gas formalism is not only a powerful computational tool, but also provides a
new connection between the theories of M2-branes and quantum algebraic curves. The fact
that all order 1/N perturbative corrections add up to the Airy function follows immediately
from the correspondence with a curve. The curve is also the mirror curve of the target Calabi-
Yau threefold of the topological string which precisely encodes the Calabi-Yau threefold
including its moduli parameters.

From the point of view of the quantum curve, the IR duality of the original theory of
M2-branes is realized as the discrete symmetry of the moduli space of the curve induced by
the coordinate transformations. In general, the symmetry of the curve is larger than the
known IR duality (see e.g. [19]) and hence the picture of the quantum curve tells us the
new symmetry of the theory. Furthermore, recently it was found that the partition function
of the ABJ theory, the U(Ny), x U(Nz2)_j circular quiver superconformal Chern-Simons
theory describing min (N1, Ny) M2-branes on C*/Z;, [5-8], satisfies an infinitely many bilinear
relations among different values of Ny, Ny [20]. In terms of the grand canonical partition
function, these relations are equivalent to one of the g-deformed Painlevé equations called
g-Painlevé 1113 (qPprr;). The g-deformed Painlevé equations are classified by the discrete
symmetries of genus-one curves (or the curves themselves) [21], and Py, coincides with
the one associated with the symmetry of the curve (or the curve itself) of the Fermi gas
formalism of the ABJ theory [22]. In [1,2], we found another more non-trivial example

INote that the existence of the Fermi gas formalism and the subsequent properties of the partition
functions were also confirmed for a slightly larger class of the Chern-Simons matter theories such as the
circular quiver theories with A/ = 3 and the theories with affine D-type quiver diagram [14,15|. However,
for simplicity in this article, we focus on the N' = 4 theories.

2Historically the large N leading behavior and the resummation of the all order 1/N perturbative cor-
rections were first obtained through the 't Hooft expansion [16].
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for this connection. Namely, we consider the the U(Ny); x U(N2)g x U(N3)_r x U(Ng)o
circular quiver superconformal Chern-Simons theory which describes min(Ny, No, N3, Ny)
M2-branes on (C2?/Zy x C?/Z3)/Z). The curve associated with the Fermi gas formalism
of this theory is the genus-one curve with W (Ds5) symmetry acting on the five-dimensional
moduli space. The moduli parameters are identified with the three relative ranks of the four-
node quiver together with the two degrees of freedom of the Fayet-Illiopoulos parameters.
Hinted with the dictionary between the moduli parameters of the curves and the three-
dimensional parameters as well as the exact expressions for the partition functions at the
lowest ranks, in [1,2] we have identified the explicit expressions for the discrete bilinear
relations for the grand partition function of this four-node super Chern-Simons theory and
also provides non-trivial evidences that the relations are indeed satisfied also for higher order
in the fugacity dual to the lowest rank. These bilinear relations are the same as the Hirota
bilinear form of the g-deformed Painlevé VI equation (qPvyr), which is associated with the
W (Ds) symmetry under the Sakai classification [21,23].

This review is organized as follows. In the next section we introduce the model of our
concern, the four-node quiver superconformal Chern-Simons theory, and fix the notation
for the parameters and the overall normalization of the partition function. In section 3 we
explain the Fermi gas formalism for the partition function and identify the quantum curve
associated with this theory. Although it is difficult to construct the Fermi gas formalism and
invert the density operator for general values of the relative ranks and the FI parameters,
under a few assumptions we can skip such steps and obtain the quantum curve directly by
the interpolations from special points, as we review in section 6. In section 4 we explain
the relation between the grand partition function and qPyy. In section 5 we summarize and
discuss possible future directions.

2 The model

The model we consider in this article is the three-dimensional A" = 4 circular quiver super-
symmetric Chern-Simons matter theory given by the following quiver diagram

[U(N)o,iz3 )—(U(N + My — M3 + k)—k,—iZg)
[U(N — My — My + k)kﬂvzlj—(U(N ~ My - My + k)o,_izlj

(1)

The theory consists of the U(n;) vector multiples with Chern-Simons action with level k;
and the Fayet-Illiopoulos parameter ¢; associated with each node labeled by U(n;)g, ¢,, and
pairs of U(n;) x U(n,)-bifundamental chiral multiplet associated with each bond connecting
two nodes labeled by U(n;)y, ¢, and U(n;)g; ¢;- In the following, we use the abbreviation
M = (My, My, Ms, Zy, Zs3) for the three relative ranks and two Fayet-Illiopoulos parameters.
This theory can be realized by the following brane setup in type IIB superstring theory
[3,4,24,25]

1 1

‘N—MO—MngkI"N—Ml—Mngk /N + Mo — Mz +k ‘N
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where the horizontal lines are stacks of D3-branes, the vertical blue lines are NS5-branes
and the dashed red lines are (1, k)5-branes stretched in the following directions:

o X1 X2 X3 X4 X5 Xg Ty g T9

D3 -

NS5 - - - — — ~ ’ 3)
(Lks5 - — - 045 Os7 039

where 6;; stands for the direction in ¢j-plane tilted from the ¢-axis by an angle arctan k. Each
stack of D3-branes stretched between a pair of 5-branes corresponds to a gauge node, where
the Chern-Simons level is given by the difference of the two D5-charges of the 5-branes [24].
Each 5-brane is also assigned with the Fayet-Illiopoulos parameter which are written below
the 5-branes in the figure, with which the Fayet-Illiopoulos parameter on the gauge node is
given by the difference of the two Fayet-Illiopoulos parameters.

