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1 Introduction

Infrared properties of scattering amplitudes on asymptotically flat spacetimes have garnered
considerable interest over the past decade in large part due to their relationship with asymp-
totic symmetries [1, 2, 3, 4, 5, 6, 7]. Of central importance in these developments are soft
theorems, which describe the factorization of scattering amplitudes when one or more of the
particles have a vanishing energy, or soft, limit. For concreteness, we consider the case of
an n + 1 particle amplitude M,,+; amplitude comprising of n hard particles with momenta
pn and a single soft particle with momentum % and polarization € in D > 4 spacetime
dimensions. The soft theorem then informs us that in the & — 0 limit we have

Mn+1(57k;pn) = SMn(pn) (1)

where S is the soft factor that depends on all the momenta in the process and the
polarization of the soft particle, while M, is the hard particle amplitude excluding the
soft particle. For the remainder of this paper, we work in D = 4 spacetime dimensions,
where properties of soft theorems and their relationship with asymptotic symmetries are
best understood. On expressing the soft particle momentum as k = w(1, lAc), where w is
the frequency and k the orientation, we generally have the following expansion of S in the
w — 0 limit

1
S = ;A0+lnw71A1—|—A2—|—O(w), (2)

with the A;’s (i = 0,1,---) being specific to the soft particle considered and the hard
particle amplitude. In this regard, Weinberg [8, 9] showed that the leading divergent term
in (2) takes on a universal form for the soft photon and graviton cases for all gauge and
diffeomorphism invariant theories, regardless of the amplitude for the hard particle. This
follows from the gauge invariance of the leading soft photon factor being a consequence of
charge conservation for the hard particles, and likewise diffeomorphism invariance of leading
soft graviton factor is a consequence of a conserved stress energy tensor. The indicated
subleading terms in (2) are also universal in the soft graviton case for all amplitudes, and
the diffeomorphism invariance of these terms is a consequence of angular momentum con-
servation [5, 7]. The higher order subleading contributions contained in O(w) are generally
theory specific and involve loop corrections from the amplitude.

The importance in better understanding the soft expansion comes from two broad classes
of developments on asymptotically flat spacetimes. The first of these concerns a web of
relations known as the ‘infrared triangle’ in D = 4 spacetime dimensions [1]. The leading
soft theorem (with S in (1) involving the leading divergent term of (2)) can remarkably be
derived from a symmetry principle. Gauge and gravitational fields can involve large gauge
transformations that survive across null infinity, and soft theorems for the corresponding
fields are equivalent to large gauge Ward identities satisfied by the S-matrix. On the other
hand, one can Fourier transform the leading soft factor to position space to derive the change
in the asymptotic gauge or gravitational fields after the scattering process. This is known
as the memory effect, and in particular one can derive the linear gravitational memory
effect [10] from the Fourier transform of the leading soft graviton factor. The infrared
triangle is conjectured to hold for the soft expansion with appropriate modifications. For
instance, the Fourier transform of the subleading Inw~! term in (2) provides a subleading
tail to the leading memory effect [11], [12].

The second development in recent years involves a novel proposal for flat spacetime
holography, based on a celestial conformal field theory (CCFT) defined on the celestial
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sphere at the asymptotic boundary of flat spacetime [13, 14]. This conformal theory can be
derived by transforming the usual momentum eigenbasis to boost scattering states. Hence
asymptotic plane waves map to celestial conformal primary wavefunctions on the celestial
sphere at null infinity, while scattering amplitudes map to celestial correlation functions.
These correlators satisfy the symmetries of scattering amplitudes in flat spacetimes, and as a
consequence, they have several differences with correlation functions of a standard conformal
field theory (CFT) in two spacetime dimensions. Some of these differences include conformal
primary wavefunctions with a complex spectrum (having a scaling dimension A = 144 with
A € R) providing a complete basis for normalizable massless scattering states, and correlation
functions with a 6(z — 2z) contribution, with z the conformal cross ratio [15, 16, 17, 18].
The latter is the manifestation in celestial correlation functions of translation invariance in
momentum space scattering amplitudes. Soft theorems also have an important role in that
they constrain the operator product expansion of celestial correlators and hence the infrared
structure of CCFTs [7].

