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Abstract. This paper investigates the quantum corrections to the thermodynamic
properties of charged AdS black holes. The corrections that we examine arise because
of quantum �uctuations in space-time geometry, which corresponds to thermal �uctu-
ations in thermodynamics. First, we compute the leading order corrections to entropy,
and later we plot the corrected entropy as a function of event horizon radius for various
values of correction parameter α to explore the e�ect of quantum corrections on the
entropy of black holes analytically.
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1 Introduction

Black holes are laboratories to test the connection between thermodynamics, quantum me-
chanics, and the classical theory of general relativity. It uni�es the three pillars of physics
i.e. thermodynamics, quantum mechanics, and classical theory of general relativity (GR)
in a whimsical manner. Black hole thermodynamics came into existence with the seminal
work of Hawking and Beckenstien [1, 2, 3, 4, 5]. Later on, Bardeen formulated four laws of
black hole thermodynamics [2], which gave black hole thermodynamics a signi�cant place
in black hole mechanics. The quantitative relation for the entropy of black holes was �rst
derived by Jacob Bekenstein [6]. It is now a well-established fact that the entropy of any
black hole equals one-fourth of the Area of the event horizon in Plank units [7, 8, 9, 10].
It has been found that on reducing the size of the black hole, quantum mechanics starts
disturbing the system to modify the thermodynamics of the black hole via quantum �uctua-
tions. Quantum �uctuations in debts the variation in space-time topology and result in the
change in thermodynamics of the equilibrium state of a black hole. Several attempts have
been made to discuss these leading order corrections, for example, the �rst-order corrections
to Schwarzschild black hole were studied in [11], and it was found that entropy gets corrected
by the logarithmic function of a product of entropy and square of Hawking temperature.
Again in [12], the e�ect of thermal �uctuations on BTZ, string theoretic, and many others
whose microscopic degrees of freedom are described by underlying CFT have been examined.
The e�ect of thermal �uctuations on the thermodynamics of BTZ black hole was studied
in [13, 14, 15, 16, 17]. Moreover, the role of thermal �uctuations in the thermodynamics of
the BTZ black hole was also studied using the partition function approach [18]. In [19, 20],
the studies were made to examine the e�ect of small statistical thermal �uctuations on the
entropy of black hole by taking into account the background matter �eld. Furthermore, the
logarithmic corrections to the dilatonic black hole were computed in [21]. Meanwhile, in
[22], the Rademancher expansion of partition function was used to study the leading order
corrections to black hole thermodynamics. Also, the logarithmic corrections were studied
extensively for string black hole correspondence [23, 24, 25, 26]. From all these papers, we
can see that entropy gets corrected by logarithmic terms, in fact, in [27] Das et al. proved
that entropy in any thermodynamic system gets corrected by logarithmic functions only,
irrespective of the nature of the system.

The detailed analysis of the thermodynamics of black holes suggested that the quantum
gravity approach to the thermodynamics of black holes is inevitable. This resulted in the cor-
rections to various thermodynamic quantities by quantum e�ects. One such approach which
is worth mentioning is GUP-corrected thermodynamics for all black objects and the exis-
tence of remnants by Mir Faizal et al. [28]. The correction (of the form α lnA) to the Gödel
black hole has been discussed in [29]. These corrections of the type of α lnA which are loga-
rithmic in nature, were also discussed by Kaul and Majmuzdar in [30]. The e�ect of quantum
gravity corrections on the thermodynamics of black holes using Cardy formalism has been
studied in [18]. These corrections ought to be logarithmic and could be easily followed from
[12]. One can also �nd the detailed e�ect of Quantum corrections on the thermodynamics
of black holes from K. Nozari et al. [31]. Sudhaker in [32] carried quantum corrections to
the thermodynamics of quasi-topological black holes. One excellent text regarding quantum
corrections to black holes is by Khireddine Nouicer [33]. Further, there is ample literature
available on logarithmic corrections to black hole thermodynamics as it has been the trend-
ing research area in the recent past, [32, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46].
We will carry out the same procedure to study the e�ect of quantum corrections on the
thermodynamics of charged AdS black hole.
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In the present paper, we investigate the e�ects of quantum corrections on the thermodynam-
ics of charged AdS black holes. We �rst compute the leading order corrections to the entropy
of the black hole, which originally equals one-fourth of area of the black hole horizon. We,
later on, do the comparative analysis between uncorrected and corrected entropy density
via a plot between entropy density and event horizon radius. It is found that large-sized
black holes , entropy is an increasing function of the event horizon radius. At a small event
horizon radius, the entropy of charged AdS black hole increases (decreases) asymptotically
corresponding to a negative (positive) value of the correction parameter. The entropy, once
modi�ed, hints that the entire thermodynamics is likely to undergo deformation accordingly.
We shall therefore calculate more corrected thermodynamic quantities. After entropy, we
study the in�uence of quantum corrections on internal energy. We analyze that at a small
event horizon radius i.e., for small-sized black holes internal energy increases (decreases)
asymptotically corresponding to positive (negative) values of the correction parameter. Fol-
lowing the same trend, we examine the e�ects of quantum corrections on the free energy,
pressure enthalpy, Gibbs free energy and speci�c heat. From the derivation of all these
thermodynamic equations of states, it is found that quantum corrections are signi�cant only
at a small event horizon radius, while the thermodynamics of large-sized black holes remain
unaltered.
The organization of the paper is that in the next section 2, we Compute the corrected en-
tropy of charged AdS black hole subjected to quantum corrections. Then in section 3, we
derive corrected equations of states and do a comparative analysis of these equations of
states (uncorrected and corrected). The stability of the black hole is investigated in section
4 Finally in section 5, we summarize our results under the heading Conclusion.