The partition function of the theory (1) can be calculated by the supersymmetry local-
ization formula as [10]

eiPr,na (N) d)\(l d)\(2 d>\(3) d>\(4)
Zina(N) = / IESIEIES I

NN N3IN,!
i N N N. N, 4
% eiE T () -k i:lui”f Zi (3] :1 AE” zgm?)) Zs (223 A - )

2@ (@
4 HKJ(Qsmh 77 = )2 A
H RO (4)
a=1 Hz o 11 ““2cosh7’ 1

where N = N — MO—M5+I< No=N-—-M;—Ms+k, N3= N+ My—Ms+kand N, = N.
Note that N5 and )\i are identified with N7 and /\z(-l). We have also introduced an overall
phase e'Fr.m(N)

3 _ 2 2
e P (N) = exp [iﬂ'(MON + Mo 3% Mo + MO(M;];_ M) —2MoMs3 + kMo _ 2M\(Zy + Z3)
My — M) Z? My — Ms + k)Z2 My — M, — Ms —k)Z1Z
+(0k1)1+(0 ks )3+(0 1k3 )13)} (5)

by hand so that the coefficients of the qPvy; bilinear relations simplify as (75) below.

3 Fermi gas formalism and quantum curve

The partition function (4) is conjectured to be rewritten into the following form [1,26]

N
Zuaa(N) = 220D [ detl (ol pnal o), )

with some one-dimensional quantum mechanical operator pps; which depends on M =
(Mo, My, M3, Zy, Z3) as well as k. Here we have introduced the following notation for one-
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dimensional quantum mechanics:

|x): eigenstate of position operator &,

[p)): eigenstate of momentum operator p,

[#,p] = 2mik,
(zly) = 2md(x —y), (plp") = 27d(p — '),
LI - l.=
(z|p) = WA {(plz) = v : (7)

Note that the right-hand side of (6), up to the overall factor Zj ps(IN = 0), is of the same
form as the partition function of N-particle ideal Fermi gas with single-particle Hamiltonian
given by —log pas, hence this rewriting is called Fermi gas formalism [13].

When (Mg, My, M3) = (0,0,k), namely, Ny = Ny = N3 = Ny = N, the fermi gas
formalism (6) can be derived relatively easily by using the Cauchy determinant formula

N RN Tt 2l A s Uiy
Hi<j2smh o Z.<j2smh o Ny _ kN4 1
i 2 S T S S, 0 o o 1
[1;; 2 cosh =5 i.j L2k cosh =5~ ij 2cosh &

(8)

and the Cauchy-Binet formula

i [ @ et detlonten)) = der| [ dai2)gs(2)]- (9)

Here in the rightmost side of (8) we have used the notations for one-dimensional quantum
mechanics (7). The derivation goes as follows. First applying the Cauchy determinant
formula (8) to the one-loop determinant factors in (4) we obtain

Zk,(0,0,k,21,25) ()
_ e paNAD aNAR aV AP AN s gz z s o
Tt ) @nN eoF @nF @oF ‘

x det[ (AL A®)] e B LAY
i,] 2 h 2

et [ (AP | AP e™ s T 0= B EIL
Z’j

2COSh§ !
1 1
x det | (A | ——— ) [ e % 5 det (A0 —— M) . (10)
i, 2cosh £ i, 2cosh £

Now we can convolute the determinants by applying the Cauchy-Binet formula (9) to obtain

Z1,0,0,k,21,25)(N)

e*2‘ﬂ'iZ1Z3 de
N / (2m)N

_i 52 Z1g
det <xi|e4ﬂ-k ek
Y]

1 _zy 1

kl’

Z3 5 1

i .2 _ Z3
_¢ —e Ik’ T R Y —e
2cosh & 2cosh & 2cosh &

1

2cosh &

Z3 -
T

)] (1)

This is precisely of the form (6). After a similarity transformation, p(o,0.,z2,,2,) can be
written as

1 1 1 1

2 cosh § 2 cosh % 2cosh £ 2cosh %

P(0,0.k,21,25) = (12)
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Figure 1: The curve pfwl(x, p) = const. of the four-node quiver Chern-Simons theory (1).

Notice that this density matrix can be obtained directly from the type IIB brane setup (2)
through the following assignments of operators to each 5-branes

’
N | N 1 N 'N 1
- . LI — 13
| 2C08h% ' 2(:oshp+2$C (13)
¢ ¢

This formula holds also for the setups containing any number of NS5-branes and (1, k)5-
branes in any order, as long as the number of D3-branes is the same for all segments.
The inverse of p(g,0,k,z,,2,), Which we shall call “quantum curve”, takes the following form

A1 _ mI+np
Poowzz = 2, D Came™TP (14)

m=—1,0,1 n=—1,0,1

Indeed, the classical equation p(o,o,k,zl,ZS)(iﬂ,p)_l = Zm,n Crn €™ TP = const. defines a
genus one curve with eight asymptotic points, as depicted in figure 1. Here we have defined
the classical curve by the Weyl ordering according to the prescription in [18]. The asymptotic
loci are obtained from c,,,’s by solving the quadratic equations in eP obtained by sending
x — Fo00 or the equations obtained by sending p — +oo. For example, the two asymptotic
loci e = my, My at = oo are the two solutions of ¢ 1€ +¢1 9+ ¢c1,1e7? = 0.

Besides the overall rescaling and the constant ¢y, the curve has five moduli, which
correspond to the eight asymptotic loci up to the trivial translations * — = + const., p —
p + const. and an additional constraint due to Vieta’s formula, 8 — 2 — 1 = 5. There are
several pieces of evidence that the five-dimensional moduli space is spanned by turning on
the three rank deformations (My, M1, M3) and the two FI parameters (Z1, Z2) [1,26-31].
Although it is difficult to construct the Fermi gas formalism (and then calculate the inverse
of ppr) for general rank deformations, we can identify the relation between the rank/FI
parameters and the moduli of the curve by interpolation from special points. Namely, a
type IIB brane configuration can be transformed to another brane configuration by the
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Hanany-Witten transition [32,33]

(1,sk)5  (1,8'k)5 (1,5'k)5 (1, k)5

ML N N MMeNe-Nrledkiw
L : :
¢ ¢ ¢ ¢

When the rank differences are some special values proportional to k, the resulting brane con-
figuration has a uniform rank, where pps and its inverse can be obtained straightforwardly
by applying the rule (13). Since the Hanany-Witten transition induces an IR duality, we
conclude that the quantum curve thus obtained also gives the quantum curve for the con-
figuration before the Hanany-Witten transition.?