In light of the above, it is interesting to consider the existence of similar structures from
the infrared limit of scattering processes on Anti-de Sitter (AdS) spacetimes, as it provides
us with our best understood example of holography — the AdS/CFT correspondence [19].
Some immediate problems arise in trying to explore generalizations of soft theorems more
generally on backgrounds with a cosmological constant. For one, the relevant asymptotic
observables are not scattering amplitudes due to the absence of asymptotically free states.
In addition, the presence of an inherent length scale of the spacetime implies the absence
of a strict soft limit as for particles on asymptotically flat spacetimes. On such spacetimes,
we can however always consider the vanishing cosmological constant limit, or equivalently
the large spacetime radius limit, to recover locally asymptotically flat regions on which
scattering processes are governed by a S-matrix. We will be interested in asymptotically
AdS spacetimes on which holographic aspects can be cleanly investigated. In the large AdS
radius (L) limit, the holographic dual of boundary correlation functions have been shown
to reproduce the S-matrix in a flat spacetime region within AdS [20, 21, 22, 23, 24, 25, 26].
More recently, the soft photon theorem for scattering amplitudes on this patch has also been
realized as the U(1) Ward identity satisfied by boundary operators using the AdS,/CFT;
correspondence [27], where w approaches zero, with the condition that L goes to infinity
first. Thus a road map to the broader goal can be posed through the following question —
Are there L' corrections of flat spacetime results to leading order in frequency, that can
provide a perturbative approach to the factorization of scattering in AdS?

In this paper, we review results derived in [28] and [29] that confirm the existence of L~2
corrected soft factors for the S-matrix in the L — oo limit of AdS4. The results in [28] make
use of classical soft theorems [11, 30, 31, 32, 33|, wherein the classical limits of soft factors can
be derived from radiative solutions in the classical scattering processes. On asymptotically
flat spacetimes, this approach is applicable when the soft particle wavelengths are far larger
than the scattering impact parameter while the energy of the soft radiation is far less than
the energy of the scatterer. The analysis in [28] provides two additional aspects on D > 4
AdS spacetimes. The first of these is that the impact parameter, while large, has an upper
bound of the AdS radius L. The second is that the ‘soft limit’ of the radiation now involves

a double scaling limit, in which we take w — 0 as L — oo whiley = lim wL > lisa
w—0;L—00

large constant. This formally results in corrections of =2 for each of the terms appearing
in (2). We derived the leading =2 corrections to the leading and first subleading terms in
(2) in the soft photon and soft graviton cases.

In [29], we further established that the L2 corrected soft photon factor is that for the
usual S-matrix in the flat spacetime patch within AdS. Our analysis followed [27], where
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the relationship between bulk gauge fields and the boundary U(1) current was derived using
the Hamilton, Kabat, Lifschytz and Lowe (HKLL) bulk reconstruction [34]. This approach
furnishes a derivation of the soft factor, and realizes soft theorems as a U(1) Ward identity
with a fixed boundary current. On generalizing this approach to order L™2, we can recover
the classical soft theorem result. Yet another consequence from the analysis in [29] is that
the HKLL kernels can be shown to admit an infinite series expansion in powers of L~2 and
thus our result provides the leading AdS radius correction to the soft photon factor.

We review the derivations and results of [28] and [29] in Sec. 2 and Sec. 3 respectively.
Collectively, these results establish the existence of L=2 corrections to the soft photon factor
for scattering amplitudes in flat spacetime regions within AdS,4, and that they have a holo-
graphic interpretation. Directions for further research in light of these results are discussed
in Sec. 4.

2 Derivation from classical soft theorems

In this section, we briefly review the derivation of L2 corrected soft factors for flat spacetime
regions within AdS, using classical soft theorems [28, 35] We further discuss how the soft
photon result motivates an equivalence between a perturbed large gauge Ward identity and
the L=2 corrected soft photon theorem.

Due to the absence of asymptotically free states, AdS spacetimes lack a globally defined
S-matrix. Hence the derivation of soft factors for scattering amplitudes in an infrared limit
of the particles as on asymptotically flat spacetimes is not immediately clear. However,
classical soft theorems [11, 30, 31, 32, 33] allow for the derivation of classical contributions
to soft photon and graviton factors for certain scattering processes. These theorems can be
applied when the change in the energy of the scatterer does not significantly change over
the process (AFEscatterer << 1), while the emitted radiation wavelength is far larger than
the impact parameter (Apadiation >>> b). Probe scattering processes are among those that
realize these criteria. Such scattering processes along with the other essential requirement
that they be gauge and diffeomorphism invariance, can be realized on AdS spacetimes. This
motivates our analysis in this section on a globally AdS, spacetime.

For the electromagnetic case, classical soft theorems provide the following relationship
between the classical limit of the soft photon factor and the emitted electromagnetic radia-
tion of the scattering process

D—2
lim €a, (w,T) = '@ Hebs (w) ’ iSﬂat (3)
w—0 K ’ 27TiR0bS 2w

In (3), for a D > 4 dimensional spacetime € is an arbitrary polarization vector of the
photon, a,, is the radiative solution for the electromagnetic field in frequency space, Sfat g
the soft photon factor and R, is the distance of soft photon from the scattering center.