2 First order corrected entropy of charged AdS Black

Hole

Let's have a brief review of charged AdS black hole. First of all write down the action for a
four-dimensional asymptotically AdS space-time coupled to Maxwell's equations as follows
[47].

I =

∫
d4x
√
−g
(
R+

6

l2
− 1

4
FµνFµν

)
(1)

where l represents the AdS radius, and Fµν is electromagnetic �eld strength and is de�ned
as Fµν = ∇νAµ −∇µAν . The corresponding �eld equations for this system can be written

as Gµν =
3gµν

l + FµτF τν −
gµνF

τρFτρ

8 and
√
−g∇νFµν = 0. The metric for our system, i.e.

charged AdS black hole, is given by

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2

k, (2)

while

dΩ2
k = dθ2 +

1

k
sin2(

√
kθ)dφ2, (3)

and metric function f(r) is

f = k − 2M

r
+
Q2

r2
+
r2

l2
. (4)
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We can �nd the value of the event horizon radius by setting f(r) = 0 and then taking the
positive root of the following equation

r4+ + l2r2+ − 2Ml2r+ + l2Q2 = 0. (5)

From the given metric we can de�ne Hawking's temperature by using the formula

TH =
f ′(r)

4π
(6)

which yields the following relation for the Hawking temperature of charged AdS black hole.

TH =
l2(r2+ −Q2) + 3r4+

4πl2r3+
. (7)

Now, we will move on to understand the e�ects of quantum �uctuations on entropy. Entropy,
a dynamical thermodynamic quantity, plays a central role in the evolution of thermodynamic
systems. Boltzmann derived the expression for entropy from the statistical point of view and
found that entropy is a logarithmic function of degrees of freedom, which usually depends
on the volume of the system. But Bekenstien proposed the idea that for black holes, degrees
of freedom are proportional to the area of the black hole, i.e. bulk degrees of freedom are
projected on the boundary surface enclosing that volume. This constitutes the principle of
holographic duality. The holographic principle in turn allows quantum corrections to occur
at very small distances. The corrections we speci�cally study here are basically the extension
of work carried out by Behnam Pourhassan and Mir Faizal [48]. The corrections are of the
form

S = S0 + α lnA, (8)

where S0 denotes the exact entropy of black hole , A stands for the area of event horizon
radius and α quanti�es the amount of in�uence that quantum �uctuations induce in the
entropy of the black hole. Now charged AdS black hole has spherical symmetry with the
area equal to the area of a sphere of radius r. Therefore the corrected entropy for charged
AdS black hole is,

S = πr2+ + α ln 4πr2+. (9)

To analyze the e�ect of perturbations due to quantum �uctuations on the entropy of
charged AdS black hole, the above-derived expression is plotted against the event horizon
radius for di�erent values of correction parameter α. It is evident from the plot that by
removing corrections, i.e., in the limit, α = 0, an unperturbed entropy density is repro-
duced. This assures us that we are on the right track. Moreover, it may be emphasized
that quantum corrections are signi�cant only at a small event horizon radius. Far from the
singularity, quantum corrections fail to a�ect the entropy of charged AdS black holes. At
small values of event horizon radius, entropy increases in�nitely for a negative value of the
correction parameter, while the positive value of the correction parameter leads to a negative
asymptotic value of entropy that is physically not allowed.