Let us first figure out the values of 7, t; for (Mg, My, M3) = (0,0, k), where P(0,0,k,21,23)
is given by (12). It is straightforward to calculate the inverse of p(o,0.x,z,,2,) and organize
it in the form (14), as

- & — 27miZ, P P+ 2oriZy &
p(o%o,k,zl,zg) = (2 cosh #> (2 cosh 5) (2 cosh #> (2 cosh 5)
= ™ Z1=23) TP 4 miZh (2cosm(Z3 — k))eP + 71+ 23) o= 24D
+ e ™% (2cos w7y et + dcosmZy cosmZs + €743 (2cosmZy )eE

+ " A=28) gD o~ TZ (Y cos (L + k))e P + eI (T4 28) =370 (16)
From this we obtain

—1 o —omiZ
£(0,0,k,21,25) (T, ) |zms00 = 0 = P =1, My = —e -1

—1 _ D _ o~
P(0,0.,21,23) (T, D) |oms—oc = 0 — € =15, My =
_671'1(2Z3.—k)7 _eﬂ"Lk‘

)

_]_7 _6727r121 ,

P(o,o,k,zl,zg)(%p)_l|p—>oo =0—e" = 7}71, 7?/3 =

P(0,0.0,71,25) (@, D) Hposmoo =0 = €” =14, 1 = —eT ik _emi(2Zath) (17)

)

where we have denoted the asymptotic loci with prime, M., N;, taking into account the
gauge degrees of freedom of the overall rescalings corresponding to x — = 4+ cosnt. and
p — p + const., which we shall fix below (21). Next, let us consider the following two brane

configurations

1 1 1 1

1 1 1 1
1 1 1 1
1 1 1

0 iz, —iZs 0 0 —iZsiZy 0 (18)

Since these configurations are of uniform ranks, we can apply the formulas (13) to write down
p and read off 7/, t; from the coefficients in p~!. On the other hand, these configurations

3Precisely speaking, we can prove when the 5-branes are of a different kind [34], and also argue when
the 5-branes are of the same kind [35], that the partition functions before and after the brane exchange are
different only by an overall factor independent of the overall rank N. Hence we assume that the density
matrix pps of the Fermi gas formalism, which is defined after normalizing the partition function by the
N-independent part Zi as(0), is the same for the two brane configurations (15).



64 Tomoki Nosaka

can be transformed, by moving the NS5-brane with FI parameter —iZ3 to right under the
Hanany-Witten rule (15), into the configuration with the original ordering of 5-branes (2)
with (Mo, My, M3) = (g, g, g) and (Mo, My, M3) = (k,0,0) respectively. In summary, now
we have obtained the values of the asymptotic loci at three special points:

(Mo, My, Ms) g i my iy th t ty ty
(0 0 k) _6—27rizl 1 -1 _6—271'1'21 _e7ri(223—k) _e—ﬂ'ik _eTrik _eﬂi(2Z3+k)
9 9
(g’ §7 %) _6—271'1Z1 _eﬂzk _e—ﬂzk _6—271'1Z1 _6271'123 _e—ﬂ'zk _eﬂ'zk _627rzZ3
(k, 0, 0) _eﬂi(f2zl+k) _ ek _p—mik _67r7i(72Zlfk) _eﬂ'i(223+k) —_e—mik  _pmik _ewi(2Z37k)
(19)
where we have chosen the ordering of 1} o, 11} 4, t; 5 and th 4 for (Mo, My, Ms) = (£, & k)

and (Mo, My, M3) = (k,0,0) so that the Z;, Z3-dependences of the asymptotic loci are the
same as those for (Mo, My, M5) = (0,0, k). By assuming that the My, My, M3-dependences
of the loci are simple exponential functions e™(¢Mo+bMi+cMs) e can interpolate (19) to
general My, My, M3 by determining a, b, ¢ for each locus as

i) = —emiMo=Mi1=221) gt omi(Mo+M:)

il = 76m'(anfM1), i, = 767ri(7M0+M172Z1)7

t~/1 _ _em'(Mo—1\/13-"-223)7 7?/2 — _e”i(_MU_M3)7

B = —emiMotMs) 1 emi(=MotMs+225) (20)

By choosing the gauge degrees of freedom associated with the translations of = and p

such that mimomsmy = t1totsty = 1, we may write the result as

Tri(Mo—Ml—Zl) 7ri(M0+M1+Z1)
)

777/2 =€ 5
_ eﬂ'i(fMoJrM1le)
b)

’ﬁll =€
. i(— Mo— My +Z -
mgzeﬂ'z( 0 1+ 1)7 Ma
7 mi(Mo—Ms+Z 7 mi(—Mo—Ms—Z
tl_e(o 3 3), tg—e( 0o—Ms; 3)’

7Ti(M0+M37Z3) ,E4 — eTri(f]\/[0+]\/[3+Z3)
y .

l3=ce (21)

See figure 2. Note that the result (21) is consistent with the asymptotic loci for four parame-
ter deformation with —M; — Ms+k = 0 and +My— M3+k > 0 (namely, Ny, N3 > Ny = Ny)
obtained by constructing pas and its inverse explicitly [1].

Note that the moduli space of the classical curve pas(z,p)~1 = const. enjoys a discrete
symmetry of W (Ds), the Weyl group of Ds, generated by the following transformations

MO7M17M37Z17Z3) M07M17ZS7Z17M3)7
Mo, My, M3, 71, Z3) Moy, My, —2Z3, Z1,—M3),
)

st ( = (
:( = (

sz : (Mo, M1, M3, Zy, Z3) — (M3, M1, My, Z1, Z3),
(. = (
( — (

52

My, My, M3, 2y, Z3 —M,,—Moy, Ms, Zy, Z3),
M07M17M37Z17Z3) M07217M37M1723)~

S4
The curves at different values of M = (My, My, M3, Z1,Z3) connected through W (Ds)
are equivalent under the coordinate transformations. Correspondingly, the quantum curve
(14) pps is also invariant under the same W (Ds) up to a similarity transformation par —
UppU™t = pp(UzU—Y, UpU—Y).  This implies that the normalized partition function

Zk,M(N)

Zw0) is invariant under W(Ds). As we have already seen above, a part of this W (Ds)
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eP