On spacetimes that possess a flat spacetime region, we can consider (3) to hold perturba-
tively. Hence a perturbative correction for a radiative solution a, on AdS spacetimes should
provide an appropriate correction to the classical limit of soft factors of flat spacetimes. To
investigate this further, we consider the Reissner-Nordstréom AdS, spacetime in isotropic
coordinates (¢,z*). In these coordinates we have the metric components

p? p?
900:—<1+2¢+L2>, goi =0, gij=5ij<1—2¢+w>~ (4)
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and gauge potential

@) =2 = -Fo @), 8
where we defined
M
6@ = 5. ©)

and p = |Z|. The scattering of a charged probe particle on this background can be carried
out in a manner satisfying the criteria for classical soft theorems, as detailed in [28, 35]. To
this end, we introduce a probe with mass ‘m’ and charge ‘¢’ moving along a worldline
trajectory (o), [36]

dr# drv q dr#
Sp=— dor| —gp—————+— | doA,—. 7
P m/U g“dada+47r/gﬂda (™)
and consider linear perturbations of the spacetime. In (7) % = u* is the tangent to the

worldline of the probe. We computed the perturbations h,, of the metric and a,, of the gauge
field by respectively solving the Einstein and Maxwell equations. The procedure is based
on the well known Synge world function formalism [37, 38, 39, 40]. While this procedure is
straightforward, the technical details are quite involved and we refer the interested reader
to [28, 35] for further details. In the following, we summarize the main consequences due to
the presence of a large AdS radius L and the result for the leading soft photon factor.

Probe scattering in the flat spacetime limit (L — oo) would require that we consider a
large impact parameter, with p > GM > v/GQ and hence where the black hole effectively
acts as a point particle scatterer. In considering L' corrections to this result, the regime
for probe particle scattering gets modified to GM << p << L. As a consequence, pertur-
bative solutions about the flat spacetime region appear in terms of dimensionless quantities
constructed from L. This can affect the emitted electromagnetic and gravitational radiation
and the trajectories of the hard probe particle, which we discuss in turn.

Corrections to the flat spacetime radiative solutions are found to involve powers of
w™2L72, Thus a soft limit (w — 0) for the perturbative solutions is well defined through a
double scaling limit, where w approaches zero as L approaches infinity, while maintaining
the product wL — 7 as a large constant. The application of the double scaling limit on
radiative solutions thus identifies corrections in powers of v~2 for soft factors in the flat
spacetime region. We also note that frequency modes in global AdS are formally discrete
and a continuous frequency spectrum in flat spacetime regions within AdS requires a double
scaling limit. Here, this condition is required to make the perturbative approach about the
flat spacetime region consistent with the soft limit of the emitted radiation.

For the probe particle, we can parametrize its asymptotic trajectory as

. 3 % 2
F(t) = Bat — Cy By Int| + D13 (8)

where (4 is a constant vector, Cx and D4 are constants, and + (—) denotes the outgoing
(incoming) probe particle. The In|¢| term is due to long range Coulombic interactions in
D = 4 spacetime dimensions, while the %22 term results from the AdS potential. However the
AdS potential term only contributes to radiative solutions to subleading O(L~*) corrections
to the soft factor. This implies that the v~2 corrected soft factors should be relevant for the
usual S-matrix in an asymptotically flat spacetime region within global AdS spacetimes.
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Lastly, we can apply (3) to derive soft factors by considering the low frequency expansion
on the radiative solutions. We derived the electromagnetic and gravitational radiative solu-
tions up to the leading (w™!) and first subleading (Inw™!) terms, each being accompanied
by their respective =2 corrections. These terms provide corresponding expressions for soft
factors using (3). While this result is formally in terms of one incoming and one outgoing
(probe) particle, it is straightforward to generalize the final result to multiple hard particles.
In the following, we consider the case of the leading soft photon factor which is relevant for
subsequent discussions. For a process involving n hard particles with charges @ (4), momenta
pfba) with 7, = 1(—1) for outgoing (ingoing) hard particles, and a single soft photon with
momentum ¢* and polarization ¢,, we find the leading soft photon factor result

SO — gOsF 4 g(O)L (9)
. enD,
Sé?g’F ZQ(a)n(a ( )(aq) (10)
a=1

wPla) Pl
2
@9 (p(a)-q)

(9) provides the leading w~! divergence in the soft photon factor, while the 58(22 F and

égg L respectively denote the flat spacetime result and its v~2 correction.