3 Perturbed equations of states

Now we have found that quantum �uctuations modify the charged AdS black hole entropy.
As such entire thermodynamics is likely to undergo modi�cation. Let's derive corrected
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Figure 1: Entropy vs. the black hole horizon radius. Here, α = 0 denoted by the red line,
α = 0.5 denoted by green line, and α = −0.5 denoted by blue line.

expressions for various thermodynamic parameters. One of the most important thermody-
namical parameters is internal energy (U) which is, in fact, a state function and is de�ned
in thermodynamics as follows

U =

∫
THdS. (10)

Plugging the corresponding values of corrected entropy and Hawking temperature, the ex-
pression for corrected internal energy is obtained as,

U =
l2[α

(
Q2 − 3r2+

)
+ 3πr2+

(
Q2 + r2+

)
] + 3πr6+ + 9αr4+

6πl2r3+
. (11)

To get a clear idea of the e�ects of quantum corrections at a very small scale, we plot
the obtained expression against the event horizon radius for di�erent correction parameter
values. When the corrections are switched o�, i.e. α tends to zero, we get an uncorrected
expression back exactly matching the undeformed curve for internal energy as predicted by
black hole thermodynamics (without taking into account the e�ect of quantum corrections).
Plugging in the negative value of the correction parameter produces negative asymptotic
behavior in our system at a very small event horizon radius, thereby decreasing the mass or,
in other words increasing the temperature. A positive value of the deformation parameter
α results in a positive asymptotic value of internal energy and hence increases the mass of
the black hole in�nitely. Consequently, the temperature of the black hole decreases to its
lowest possible limit.

Furthermore, we discuss the e�ect of quantum corrections on the system's Free energy.
It is also a state function and represents one of the thermodynamic potentials, used to study
the stability of the system. To attain stability, the system must minimize its free energy.
Here we will �rst compute the leading order corrections to the free energy and later plot
the corrected free energy against the event horizon radius. We will see what values of the
correction parameter minimize the free energy. The corrected version of free energy for
charged AdS black hole is given by
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Figure 2: Internal energy vs. the black hole horizon radius for l = 1, Q = .8. Here, α = 0
denoted by the red line, α = 1.5 denoted by green line, and α = −1.5 denoted by blue line.

F =
1

12πl2r3+
[l2(2αQ2 + 9πQ2r2+ + 3πr4+ − 6αr2+)

+ 3α ln 4πr2+[l2
(
Q2 − r2+

)
− 3r4+]− 3πr6+ + 18αr4+].

(13)

Here it may be emphasized that leading order corrections in the above expression represent
the measure of the e�ect of quantum corrections on the equilibrium value of free energy. Fig.
3 represents the plot for corrected Free energy. From Fig. 3, we observe two critical points,
both in the �rst quadrant. Between the critical points, the free energy curve shows a dip
corresponding to negative values of the correction parameter, implying enhanced stability
in this region and thereby paving the way for the extraction of energy for full work via a
black hole heat engine. Before the �rst critical point, the positive values (negative values) of
the correction parameter decrease (increase) the free energy asymptotically at small event
horizon distances. For large-sized black holes, free energy is a decreasing function of the
event horizon radius, which is evident from the plot after a second critical point.

We shall now discuss how the equation of state for our system (i.e., Pressure ) gets
a�ected by quantum �uctuations. The corrected expression for Pressure (P) is given by.

P =
[l2
(
3Q2 − r2+

)
+ 3r4+][α ln 4πr2+ + πr2+]

16π2l2r6+
. (14)

The higher-order corrections represent the e�ect of quantum corrections on the Pressure
about the equilibrium. The behaviour of the uncorrected pressure curve resembles the Van
der Wall �uid. However, quantum �uctuations try to induce the idea of gas behaviour in
the AdS black hole, as evident from the �gure 4. The negative values of the perturbation
parameter enhance the deviation of Van der Waals �uid from the ideal gas behaviour. In
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Figure 3: Free energy vs. the black hole horizon radius for l = 1, Q = 0.8. Here, α = 0 is
denoted by the red line, α = 1.5 is denoted by the green line, and α = −1.5 is denoted by
the blue line.
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Figure 4: Pressure vs. the black hole horizon radius for l = 1, Q = 0.8. Here, α = 0 is
denoted by the red line, α = 1.5 is denoted by the green line, and α = −1.5 is denoted by
the blue line.