(67'1'1-(]\404>1\/[3723)7 OO) (e‘n'i(M()fl\/IngZ:;)’ OO) [
e:l;
(0’ eTri(—MO—]Wl—i-Zl))

(OO, eﬁi(J\/[()*leZl))

(07 eﬂ'i(fM[)Jerle))

(00, emi(Mot+Mi+21))

(eﬂi(—Mu+M3+Za),0) (eﬂi(—Mo—M:s—Zs)’O)

Figure 2: The asymptotic loci of the curve for the configuration (2) with generic
(Mo, M1, Ms, Z1, Z3) obtained by the interpolation.

symmetry can be understood as the IR dualities induced by the Hanany-Witten transitions
(15). However, the physical interpretations for the other elements such as the exchanges of
rank differences {M;} and the FI parameters {Z;}, or those which do not mix {M;} and
{Z,;} but still cannot be generated by the Hanany-Witten effects [19], are still not clear. It
would be interesting to provide physical interpretation for these extra symmetries and also
to test whether they would hold for the other observables or not.

4 Connection to g-Painlevé VI equation

In the previous section, we found that the partition function of the four-node quiver Chern-
Simons theory (1) enjoys the structure of the quantization of the curve in figure 2, and hence
the partition function normalized at N = 0 enjoys the discrete symmetry of W(Ds) (22).
Note that this symmetry is larger than those manifest in the type IIB brane setup (2).

Interestingly, in [1,2] we found that the partition function, or more precisely the grand
partition function =y as(k)

Erm(r) = > &N Zem(N) (23)
N=0

solves the g-discrete integrable system associated with the W (Ds5) Weyl group called g-
deformed Painlevé VI (qPvy1). Although a similar connection between a matrix model and
a discrete integrable system was already known for the ABJ matrix model [22] where the
corresponding integrable system is g-deformed Painlevé III5 (qPyy,), our result provides a
non-trivial generalization with more parameters. Below, before introducing our main results
we first review the simpler connection between the ABJ matrix model and qPypr,. Alongside
we also briefly introduce the notion of Painlevé equations and its g-discretization. After
that, we display the concrete statement on the grand partition function of the four-node
quiver and explain how we discovered and confirmed such statements.
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4.1 Schematical structure of the equations

The partition function of the U(N); x U(N + M)_; ABJ theory is given by the following
2N + M dimensional integration

M(M—1)
ZABJ(N) — (_I)MN+ 2 / (dN dN—l—]V[ zk (Z |2 _ZN+M yl)

NN + M)! 2m)N (27T)N+M
HKJ (2sinh #5722 T (2 sinh 2 B2
x

1<]J
, 24
[T 1HN+M<2cosh )2 )
which can be written in the Fermi gas formalism
ZABJ (O) dN
ABJ _ “kM ~ABIM|,, .
28300 = = [ e dettal o) (25)
where
M2 miM(MP—1) | ap m(r—s)
ZpRi0) =itm Mem ek [ 2sin —— (26)
’ k
r>8
and
1 —t 1
~ABJ M M,r
= (-1 7< tan h ) — 27
M (=1) 2 cosh Z+miM rl_[1 2k 2cosh & @7)
with
/n+1
by = 277@( 5~ 7"). (28)

The inverse of p4P7 is obtained by writing (27) with quantum dilogarithm functions as

follows [36]. By using quantum dilogarithm ®,(z)

_627rbz+rrib2;627rib2 -
Dy (2) = (= : ) , (29)

2mib—lz—mib—2. ,—2mib—2
(76 T Z—Te e g )oo

with b = vk, which satisfy the following relations

Py(z+1ib) 1 Dy(z+ib™1) 1

= , = A 30
(Db(z) 1 + emib®g2mbz’ (I)b(z) 1+ e—mib=2p2mb~ 12 ( )
we can express p%{BJ
& ib i M i i M
et ety — ) Vgt ) L (31)
(I)(ﬁ - %—’_%) (I)(Qib %)2008}1%

By using the first identity of quantum dilogarithm in (30), we find that the inverse of p42’

is written, up to a similarity transformation which does not affect the partition functions
(25), as a Laurent polynomial of e?,e%, which reads

~ABJ\—1 Ar—1/ A —17 2 ‘I)b( ﬁb % +%) -£
(pZM ) :U (p) Uv U:@(l+ﬁfﬂ)e 2, (32)
b\ 27p 2 2b
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’
T_)ex

1

Figure 3: The classical curve p'(z,p) " = const. corresponding to (33).

with

wik

e + e 4 e 4 ik =2M) =3y (33)

() =
Here we have redefined the canonical position/momentum operators

@’:j—’_ﬁ_gﬂiM mik A,:—.’i‘—l—ﬁ_ﬂ'iM
2 2 2 P 2 5

(34)

which satisfy [#/,p'] = wik, to simplify the coefficients of the Laurent polynomial. The
classical limit of (33) gives a genus-one curve with four asymptotic points, as depicted in
figure 3.

Fermi gas formalism is also an efficient tool to calculate the exact values of Zj pr(IN)
for finite N. In [20,22] it was observed that these are infinitely many non-linear relations
among the exact values Zj pr(IN) at different values of M, N, which are summarized in the
following form

ERBT L (R)ERBT (k) = E0B) (k)2 4 ™ HDEART (k)2 (35)

where Eﬁ?\;}(ﬁ) is the grand partition function of the ABJ theory with respect to the overall

rank N
Ep(r) = > kN ZR (). (36)
N=0

The bilinear equation (35) is known as the Hirota bilinear (7-) form of Py, (or the g-
deformed affine SU(2) Toda equation) [37-39]