While the above result is for the soft photon factor, it can be used to predict a perturbed
soft photon theorem across null infinity of the flat spacetime region within AdS,. This follows
from two observations, one for the leading soft factor and the other on the corresponding
scattering process. The leading soft factor (in both gauge and gravitational theories) is
universal for scattering amplitudes to all loop orders. We in addition noted that the soft
factor up to L~? corrections are those for scattering processes whose asymptotic trajectories
are those for asymptotically flat spacetimes. Hence the soft factor in (9) can be considered as
that for a hard scattering process described by a S-matrix in the flat spacetime region within
AdS,. Tt also follows we require a perturbed soft photon mode to satisfy a soft theorem,
with (9) the corresponding soft factor for the amplitude. Denoting the scattering amplitude
for a hard process within the flat spacetime region as S, we have a perturbed soft photon
theorem

S(OiL 4 — ZQ DU —

tim o ((ont|a2 ¥ Sfin) + . fout]a?™ ¥ () Sfiny ) = (SO + SQL) (out/Slin) (12)
w—

~out;F(+)

with az the flat spacetime soft photon mode that provides the Weinberg soft photon

2

factor S , while @ b g perturbed mode responsible for the v7# corrected soft

factor S(O) " The form of the Ward identity in (12), in referring only to the outgoing
positive helicity soft modes, follows from the C'PT invariance of the amplitude [1]. We
also note that while classical soft theorems provide results for soft factors, they provide
no inference on the S-matrix or the soft modes. Thus (12) involves a constant ny as the
coefficient of the perturbed mode as a possible ambiguity.

We will now evaluate (12) for a massless scattering process, which will be relevant for
comparison with the results of the next section. We assume k incoming and outgoing
massless hard particles with momenta p}, energies E > 0 and coordinates {z,Zz;} for
the particles location on null infinity of the flat region, and a single outgoing photon with
coordinates {z,, Z,}, energy w (which will be taken to be soft) and polarization /|
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FE
pZ :nkﬁ(l‘i‘zk,gk,zk +2k,*i(zk 72]6),1 *Zkzk) ,
w _ _ . _ _
q" = @(l—kzqzq,zq—kzq,—z(zq—zq),l—zqzq)
1 .
6115(2%1,72,72(1), (13)

We can use (13) to derive expressions for SEUF and SO i n (9), and subsequently (12).
For the flat spacetime mode, we recover the Weinberg soft theorem result

2 u
lim Lw_(out\m & F ( +) #)S|in) = anQk

I a2 <out\S|1n> (14)

while the corrected mode satisfies

(14 z121)% (1 + 2,7,)° .
#)Slin) = 16 — Z%Qk Ga— 202 (70 — )8 (out|Slin)

(15)

2 .
lim Lnf(out\&‘i v L(H(
w—0 (1 + 24Z4) q

Thus classical soft theorems predict a y~2 correction of the Weinberg soft photon theorem
in a flat region within AdS, spacetimes that arises in taking L — oco. While the scattering
process in the flat region may involve corrections to the S-matrix, the v~2 corrections of the
soft factor are those for a flat spacetime S-matrix (involving hard particles with asymptotic
trajectories of a flat spacetime). The appearance of L~2 corrections as v~2 arises from a
double scaling limit (on the frequency and AdS radius) as the appropriate soft limit on AdS
spacetimes.

A remarkable property of (14) is that it can also be derived from large gauge trans-
formations and is equivalent to a large gauge Ward identity [1]. This follows from gauge
transformations on the asymptotic fields. In this regard, we note that (15) may likewise be
realized from a perturbed Ward identity resulting from L2 corrections of the gauge param-
eter for large gauge transformations [28]. In the following section, we will be interested in
an AdS, specific correspondence — the equivalence of (12) with a U(1) Ward identity of a
boundary CFTs.

3 Derivation from CFT3; Ward identity

We will now consider the derivation of L~2 corrections to the known soft photon theorem
for a S-matrix defined on the asymptotically flat spacetime patch in AdS4. Our approach
follows that of [27], generalized to L~2 corrections. We consider the AdS, spacetime metric
in global coordinates
ro L a4 (p)ac 16
—M[—T+P+bm(ﬂ) Q}a (16)

with dQ2 in terms of complex stereographic coordinates {z, z}. Substituting

p = arctan (%) ; T= % (17)
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n (16) and taking L — oo, we recover an asymptotically flat spacetime patch centered
around global time 7 = 0. We will be interested in the description of a scattering process
in this region. From the classical soft theorem result, we further expect corrections to soft
factors of the S-matrix in the flat spacetime patch. In the previous section, we noted that
this correction can be associated with a perturbed soft photon mode. This will be further
established from the analysis in this section. One possible interpretation of the result is
that the soft photon can propagate beyond the flat spacetime region, which manifests as a
perturbed mode on the boundary of the flat spacetime region.