contrast, the positive values decrease the deviation between the Van der Waals �uid and the
ideal gas and compel the AdS black hole to behave like the ideal gas.

we see that at a large event horizon radius, the pressure remains constant irrespective of
the nature of the correction parameter. However, at a small event horizon radius, quantum
�uctuations play a dominant role. Due to the negative value of the correction parameter,
there is a dip in pressure at a small event horizon. Before this dip, pressure increases and
tends to a positive asymptotic value and hence creating high pressure for a small value of
event horizon radius. This implies that if any object falls into a black hole, the tidal forces
will be so strong that the object will get high spaghetti�cation. Furthermore, for the higher
values of the negative correction parameter, we see the depth of dip increase and there
occurs an asymptotic divergence. Moreover, in the limit, α tends to zero, we retrieve the
uncorrected pressure. However, it may be noted that at a particular point, a divergence
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occurs in the pressure. We will make use of the above-corrected quantities to derive further
thermodynamic quantities. One such quantity is enthalpy which is a state function. The
corrected enthalpy (H) for a charged AdS black hole is given by.

H =
l2[2αQ2 + 9πQ2r2+ + 5πr4+ − 6αr2]

12πl2r3+
+
α ln 4πr2+[l2

(
3Q2 − r2+

)
+ 3r4+] + 9r4[2α+ πr2+]

12πl2r3+
(15)
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Figure 5: Enthalpy vs. the black hole horizon radius for l = 1, Q = .8. Here, α = 0 is
denoted by the red line, α = 1.5 is denoted by the green line, and α = −1.5 is denoted by
the blue line.

We examine the e�ects of quantum corrections on the enthalpy by doing the qualitative
analysis via plot for corrected enthalpy versus event horizon radius. One may notice from
the plot 5 that the nature of the correction parameter is immaterial at a large event horizon
radius. However, the behaviour of enthalpy is highly sensitive to the nature of the correction
parameter at a minimal event horizon radius. Corresponding to the correction parameter's
positive value, there is a very decrease in enthalpy asymptotically. With negative correction
values [parameter, we observe that enthalpy increases asymptotically.
Let us now discuss the higher-order corrections on the Gibbs free energy, which gives us an
idea of the maximum work we can draw from the system. A decrease in Gibbs's free energy
in thermodynamics equals the practical work one can draw from the system. The corrected
version for expression of the Gibbs free energy reads as follows.

G =
l2[αQ2 + 6πQ2r2+ + πr4+ − 3αr2+]

6πl2r3+
+
α ln 4πr2+[l2

(
3Q2 − 2r2+

)
− 3r4+] + 9αr4+

6πl2r3+
(16)

We plot the obtained expression as a function of the event horizon radius. From the plot
6, we observe that Gibbs free energy shows asymptotic behaviour as r+ tends to zero. We
found two critical points at a small event horizon radius. Between these two critical points,
quantum �uctuations compel Gibbs free energy to undergo a drastic change. In this region, a
negative value of the correction parameter leads to a dip in Gibbs free energy. Furthermore,
one can also observe that the more the negative value of the correction parameter, the more
the depth of dip, i.e., Gibbs free energy decreases more and more. This implies that we can
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Figure 6: Gibbs free energy vs. the black hole horizon radius for l = 1, Q = 0.8. Here, α = 0
is denoted by the red line, α = 1.5 is denoted by the green line, and α = −1.5 is denoted by
the blue line.

draw the maximum work from here, which shows the sign of stability in this region. On
the other hand, the positive value of the correction parameter produces quite the opposite
result to that of the negative correction parameter. Before the �rst critical point, one can
examine that the negative (positive) value of the correction parameter produces a positive
(negative) asymptotic value of Gibbs free energy.