Ti(gt)milg ) = m()? + ()2, (i=1,2, 5 #1), (37)

with the following parameter identification

q=e't, t=e"0N0 () = EpR k), ma(t) = ERR (—R). (38)
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Painlevé equations were originally considered under the motivation to define new spe-
cial functions as solutions of non-linear ordinary differential equations. Partly based on the
insight from the classical integrable systems, Painlevé, et.al. restricted themselves to the
differential equations whose solution does not have a movable (i.e. depending on the initial
conditions) branch point. As a result, they found that the second order ordinary differential
equations with this property and whose general solution cannot be written with hypergeo-
metric or elliptic functions are classified into six types called Py, Py, Py, Pry, Py and Pyy.
P11, is a specialization of Prjp whose explicit expression is given as

d®X 1 /dM\\2 1d\x 2X? 2
P, : —:f(—> -t — — - 39
st gz — A \dt tar T E (39)
By introducing 7-functions 7y, 7 as
d*(log 1) d*(log 7o)
i S PARNESS W b B 40
d(logt)? " d(logt)? ’ (40)
Py, is written in the Hirota bilinear form
d2’7'i d’TZ’ 2 1 9
: - =tz7s, (i=1,2,75#1). 41
T d(log )2 (d(logt)) ST 779 (41)

If we further “g-discretize” the derivative as Oog¢f — W, (41) is uplifted to the
difference equation (37).

(g-)Painlevé equations appears in various problems in physics. In particular, it is known
that qPyrr, in 7-form is also satisfied by the discrete Fourier transform of the Nekrasov par-
tition function (called Nekrasov-Okounkov partition function Zno) of the five dimensional
N =1 SU(2) pure Yang-Mills theory [37]. Interestingly, the relation between the parameters
of qPy11, and the 5d parameters precisely coincides with the one read off from p/(z,p)~! by
regarding it as the five-dimensional Seiberg-Witten curve. The fact that the grand partition
function of the ABJ theory and the Nekrasov-Okounkov partition function obeys the same
g-difference equation is consistent with the topological string/spectral theory (TS/ST) cor-
respondence [18]. Indeed, TS/ST correspondence claims* that the Fredholm determinant of
a trace class operator p(Z, p) is given by the discrete Fourier transform of a non-perturbative
completion [42] of the topological string partition function on a non-compact Calabi-Yau
threefold whose mirror curve is p(z,p) = = const., which is further related, via geometric
engineering [43], to the Nekrasov partition function of five-dimensional theory whose Seiberg-
Witten curve is p(x,p)~! = const.. The correspondence between the g-Painlevé 7-function
and the Nekrasov-Okounkov partition function of five-dimensional N' =1 SU(2) Yang-Mills
theory is known as the g-uplift of the Painlevé/gauge correspondence [44]. Similar connec-
tions exist also for the other g-Painlevé equations, where the Seiberg-Witten curve of the
five-dimensional theory (or its discrete symmetry) is identified with those in the Sakai’s
classification of the g-Painlevé equations by surface/symmetry types [21,23].

From the viewpoint of Painlevé/gauge correspondence, qPvy is characterized as a set of
bilinear equations satisfied by the Nekrasov-Okounkov partition function of 5d N' =1 SU(2)
Yang-Mills theory with Ny = 4 [45]

ZEI(U)@)’Nf:Zl(HOa 917 eta 900’ g, S; t) =

S s tetn =000y, 01,04, 00050 + 1) Z(00, 01, 0, O 7 + 11, )
nez
(42)

4Although there are still no rigorous proofs for the TS/ST correspondence, the claim is confirmed by
various non-trivial pieces of evidences [17,27-29,40,41].



g-discrete Painlevé VI equations from M2-branes 69

with

[leoes Ga(1 + €loo — 01 + €'0)Gy(1l + €0 — 0 + €'th)
Gq(1420)G4(1 - 20) '

5~ Dems Noo (7 2 )Ny olar” )

0(90;0170757000;0) =

Z(00,01,0:,000;0,1) = ; ; (43)
o Ap, A H676’:i NAm)\é/(q(e_E )a)
as
1
Tl(t) SU (2),Ne= (0079159%9 + 27075;t>7
1
Tg(t) SU (2),N¢= (0 01,9157 2,0’ CH t)
1
T3(t) SU(Q) Ne= 4(0 0179ta 0070+ 2 )7
1 1
7—4(t) SU(Q) Ne= (90 2 glveta 0050 — §,S;t),
(1) = 2802 (60,01 1,01, 00,551
SU (2),Ne= 1
To(t) = (9 o1+ 3, et, i 0, 8; t)
1
T7(t) SU 2) Ne= (9 617915 OO7U+ 2 S;t)a
1
TS(t) Z J(2),Ne= (9079179t+ 007 - §7S;t)7
T (t)Ta(t) — tq 2 7 (t)7a(t) — (1 —tq ™" )75 (8)76(t) = 07 (44)
71 (t)72(t) — trs(t)7a(t) — (1 — tq " )75(q 7115)76(01@ (45)
()72 (t) — T3 (H)7a(t) + (1 — tg~>")g* " rr (g7 't) s(qt) (46)
Ti(t)72(t) — % (t)Ta(t) + (1 — tq 2 ) > ()3 (t) = (47)
75(q )6 (t) + tq " O T (g )7 (1) — T (g 1lf)Tz() (48)
7s(q 7 )6 (t) + tq~ O OO (g7 ) 7 () — T (8)2(a” ): (49)
(a7 ) 76(t) + ta” T (a7 ) 7s(8) — " ms (a7 ) Ta(t) = 0, (50)
(0 )76 (1) + tq =0T (g7 ) 7s(8) — s (t)7a(q M) = 0, (51)

Here G4(z) is the g-deformed Barnes G-function characterized by the second order recursion

relation £ (zgi)(f)“z(xfl) = l_q_z: and N, x(x) is the five-dimensional Nekrasov factor which

1
is defined as

Nya(a) = [ (1= a4 @=0u®1g) T[ (1 - qu@ ()41 (52
OeA Dep

with a(0) and £,(0) being the arm length and leg length at point O = (3, j) for a Young
diagram A = (A1, Ag, -+, Ag) in the Frobenius notation (see figure 4 for example)

NN

—i (j>d)’

=g (i <d
GA(D)_{_j (i>d)’

/A s - < d/
0,(0) = {AJ ’ U<d) EX = (N, M, -+, \y): transpose of .