In the flat spacetime region, we adopt coordinates y = {t, 4} = {t,r, z,z}. The photon
momentum is parametrized as ¢ = w{l,{} with w the frequency, § the orientation and

= 0. The spatial component is thus ¢ = wq. The photon polarization vectors are denoted
by s#) which are normalized as 6(+) (=) = 1 and where X is the helicity (£) . We may
then define photon creation and annihilation modes from gauge fields in position space for
the flat spacetime region in the usual way

ey
&f;‘) = tgmooz/d?’ge()‘)“eﬂq'y 0o AL(y), (18)
. — A
&((TA)T _ tlgmw _i/d?)gg(/\)*uetqy N A#(y) , (19)

with ¢ — oo (t — —o0) providing the outgoing (ingoing) modes in (18) and (19). These
modes satisfy the canonical commutation relations

[a,a07] = ™ (212000 (- 7). (20)

In addition, the choice of spherical coordinates in (16) leads to the following expressions
for the positive helicity polarization vector and outgoing plane wave state

Lt as
S(H)e - LT 22

\/ﬁr , e—iq~y — ezwt —iq.7 _ 1wt47.r Z jl’ rw Y’m’(Q)YTm’(Qq)v (21)

U,m’

with Y}, () the spherical harmonics and j;(v) the spherical Bessel function of order !
that is related to the Bessel function Ji(v) via

s

%JH%('U) . (22)

Similarly for the hard particles involved in the scattering, we can define flat spacetime
modes in terms of bulk fields in position space. We will be interested in applying a Lorentzian
HKLL bulk reconstruction to express (18) and (19) in terms of derivatives of a boundary
U(1) current. This will follow from relating A, (y) with the boundary current using the
HKLL reconstruction, which can be expanded in powers of L™2. As a consequence, we may
derive the L2 corrected soft photon modes using (18) and (19) from the corresponding L2
corrected expressions for /lu(y) in terms of the boundary current.

There are additional aspects regarding the reconstruction of flat spacetime patch modes
from boundary operators of AdS,, which identify a correspondence between the boundary
regions [27]. We now briefly recall the general procedure for all flat spacetime modes before
turning our attention to the derivation of soft modes. The AdS, spacetime is foliated in
terms of global Cauchy slices at constant 7, whose L — oo limit recover asymptotic slices
of the flat spacetime region. Formally, the domain of dependence is 7 € {¢,5 — ¢} and

Ji(v) =
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7 € {—% + ¢, —¢€} respectively for past and future Cauchy slices. The scattering process
in the flat spacetime region takes place over a O(L~!) window about 7 = 0. The bulk
fields in position space can be expressed in terms of boundary CFT currents using HKLL
kernels [34], which provide a way to derive modes of the flat spacetime region in terms of
CFT boundary operators. The procedure when applied to massless and massive bulk fields
has a 7 dependent phase that identifies a correspondence between asymptotic regions of
the flat spacetime patch and regions of the AdS boundary in the L — oo limit. Future
(past) bulk massless fields are reconstructed from boundary operators in a O(L~!) window
about 7 = % (7 = —7%) denoted by It (Z7). Future (past) bulk massive fields on the
other hand, have a complex 7 dependence and in the L — oo limit are reconstructed from
analytically continued Euclidean regions at 7 = 7 (7 = —%) denoted as OM (OM_). In
this way null, timelike and spacelike infinity of the flat spacetime region can be identified

with corresponding regions of the AdS boundary, as depicted in Figure 1.

oMy
I+ =3
I+
T=0
-
I r=-3
OM_

Figure 1: Massless bulk field modes defined across future (pink) and past (blue) null infinities
of the flat spacetime patch have a respective correspondence with boundary currents on I+
and 7~ of the AdS boundary. This support is identified from the L — oo limit of bulk fields
which define modes on the flat spacetime patch. The Z* are defined around 7/ = +35. We
have further indicated the trajectory of a soft particle (yellow), whose global propagation
(dashed) might be considered as manifesting in =2 corrected soft factors on the flat patch
boundary. A similar analysis on massive fields provides a correspondence between timelike
infinities % of the flat patch and Euclidean caps OM.., while spatial infinity i is related
with the 7 € {—7 , 5} region.

The bulk gauge field in AdS4 can be reconstructed from a CF T3 current by specifying an
asymptotic boundary condition and describing the modes in terms of boundary integrated
expressions over HKLL kernels. We denote a bulk point in AdS, by X = {7,p, 2,2} and a
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boundary point by o' = {7/, 2", z’}. The scattering process we will be interested in involve
massless hard particles, and hence have no Coulombic modes. Hence on a fixed 7 Cauchy
slice, we impose the following holographic boundary condition

lim A, (p,a") = cos(p)ju(@') (23)
p—5

with j,(z’) a conserved U(1) boundary current of conformal dimension A = 2, acting as
the source for the bulk gauge field. The choice (23) will provide the Weinberg soft photon
theorem in the absence of magnetic charges. Due to the additional absence of Coulombic
fields, the bulk gauge field is radiative with non-vanishing components for = z, z.

