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Abstract. In this paper, we consider a (2 + 1) D black hole conformally coupled to a
massless scalar. Then the geodesic motion of test particles and light rays in the vicinity
of the spacetime of this black hole is studied. Moreover, the geodesic equations are
solved analytically according to Weierstrass elliptic and derivatives of Kleinian sigma
hyperelliptic functions. Also, the possible orbits are discussed and classified according
to the particle’s energy and angular momentum.
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1 Introduction

The beginning of the exact solutions of three-dimensional black holes can be considered
with the famous work of Banados, Teitelboim, and Zanelli (BTZ) black hole [1, 2]. After
that, different types of solutions were obtained by considering different scalar fields (cou-
pled scalar, regular scalar, asymptotic coupled scalar and etc) [3, 4, 5, 6, 7]. Also, several
three-dimensional black hole solutions for different cases (static, charged, dilaton gravity,
f(R) gravity, and so on) have been obtained [8, 9, 10, 11, 12]. Moreover, a better under-
standing of the physics of black holes by studying them in lower dimensions can be useful.
One of the most experimental ways to investigate the gravitational field of black holes is
to study the movement of particles and light around them. It is true that the effects of
gravity can be investigated by means of numerical solutions, but a comprehensive study
should be done by means of analytical solutions. Analytical solutions help a lot to study ex-
perimental predictions, including (light deviation, gravitational time delay, perihelion shift,
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and Lens-Teering effect). The geodesic equations of many different space-times, whether
in the standard theory of general relativity or in alternative theories, have been studied by
various researchers and tried to be solved analytically [13, 14, 15, 16, 17, 18, 19, 20, 21, 22].
In this paper, elliptic and hyperelliptic functions are used to solve the geodesic equations
analytically. In section 2, a brief review of a (24 1) D black hole conformally coupled to a
massless scalar is provided. In section 3, the analytical solution of the equations of motion
for both timelike and null geodesic equations is studied. Then, using analytical solutions
and the effective potential, some of the possible orbits are demonstrated. Moreover, the
conclusion is represented in section 4.

2 (24 1) D black hole conformally coupled to a massless
scalar

In this section, we briefly study the properties of the metric of (24-1) D black hole conformally
coupled to a massless scalar. The action used in this theory can be written as follows [24, 25]

2 1
S = /d?’x\/Tg [R—k 2~ VeV - gR<p2 , (1)

1
where [ is length scale related to cosmological constant (I? = _X)’ R is the Ricci scalar,

and ¢ is the conformal scalar field. the field equations corresponding to metric and also the
scalar field, are respectively as follows [24, 25]

1 ~ 1 . 1
Ry — §gHuR — gl 2= VoV, — §guuv ®Vad + §(nguvn = V.V, + GHV)¢2’ (2)
1

(VA — <R)6 =0, (3)
From the above equations, it can be concluded that
6
So, static and circularly symmetric three dimensional metric takes the following form
ds* = —g(r)dt* + g(r)"tdr? + r?d¢?, (5)

where g(r) is a general metric function, which can be expressed as follows

2
g(T)Z%—%

— &2, (6)

where & and &; are the constants of integration and can be written as [24]

20° 3v?
& = 2 §2 = 2 (7)
Therefor,
(r+b)°(r —2b)
9(r) = ——p— (8)
where b is a constant. The radius of the horizon (r),) satisfies the condition f(r)[,_, =0

and so, b = % The details of this solution are shown in [24, 25].
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3 Analytical solution of geodesic equations

In this section, the geodesic equations and analytical solutions are studied. The geodesic
motion is described by the geodesic equation

d?xH dx?f dx°

+ Heo_

ds? P ds ds

=0, (9)

where I') ) is the Christoffel symbol. The conserved energy and angular momentum as a

constant of motions are obtained by the normalization condition %glw d;: % = %e, where
for massive particles € = 1 and for light € = 0,
dt
E = g, — 10
Gt ds’ (10)
de 2 dp
L= — =r . 11
e ds " ds (11)
So, the geodesic equations can be obtained as
dr, o (r+b)*(r—2b) L2
2 g2 = - 12
() = e+ ), (12)
dr o 1t o (r+b)(r—2b) L?
— V= (- 7T —)). 13
() =T )+ ) (13)