(53)
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) ]
A1 ] i ]
A2 Ay
N3 A
A1 f
—N5—1 k—, /5*>
KA e)\%e
- x
Figure 4: An example of a pair of Yound diagram A = (A1, --,)4) and its transpose

EX= (A, -+, Ny). In the figure d = 6, A = (7,5,4,4,2,1), d =7 and ‘A = (6,5,4,4,2,1,1).

See [1,45] for detail. Indeed, this theory has global symmetry of D5 which is an enhancement
from the SU(4) flavor symmetry due to the instantons [46,47]. More concretely, the Seiberg-
Witten curve of this theory

1 1
mims\ 2 1 mims\ z
( - 2) “oTlw — ((mama)? + q(m3m4)_%)w +ow — Q( - 2) “(ms +ma)v™t + B — (mq +ma)v
msmy m3my
+ q(m1m2m3m4)%v_1w_1 — mlmg((mlmz)_% + q(m3m4)%)w_1 + mimovw ™t =0,
(54)
where the coefficients are related to 6y, 61,0;,0 and t as
1 m 1 1 1
0p= —log—, 60;=-—1 0, =—1
0= Ui 08 ms’ 5 4mi og(mama), O A OB mims’
1 my  logt 1 @>mamy
oo = — log — = —log ——— 55
T i OB me’  logq  4mi 8 mims (55)
is of the same form as the quantum curve of the Fermi gas formalism ;3]_\/11 = Zm ne—1.0.1 Conm €METTP

of the four-node quiver super Chern-Simons theory (1) with (v, w) = (e*, eP).
Now let us conjecture that the Fredholm determinant of the (2,2) model gives the 7-
function of qPvr,

i ~ Det(1+ Kpnr). (56)

From the curves, we can read off the dictionary between the five-dimensional parameters
(00,01, 60:,000,t) and the three-dimensional parameters M = (Mo, My, M3, Z1, Z3) as

My—Z M+ Z M, —Z
oo =TT g = TS g o ST
2 2 2
0. — —M02— Z1’ ¢ MitMs _ e2vri(Mé+Mg)7 (57)

where we have identified q with the Planck constant of the Fermi gas formalism of the four-
2 i}

node quiver as q = e = eQT, by consulting the result for ABJ theory (38). Then we can

identify how M should be shifted corresponding to each of the tau functions in the bilinear

equations (44)-(51). In this way, we can write down the schematic form of the bilinear
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equations which Tk s should satisfy, as

3d 3d _
(44) — OHTk,Mi(Z,O 0,1,0) +OHTI<: M=+(1,0,0,—1,0) +OHTk,Mi(0 -130-1H = 0,
+ +

2°2

3d 3d _
(45) = O 1;[ Tea+(2,00,3.0) T O H Temi(00-1.0 O HTk,Mﬂ:(o 1304 =0

2727

3d
(46) — O];[Tk,M:I:(%,O 01,0 T OHTk M=+(100-10) T OHTk Mx0,-}.-404) =0

3d
(47) — OHTk,Mi(%,O,O,%,O) + OHTk,Mi(Z,OO 1o T OHTk M+0,2,-10-1) =0

12

(48) HOHTI@M:I:(OI002)+OHTkM:tOlOOf— JrOHTkM:I:(ZOlf— o =0

R

(49) — OHTk,Mi(o,g,o 04 T OHTk,Mi(o,;,o 0-4 " OHTk,Mi(—f 0.5-30 =
(50) %OHTkMi(01001)+OHTkM:tOl007— JrOHTkMi(lo""o):O’

(51) — OHTk,Mi(o,;,o 0,1) +OH% M=(0,3,0,0,—3 +OHTk Mi(~1.0-1,10 =0
£

We see that the shifts in three terms in each equation are of the following form: (i) two coor-
dinates of M shifted by (+1/2,41/2), (ii) the same two coordinates shifted by (+1/2, F1/2)
and (iii) the other three coordinates shifted by (+o/2,+0’'/2,+0" /2) with (o,0’,0") one of
{(+++),(+—==),(=+—-),(—=+)}. Since Det(1+rpps) is invariant under W (E5) which is
generated by the simple reflections (22) it is natural to expect that the same equations exist
for all choices for the two components and the three signs, namely 4,C5 x 4 = 40 equations
in total. After all, our conjecture is that the Fredholm determinant satisfies the following
equations [2]:

Tl?%%( ) FkyMDet(l+/£[)M),

(a,b,0c,04,0¢) 3d (a,b,0c,0a,0¢)\£1
1(1 0c,04,0, HTkyMai%(5g+5g)(('71a Oc, 04,0 ) )
+f T "”H Moo sa o) (57777 k)

7b) cy »WYe b cy Ye :l:
+ 5T ] g oo boast sonse) (577777 Ry = 0. (59)
+

Here we have introduced the overall factors F, f1, f2, f3 and the parameters 1, vz, 73 associ-
ated with the relation between k and ¢ as unknown parameters. We would like to fix these
parameters by hand so that the bilinear relations are indeed satisfied.
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4.2 Fixing coefficients I f1, f2, f3,71,72,73

Since the bilinear relations (59) do not depends explicitly on x, let us first consider the case
k = 0 and determine f1, f2, f3 and F' from the following bilinear relations

(a,b,01,02,03) (a,b,01,02,03)
1 H Fk;Mﬂ%(ézMi) +fa H Fk,Mai%(és—ég)
+ +

,b,01,02,0:
+ féa 71:72,73) H Fk,Mn:t%(015é+ag5g+03§f¥) =0. (60)
+

Note that a part of the information of fi, fa, f3 can be absorbed into F', hence in the
mathematics context the coefficients of the bilinear relations are not regarded essential in
arguing the properties of g-Painlevé equations [48]. Hence a reasonable approach is not to
guess f1, fo, f3, F' at the same time, but rather to fix F by hand first and then ask what
f1, fo, f3 are. From the three-dimensional viewpoint there is a natural choice for F:

Fo.ve = Zi,ma (N = 0), (61)

with which T,?SVI is the grand partition function
o0
o = Brm (k) = > &N Ze m(N). (62)
N=0

Indeed, in the case of the ABJ theory the partition function at N =0, Z ,?’]1%/}](0) (26), satisfies
the second order g-difference relation
_ 2miM

ZeRl L (0)Z25]_1(0) = (1 — e 75 ) Ze R (0)?, (63)

which is the same as qP, (35). Hence we may expect that also in the current case Fj, pr =
Z,m (N = 0) will satisfy the 40 bilinear relations with relatively simple coefficients fi, fa, fs.