The integrated expressions over HKLL kernels follow from solutions of Maxwell’s equa-
tions in AdS, considered in a spherical harmonic decomposition [41]. There exist ‘vector’
(A = 2) and ‘scalar’ (A = 1) type solutions, which respectively will be in terms of the curl
and divergence of the boundary current. The HKLL prescription then provides the following
expression

Au(X) = /d3 '[ V(X 52l Vg + K3 (X 12" Vi
+ (KY) (X300 Vi + (K5) (X 52 0™ Varjiy | (24)
where €Y' and V. respectively are the boundary Levi-Civita tensor and covariant

derivative, while the + signs on jbi, indicate positive and negative frequency solutions of the
boundary current. The boundary integral is

/ ' = T/ dr’ / asy (25)

with the 7 integral being {—=,0} for ingoing states and {0,7} for outgoing states,
simply denoted as 7 in (25). The K and K;f in (24) are respectively HKLL kernels for
‘vector’ and ‘scalar’ type components of the Maxwell field, with non-vanishing components

KY(X3a) = MZmNVY;n (@) 0Yin () Zwalp, 77| (20)
KY (X ;2 —fﬁzl:mf\/v ") 0= Yim (Q )Hml(Pﬂ'aT/)‘Aﬁ (27)
K3 (X ;) ,;:mNSYlm ) 0:Yim () Zwalp 7, 7)| (28)
K5 (X ;l:mNSY”” ) 0:Yim () a7 7| (29)

and

) / 1
Zalp,m,7) =) gin!* peos® L py Fy (n A+ A— 5‘ cos? p) , (30)

By substituting /lu(X) in (18) and (19), we can thus derive the flat spacetime and leading
perturbed soft photon mode by expanding up to L~2 corrections. Subleading AdS radius
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corrections in (24) can arise from E,; in (30) and possibly the normalizations in (26) - (29).
We first discuss the contribution from (30). The frequency modes w, in (30) can be noted
as being discrete (running over positive integers) and has the following relation with the
scaling dimension A, discrete energy label £ and angular momentum mode ,

Wi =26+ A+1. (31)

These modes can provide a continuous frequency w in the flat spacetime region by re-
quiring that they are dominated by large values of x and scale with L in the L — oo limit,
i.e. wyx ~wL. Then the sum over « can be traded for an integral over w in (26) - (29),

; - % / dwL. (32)

On using w, = wL and 7 from (17) in (30) we find

iwL(r—7') _ jiwt —iwLt’

e e“te ,

and hence there are no L2 corrections from the phase in (30). However, the substitution
of p from (17) in (30) does lead to a result that can be systematically expanded in powers
of L=2. The expansions leading up to this result are considerably involved and make use of
several identities and expansions for the Euler Gamma and hypergeometric functions [29].
We find the result

Exlp,7,7) =—(ﬂ)-leiwteiwL(T’H)Z{jl(m)(H 1 (l(l+1)_(m)2>)

A=2 2w2 L2 2 3

1 m (l(l+1) 0\ 2rw , 1
2w2L2\/2rw( > +(’“°’>)3Jz+;<m> O\ )

(33)
2
- / (] it —iwL (T FE) r). 1 i +1)  (rw)
HI'Cl(p y T T ) A=1 (:l:Z) € e ((.OL) L {]l(rw) (1 + 2w2L2 2 3

1 [ (ll+1) 5\ 2rw 1
C 2w\ 2rw ( 2 +(rw) ) 3J{+§(Tw)} +0 <w3L3> ’

with the primes on the Bessel functions in (33) and (34) denoting derivatives with respect
to the argument. We note that the corrections appear in terms of w™2L~2 and this leads
to a well defined soft limit w — 0 in the flat spacetime region if we adopt a double scaling
limit w — 0 as L — oo. In addition, consistent with the requirement of being dominated by
large x modes, wL must be large and hence the w™2L~2 corrections to the flat spacetime
result are perturbative.

The other source of L2 corrections are the normalization constants NV and N in the
kernels (26) - (29), which are derived from the Klein-Gordon inner product applied to the
Maxwell field solutions

v 1 . s 1 i 1(1+1)
N = 411 +1) P NT= 4l +1)wL <1+2w2L2)’ (35)

(34)
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Thus by substituting (35), (33) and (34) in (26) - (27), we can find expressions for the
bulk gauge field up to L~2 corrections from (24). We can substitute this bulk gauge field in
(18) and consider the ¢ — oo solution and w — 0 limit to derive positive helicity and outgoing
soft photon modes. The L° contribution of the bulk gauge field recovers the result [27]

lim wia‘mt £ / dr / sy Ziz(), (36)

while the L2 corrected bulk gauge field gives the corrected soft mode [29]

lim w V2 gouti L) _ /dT /dQ /dﬂw
w=0 14242, 9 327r*y
(37)

We briefly explain the integral over 7/ over Z+ in the boundary of AdS,. The results in
iwL(T’—

1 =7 1 w_w2 ,
+2'7)? (1 + 2 70) D7 -

(2 — 20)" (24 — 20)”

(36) and (37) formally involve a phase e %), which is highly oscillatory except in a
O(L~') window about 7/ = Z. This results in a support over the region 7" in the boundary
of AdS, as previously discussed. However, if the domain of the integrand is understood as
being supported over f"’, we may simply consider the integrals as in in (25) over the entire
future boundary. In addition, we have a w=2L~2 — v~2 in (37) upon taking the soft limit.