Equations (12) and (13) give a description of the dynamics of the geodesic motion. The
effective potential can be obtained from Eq.(12) as

T 2 T — 2
Ve = (T2 L B (19

Plots of effective potential are shown in Fig. (1). In the following, it is convenient to use
dimensionless quantities as

L T L (15)
m m m m
and rewrite Eq.(13) as
dr.,  L#® or  JLV? 5\ LB 0 bF N

The necessary condition for the existence of a geodesic is R(7) > 0. Thus, the zeros of R(7),
determine the type of geodesic.

3.1 Null geodesics
For e = 0 and u = %, Eq.(16) is of elliptic type P3(u) = Zf:o a;u’. therefore, With the

substitution u = i(ély — %), can be transformed to the Weierstrass form as

dy

2 — g3 — —g:= P 17
dso) Yy 92Y — g3 3(9), ( )

(



52 Saheb Soroushfar

in which, g» = ‘11—; — M and g3 = HEE — % — % are the Weierstrass invariants. So,
the analytical solution of Eq.(17) is given by
y(e) = oo — in), (18)
and therefore,
(o) = = (19)
7(p) = —,
4p( — pini 92, 93) — %
where - J
z as as
%n:sooJr/ Y%=t 15 (20)
v VAP — 92— 93 dro 12

depends only on the initial values ¢y and r¢.

3.2 Timelike geodesics
For e =1and u = %, Eq.(16) is of hyper-elliptic type as
du o 5 4
(u%) = (B2—98)uw"+ BBy —Du
+ (B2 = By)L —y)u® + (E*L + 3BveL — eL + k)u?
—  yeLlu+ kel = ps(u), (21)
and the solution of this equation can be written as

wm:f%ww7 (22)

in which o; is the i-th derivative of the Kleinian sigma function in two variables
o(z) = Ce” MK o] (2w 2, 7), (23)

which is given by the vector of Riemann constants with base point at infinity 2[g, h] =
(0,1)t 4+ (1,1)!7 and the Riemann @-function with characteristic [g,h]. So, the analytical
solution of Eq.(16) is

Hp) = ——¢. (24)

3.3 Orbits

In this section, using obtained analytical solution and the figures of the effective potential
Fig. 1, some of the possible orbits are shown in Fig. 2. The number of real and positive
zeros of R(F) characterize the possible orbits. Therefore, here different types of orbits can
be identified as

1. Flyby orbits: r starts from oo, then approaches a periapsis r = r, and goes back to
00.

2. Bound orbits: 7 oscillates between two boundary values r, < r < r, with 0 <7, <
T < OO .

3. Terminating bound orbits: r starts in (0,7,] for 0 < r, < oo and falls into the
singularity at r = 0.

4. Terminating escape orbits: r comes from oo and falls into the singularity at r = 0.

Examples of such orbits are demonstrated in Fig. 2.
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Figure 1: Variations of the effective potential in terms of horizon radius. The horizontal red
dash line represents the energy. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)
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Figure 2: Examples of different types of orbits.
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4 Conclusion

In this paper, the motion of massive and massless test particles in the vicinity of a (2+1) D
black hole conformally coupled to a massless scalar was investigated. Then, the equations
of geodesic motions were obtained and solved according to Weierstrass elliptic and Kleinian
sigma hyper-elliptic functions. Moreover, with the help of these analytical solutions and
the effective potential, the set of orbit types was classified. For timelike and null geodesics,
various orbits such as FO, BO, TBO, and TEO are possible. These results can be useful
information for orbits around heavy objects, including light deflection, periastron shift, and
else.
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