In [1] it was found that the partition function of the four-node quiver super Chern-Simons
theory (4) can be written in the following form

285 (1) 285 (L)
N!

N o o
/ TT 22 det ( (@il DiDolz)] gy (il Dada|~tr.s)]s) ) (64)

Zk’M(N) = eigk’M

2m [(tr,rldiDalzj)] gy [(tr.rldida|—tr s)](rs)

=1
where
Li=—-My—Ms+k, Ly=DMy—Ms+k, L=-—-M —Ms;+Ek, (65)

tn,r is defined as (28), and

s
Gk,M = E(MO — Ml — Mg)leg — ﬂleg — 2’/TM1(Z1 + Zg),
L 1T 94y 76— 9)
CS —_
Z:(n) = e H 2sin PR (66)

J<j’

The matrix elements of the (N + L) x (N + L) matrix in the determinant in (64) are written
in the notation of one-dimensional quantum mechanics (7) with the operators Dy, Ds, dy, do



g-discrete Painlevé VI equations from M2-branes 73

give as

2z, . 1 o s N 5 _Z1; N
S, () W Cr, (&), di=e *Cp, (2),

1
2 cosh E+riL
2

D1:€

Dy = Cy, (2 — 2miZs3) Sp, (& —2miZs), dy=Cp, (& —2miZs),  (67)

where

" 2ginh Etnr 1
Hr_l 2k On (33) —

Sp (x) =4" .
1, T+min ? n T—tn,r °
2 cosh £+ [[,—;2cosh =}

(68)

In particular, the partition function at N = 0 for various k, My, M, M3 is given in a
closed form as function of Zy, Z3 as

Zm(0) = €74 ™M Z05(L1) Z7 (La) det ([((t 1, |dY ' dY Y ~t 1 sN] o))
= &M Z08(11) 25 (o) det ([Ti,py 0, (L+ 1 =7 — s — Zy, {tp, o by U{2miZs + to, o 32 Dl ins) >

(69)
where I ,, (o, {8,}) denotes the following integration®
a n aBq
* dx er 1 ek
Il (8 = [ 3% = ‘ .
n a - Ik HZ:I 2 cosh wz;fa e—Tia _ (_1)ne‘n’za I; Ha’(;ﬁa) 2i sinh 5a2k,3a/
(70)

By using these results, we indeed find that Zy as(0) satisfies the following 40 bilinear rela-
tions:

6_%(UCC+0dd+aee)S§\? H Zk,Mi%(ég+6g)(O) + e%(acc+add+oee)55\? H Z}c,Mi%(ég—ég)(O)
+ +

3
+ S HZk,M:t%(océg+adég+aeég)(O) =0, (71)
+

where S](&I),Sﬁ[) and Sg‘j}) for each (a,b; ac,ad,ae) are

(a,b) = (My, Zy) — S\ =5, S =57, 8¢ =574,
(a,b) = (M3, Z3) — S\ = 55, S =55, &) =57,
(a,b) = (Mo, My) — S =8 =1, S =577,

(a,0) = (Mo, M3) — Sy} = 85 =1, 8§} =577,

(a,b) = (Mo, Z1) — s“) s =1, ¥ =g

(a,b) = (Mo, Z3) — S\ =S =1, S = g7,

(a,b): others — S(l) 5(2 Sﬁf) =1, (72)
with
My;s+Z
5’1/3 = 2sinh (1/+1/3) (73)

5Here we ignore the issue of convergence of the integration in It » (70) as well as the convergence of the
original integration (64), which we address more carefully in a coming paper [35].
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The expression (64) also allows us to calculate Zj, pr(N) for N > 0 for various values of
k, Mo, My, M3 and as a function of Z;, Z3. For the details of the calculation, see [2]. With
these exact values, we find that the correct choice of 71,79,7v3 with which gPyy bilinear
relations are satisfied is very simple:

"= ]-a T2 = _]-a V3= —i. (74)

Namely, 71, 72,3 are the same for all 40 bilinear relations and they do not depend on k, M
either. Indeed, since the Fredholm determinant Det(1 + kpaz) is invariant under W(Ds),
we can generate several equations for the same choice of the shift directions (a,b; 0., 04, 0c)
as the Weyl orbit of the other equations. In order for these equations to be satisfied at all
order in x, the M-dependence of v’s is highly constrained and it is rather unlikely for v’s to
have a non-trivial dependence on M. In summary, we conjecture that the grand partition
function (62) satisfies the following bilinear relations

67%(acc+add+aﬁe)s(1) H Sk Ml (6a+6b)( ) + eLk(UcC+Jdd+UE€)S(1) H Bl (5a_5b)( IQ)
+ +

)TT= .
+ SI(W) H‘:k,M:t%(Ucég+ad6g+aeég)(¥Z"$) =0. (75)
+

Here let us display one of the simplest non-trivial examples to see that (75) is actually
satisfied. For simplicity let us consider the bilinear relation labeled by (Z1,Z3;00, =
—1,00m, = +1,0m, = —1) at (Mo, My, M3) = (—3, ;,kf 1). The bilinear equation involves
the grand partition function evaluated at the following six points:

1 1 1 1
<M0:—§,M1 =5 Mz =k — Zli 5 43+ 2) — (L1, L2, L) = (1,0,0),

1 1 1 1
(Mo = —3. ﬁ,Mgfk—i,Zlii,qucﬁ)a(Ll,Lz,L)—(l,o,ox
(Mo = =11,k = 1,21, Z3) — (L1, L, L) = (2,0,0),
(MO = 0,0,k Zl,zg) — (L1, Ls, L) = (0,0,0). (76)

Here we have written the rank variables both in terms of Mg, M, M3 and in terms of
L1, Lo, L to visualize the simplicity of this choice for the purpose of calculating exact values
of Zp p(N) from (64). At order x° the bilinear relation reduces to (71), which is