As demonstrated in [27], the U(1) Ward identity can be shown to be equivalent to
the Weinberg soft photon theorem. We recall this in the following before addressing the
derivation of the L=2 perturbed soft photon theorem using (37).

The U(1) Ward identity has the integrated expression

/d%'a(z’)a,;mmj( )1 0) = ZQ, —ZQja(z;) (o|r{e}to),  (38)

with T{---} denoting the time ordering of the operators inside the parenthesis, and ®
a collection of CFT operators comprising of n ‘ingoing’ operators (7 < 0) with charges Q;
and m ‘outgoing’ operators (7 > 0) with charges @);. In particular, we recover the S-matrix
in the flat spacetime region from (0|7{®}|0) in the L — oo limit. The parameter a(z’) can
be specified to have the boundary expression

a(@)zr =€(@) = — (39)

From (39) we can recover the Weinberg soft photon theorem (14). The right hand side of
(14) is manifestly recovered, while the left hand side follows from the relationship between
soft photon modes and derivatives of the boundary current (36). Here we note that formally
we need to consider the sum over all incoming and outgoing soft photon modes. However,
upon using the C'PT invariance of matrix elements with incoming and outgoing soft photons,
the left hand side of (14) results simply from (36) with a factor of 4. In this way, the U(1)
Ward identity on Z1 of the AdS, boundary recovers the Weinberg soft photon theorem on
Z7 of the flat spacetime patch in the L — oo limit.
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3.1 Recovering the classical soft photon theorem result

The derivation of the L™2 corrected soft photon theorem from the U(1) Ward identity in (38)
can likewise be considered. From the preceding analysis, we note the crucial requirement on
the choice of gauge parameter ¢(2’) in (39) to recover the Weinberg soft factor. The choice
can be inferred directly from (36) and (37) by re-expressing these results as

\/E ~out; F (+) 1 3 1 (Al z =
w—)()wmaa —1 /d X E(m )D ]2/(‘%) (40)

2 ks 1 N -
R e <41>

w -
w=0 1+ 2474 ¢ 4

with €(2') as in (39) and € (2') defined as

1 14 2'7)? (1 + 2Z0)”
eL(:ﬁ’):ﬁ/de U+ =2) U+ zuz) (42)
8my (2 — Zw)” (2 — 2w)
Thus by now considering
@)z = (), (43)

in (38) and proceeding exactly as in the derivation of the Weinberg soft photon theorem,
we now arrive at the following L~2 corrected soft photon theorem

2w .
ggn})(lfwmutm;““ ) (wg)Slin) = [ k_Z LD eL<m’>Qk] (out|S]in),
=out k=in
(44)

The result in (44) however does not immediately agree with (15), as the former involves
an integration over intermediate angles that is absent in the latter. On inspection, the two
expressions will agree in a collinear limit of (44). In fact, the leading soft photon factor is
both soft (w — 0) and collinear (z, — z’) divergent [1], which is the case for (15) but not
(44). Hence the procedure we now discuss may be considered as a requirement to derive a
leading soft photon theorem with expected properties.

Due to the large L approximation, we expect a small separation between points on Z1 of
the flat patch parametrized by {z,, Z,} and those on T+ of the AdS, boundary parametrized
by {%’,Z'}. We thus consider |z, — 2’| =~ € with € < 1. In addition, we can consider taking
the collinear limit of {z,, ,Z,} with either {z,,2,} or {2’, 2’} by considering the following
expansion

2w = 2q + 0% 2, =2 466" (45)

where we made use of the property that |z, — 2’| ~ € to describe an equivalent expansion
about {z,,%,} and {#’,z'}. We can now use (45) to express the integrand in (42) in terms
of a leading piece independent of § and subleading corrections that are O(d). The collinear
limit thus corresponds to taking § — 0. The integration in (42) can be carried out to find
the following result

1 (1422)° (1427
RS ) P

()

+ corrections, (46)
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With the corrections in (46) indicating the contributions from the O(4) corrections that
are subleading in the collinear limit being considered. Hence using (46) in (44), we find

2 .
lim L%(out\dgut’ L) (4,2)S|in)
w0 (14 24Zq) I !

151\2 = \2 1=1\2 ~\2
~ L Z (1—1—22) (1+Zilzq3) Qr — Z (1:1_2'2_) (1+zqzq) Qs (out|S|in>

~ 22 (Zg — 2')%(2g — 2') (2 = 2')% (24 — 2')3

+ corrections (47)

k=out k=in

Thus we find that (47) agrees with (15) in a collinear approximation with the identi-
fication of n; = %. The derivation using the U(1) Ward identity hence fixes the overall

normalization of the soft photon mode that was undetermined from classical soft theorems.