4 Phase transition

We investigate the stability of black holes whimsically by computing the speci�c heat. The
positivity of speci�c heat is directly related to the stability of black hole. The expression
for speci�c heat at constant volume and speci�c heat at constant pressure are reckoned as
follows,

Cv =
2
(
α+ πr2+

) (
l2
(
r2+ −Q2

)
+ 3r4+

)
l2
(
3Q2 − r2+

)
+ 3r4+

. (17)

Cp =
r2+(l2

(
4α− 9πQ2 + 5πr2+) + 3r2+(8α+ 9πr2+)) + α ln 4πr2+(l2

(
r2+ − 9Q2) + 3r4+)

l2(9Q2 − 3r2+) + 9r4+
(18)

The expressions obtained are plotted against the event horizon radius in Fig. 7 and �g.8.
Further, we also �nd the ratio of two speci�c heats as follows

γ =
α ln 4πr2+

(
l2
(
9Q2 − r2+

)
− 3r4+

)
− r2+

(
l2
(
4α− 9πQ2 + 5πr2+

)
+ 3r2+

(
8α+ 9πr2+

))
6
(
α+ πr2+

) (
l2
(
Q2 − r2+

)
− 3r4+

) .

(19)
From the ratio, one can notice that quantum corrections are trying to change the behaviour
to behave like an ideal gas. To check the occurrence of phase transition, the quantity Q is
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Figure 7: Speci�c heat vs. the black hole horizon radius for l = 1, Q = 0.8. Here, α = 0 is
denoted by the red line, α = 1.5 is denoted by the green line, and α = −1.5 is denoted by
the blue line.
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Figure 8: Speci�c heat vs. the black hole horizon radius for l = 1, Q = 0.8. Here, α = 0 is
denoted by the red line, α = 1.5 is denoted by the green line, and α = −1.5 is denoted by
the blue line.

eliminated in equation 17 by exploiting eqns.5 and 15. It turns out that an unperturbed
black hole is unstable, and quantum �uctuation induces some stable regions for the value of
α ≥ 0.5. The phase transition is seen to occur at speci�c values of horizon radius.

5 Conclusion

In conclusion, this study delved into the intricacies of the thermodynamic behaviour of a
charged AdS black hole under the in�uence of quantum �uctuations. The primary focus
was on calculating the leading-order quantum corrections to the entropy of the charged AdS
black hole. We plotted the corrected entropy against the event horizon radius for varying
correction parameter α values by comparing corrected and uncorrected entropy densities.
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Notably, in the limit where α approaches zero, the uncorrected entropy curve was faith-
fully replicated, a�rming the accuracy of our approach. Furthermore, it became evident
that quantum corrections wield substantial in�uence only when the event horizon radius is
small. Far removed from the singularity, these corrections exhibited negligible impact on
the entropy of the charged AdS black hole. Notably, for lower event horizon radius val-
ues, the entropy assumed positive values, corresponding inversely to the negative values of
the correction parameter. Conversely, a positive correction parameter yielded a forbidden
negative asymptotic value. Beyond the study of entropy, our analysis extended to correc-
tions in internal energy. Like the entropy analysis, corrected internal energy was graphed
against the event horizon for di�erent correction parameter values. Strikingly, as the cor-
rections were attenuated (α approaching zero), the uncorrected internal energy expression
was accurately restored, aligning with the predictions of black hole thermodynamics. Sub-
sequently, exploring the e�ects of the correction parameter on internal energy, we observed
distinct behaviours based on the correction parameter's sign. Negative (positive) values led
to negative (positive) asymptotic trends, resulting in reduced mass or increased temperature
and an in�nitely increasing black hole mass with plummeting temperature. The scrutiny
then extended to free energy, which exhibited two critical points in the �rst quadrant. The
inter-critical region showcased a dip indicating improved stability, suggesting potential for
energy extraction through a black hole heat engine. Quantum corrections in�uenced the
equilibrium pressure, driving AdS black holes toward ideal gas behaviour. Enthalpy, too,
was scrutinized, revealing high sensitivity to the correction parameter's nature at minuscule
event horizon radii. The enthalpy's asymptotic trends mirrored the correction parameter's
increasing or decreasing behaviour. The analysis then encompassed the corrected Gibbs
free energy, unveiling intriguing critical points where a negative correction parameter in-
duced a dip, implying maximal work extraction potential. Lastly, the study explored the
e�ects of quantum corrections on speci�c heat, unraveling stability regions and hinting
at the possibility of phase transitions induced by quantum �uctuations. In essence, this
research demonstrates the profound implications of quantum corrections on the thermody-
namic characteristics of charged AdS black holes, unraveling a complex interplay between
quantum �uctuations and thermodynamic properties.
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