. _3mi . B3mi
ie” % 1] Zncs it zmet, 200 (0) —ie ™ [ Zica i et ziat 2,71 (0)
+ +
+ Zr(-1.1.k6-1,21.23) (0) Zk(0,0.8,21,25) (0) = 0 (77)

for (a7 b7 O¢, Udvo-e) = (Zlu Z?)a OM, = _17 oM, = +170M3 = _1) at (M()v M17 Md) = (_%7 %7 k—
3). From (69) we can calculate the relevant Z; az(0) as

Zk,(*%,%,k*%,zl,z\g) (0) — eﬂi[(*ﬁ*2)2123*(zl+z3)]k*%7

if(—+— 143— 1 - - T
Zk,(fl,l,kfl,Zl,Zs)(O) = mil-x =221 2= 2AZ1+Z5)] 1 (2 sin E)’
Z1e(0.0,k.21,2) (0) = 2778, (78)

Substituting these into the left-hand side of (77) we find that (77) is indeed satisfied. To test
the bilinear relation at higher order in « it is useful to write them in terms of the normalized
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grand partition function

—norm Ek M(K’) . N Zk M(N)
= K)=—="—==1+ K = 79

After substituting (78), the coefficients of the bilinear relation (75) for (a,b;o.,04,0¢) =
(Z1, Zsiomy = =100, = +1,00, = —1) at (Mo, My, M3) = (=%, 1k — 1) reduce as

P~ —norm . % —norm _
e Eh(ed kb zy ety (R) F e Eh(ot h kb b zeg ) (TF)
+ +
+ (2sin =) Zporm (—ir)ZR0 (ik) =0 (80)
k —k,(-1,1,k—=1,2,,Z3) —k,(0,0,k,Z1,Z3) - Y

Zy (1)
ZkyM(O)
these rank variables (My, M7, M3) are cumbersome. Here for simplicity let us further set k

to k = 2, where we have [35]

1

Let us look at this equation at order x'. The exact expressions for evaluated at

Zk,(—l i k—l,Zl,ZS)(l) _ —n Y 4+ 2i71 25 — Z1tanwZy — ZstannZs — itan w2y tan w2

272 2
Zh(—é,é,k—%,Zl,Zs)(O) 16 cos w271 cos 23
_mi . : _ mi(Z1+23) . mi(Z1—Z3) . _mi(Z1—Z3) mi(Z1+23)
2(cos mZy + cosmZ3) — 2~ T ™41 %3 (¢ T 4ie T +ie s de T o)

64 cos?2 w7 cos? w73 ’
Zi(=1,1,k-1,21,24) (1)  —Z1Z3+i(ZycotmZy + Zzcot mZ3) — im~l + cot w2y cot w23

Zr,(~1,1,k-1,21,25)(0) 8sinmZy sinmZs
e™%123 (1 — cosTZy — cosTZ3 — coSTZy COSTZ3)
16 sin® 7 Z; sin® w73
Z3,00,0,k,21,25) (1) A

= — - . 81
Ze(0,0,k,21,75)(0)  8sinmZysinmZ3 (81)

)

Substituting these into the left-hand side of the bilinear equation (80) one can see that the
equation is indeed satisfied at order k.

5 Conclusion

In this paper we have reviewed the discrete symmetry of the normalized partition function
ZZ’;MT%) of the UN — My — Ms + k)giz, x UN = My — Mz + k)o—iz, x UN + My —
Ms + k)_k,—izs x U(N)oz, circular quiver super Chern-Simons theory which describes
multiple M2-branes probing (C2?/Zy x C2?/Z3)/Z,. This theory enjoys discrete symmetry
induced by the Hanany-Witten effect under the exchanges of the 5-branes in the type IIB
brane construction of the theory. In the Fermi gas formalism of the partition function,
this symmetry is realized as the discrete symmetry of the density matrix pps up to the
similarity transformation, which corresponds to the coordinate transformation of the curve
pas (x,p) = const.. From the Fermi gas formalism, we also find that the normalized partition
function has a larger symmetry which is the Weyl group of D5 = SO(10). Furthermore, the
Fermi gas formalism with the genus-one quantum curve with W (Ds) symmetry, together
with the TS/ST correspondence and the g-uplift of the Painlevé/gauge correspondence,
suggests that the grand partition function =y as(k) (62) satisfies the Hirota bilinear form of
the g-discrete Painlevé equation associated with Ds, that is, gPy;. We have identified the
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explicit expression of the bilinear equations for Zi az(x) and provided a non-trivial check for
these equations by using the exact values of Zj ps(IV). Our result is a non-trivial extension
of the known connection between the grand partition function of U(N)x x U(N +M)_; ABJ
theory and qPrrr, [22]. Interestingly, the bilinear equations we have identified are satisfied
by the unnormalized grand partition function Zj az(x) which is different from the Fredholm
determinant of the curve Det(1+4 kpar) by an overall factor Zi ar(0). Actually, it was crucial
to notice this fact, namely that the bilinear equations are satisfied by Zj ps(0) themselves,
in identifying the concrete coefficients in the bilinear equations. Since Zy az(0) is not related
to the quantum curve, this fact may also suggest that there is another way to understand
the relation between the matrix models and g-Painlevé equations which do not rely on the
Fermi gas formalism and the TS/ST correspondence.

At the moment, although there are many pieces of evidence for the relations between
the matrix models and g-Painlvé equations, a direct proof is still missing. However, there
are several analogous relations between matrix models and integrable systems which are
actually proved. For example, the relation between the ABJ matrix model and qPry, was
proved in the “dual 4d limit” [49] where the ABJ matrix model reduces to the O(2) matrix
model [50] and the qPrpr, reduces to the Painlevé IIT; differential equation [51]. There is
also a related study for higher Painlevé equation [52]. It would be interesting to prove the g-
Painlevé bilinear relations for the grand partition functions directly from the matrix models
hinted by these known results. Finding such a proof would also give an indirect proof for
the T'S/ST correspondence, as claimed in [49] for ¢ — 1 limit.
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