4 Discussion and Outlook

In this paper, we discussed the soft factorization for scattering processes that arise in the
large AdS radius limit on asymptotically AdS spacetimes. It is well known that the infinite
AdS radius limit (L — oo) recovers a flat spacetime region with scattering processes de-
scribed by a S-matrix, the latter derivable from boundary correlation functions. One might
thus expect the S-matrix in the flat spacetime region to satisfy soft theorems known on
asymptotically flat spacetimes. However, due to a crucial difference between the soft limit
on AdS and flat spacetimes, this is not quite the case. While one can take w — 0 as a
soft limit on asymptotically flat spacetimes, we require the double scaling limit w — 0 and
L — oo on AdS spacetimes, with wL — v a large constant. This leads to L~2 corrections
manifesting as v~2 corrected soft theorems for scattering processes in the flat spacetime
region on AdS spacetimes.

We first considered the derivation of v~2 corrected soft photon theorem on AdS, space-
times using two distinct approaches. The first involved classical soft theorems, wherein
classical limits of soft factors can be derived from radiative solutions of classical scattering
processes. The usual requirement in probe scattering processes, that the radiation wave-
length be larger than the impact parameter, is now further refined to be less than the AdS
radius L. The double scaling limit naturally arises for well defined perturbative (in large L)
solutions about the flat spacetime region. As a consequence, classical soft theorems provide
the result that soft factors in a flat spacetime region within AdS involve y~2 perturbative
corrections. We then considered the derivation of the y~2 corrected soft photon theorem
in a flat spacetime region in AdSs using the U(1) Ward identity of the boundary CFTs.
This follows from the bulk gauge field being related with photon modes in the flat spacetime
region, as well as the U(1) current on the AdS boundary using HKLL kernels. A systematic
expansion of the kernels in powers of L2 results in y~2 corrected soft photon modes and
a v~ 2 corrected soft photon theorem from the U(1) Ward identity. This result matches the
classical soft theorem result in a collinear limit, where the asymptotic angular separation
between the soft, hard and intermediate particles is small.

The above results for v~2 corrected soft theorems are understood in the context of a
S-matrix in a flat spacetime region within AdS. However, this naturally raises the question
on the status of y~2" for n > 2. It is clear that in considering L~2" corrections, there will
be corrections to the hard particle trajectories and hence the S-matrix of the scattering
process. Likewise, the effect of backreaction will also require the consideration of inverse
AdS radius corrections of the flat spacetime metric. It would thus be useful to identify
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approaches that provide these higher order corrections for scattering processes within a flat
spacetime region of AdS. Some interesting avenues towards exploring this have been recently
advanced in the literature. This includes the consideration of scattering processes with
dressed external states, which unlike the usual S-matrix in the Fock basis, can account for
asymptotic interactions of gauge and gravitational fields in D = 4 dimensions. The dressed
formalism was recently proposed to revisit scattering processes involving a soft photon in
the L — oo limit of AdS, [42], with the leading Weinberg soft factor now appearing in the
Fadeev-Kulish dressing. This approach can be used to address scattering processes away
from the L — oo limit, and the generalized dressing that includes the y~2 correction was
derived in [43]. Another interesting approach involves Witten diagrams, whose large L limit
could provide the corresponding v~2" corrected soft factors to the flat spacetime S-matrix.
In this regard, we note a procedure recently introduced to evaluate higher point Witten
diagrams, which provides a prescription to derive O(L™?) corrections in the IR [44].

Our results might also be interesting to explore possible relationships of CCFTs defined
in the flat spacetime region within AdS and CFTs on the global boundary. We recall that
CCFTs on the celestial sphere have been argued as a holographic dual of scattering am-
plitudes on asymptotically flat spacetimes. More recently, eikonal scattering processes in
flat spacetime and those on AdS have been shown to be related, supporting a relationship
between CCFTs defined on the boundary of the flat spacetime region and CFTs on the
AdS boundary in the L — oo limit [45]. A Lorentzian analysis on a D dimensional CFT
without requiring the bulk AdSp;; further reveals that a vanishing (time) interval limit
of its shadow stress tensor Ward identity recovers the leading and subleading conformally
soft graviton theorems of a D — 1 dimensional CCFT [46]. These results identify a closer
relationship between CFTs and CCFTs than previously realized. One might thus anticipate
that a holographic consideration of CCFT, those defined in a flat spacetime region within
AdS, might involve bulk spacetime corrections. We note in this context the recent analysis
on the integrability of self-dual gravity in AdS, and its relation to a deformed wioo alge-
bra [47]. It would thus be interesting to consider if =2 corrected soft factors could manifest
AdS spacetime effects in CCFT correlation functions arising in the L — oo limit of AdS
spacetimes.

We lastly note that soft factors with small cosmological constant corrections have also
been derived on de Sitter spacetimes using classical soft theorems [48]. The corrections to
flat spacetime soft factors in this case could be relevant in cosmology.
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