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Abstract. We explain how quantum gravity, treated as an effective field theory, might
modify the evaporative evolution of a four-dimensional, non-extremal, non-rotating,
charged black hole. With some approximations, we derive a set of coupled differential
equations describing the charge and mass of the black hole as a function of time.
These equations represent a generalization of the analogous ones already present in the
literature for classical black holes.
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1 Introduction

Black holes in general relativity never vanish and are eternal. The formalism of quantum field
theory in curved spacetime implies however that black holes are complicated entities which
emit thermal radiation and have an entropy proportional to the horizon area (Bekenstein-
Hawking area law) [1, 2]. Yet this is not the full story. It is generally expected that any
complete theory of quantum gravity (like string theory or loop quantum gravity) should not
only reproduce the Bekenstein-Hawking area law, but also corrections to it. Such corrections
are both of logarithmic [3, 4] and exponential [5, 6] nature. The black hole stability is also
affected: the black hole can stop evaporating and becomes stable [7].

A convenient way to keep track of the quantum gravitational corrections consists in
treating gravity as an effective field theory. One starts with the path integral for matter
fields coupled to gravity, then integrates out the fluctuations of the matter fields, thereby
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obtaining an effective action which is an expansion in terms of powers of the curvature
containing both local and non-local contributions. Effective field theory methods applied
to black hole physics have recently drawn renewed interest. Calmet and Kuipers [8] com-
puted the quantum gravitational corrections to the entropy of Schwarzschild black holes by
applying the Wald formula [9] and integrating over the quantum corrected event horizon.
A generalization of this procedure for electrically charged (Reissner-Nordström) black holes
was carried out shortly thereafter [10].

In this paper we continue in this direction and, within the effective field theory frame-
work, we study quantum gravity effects on the evaporative evolution of a non-extremal
Reissner-Nordström black hole. In particular, we derive the differential equations describing
the loss of mass M and charge Q. The difficulty of an exact calculation is insurmountable
at the present stage. Thus, some approximations have to be taken into account. We assume
that the black hole is sufficiently isolated so that accretion processes can be neglected. Ac-
cordingly, the evolution of the black hole is dominated by Hawking evaporation. Moreover,
we work in the slow-evolution regime, where the mass and charge do not change significantly
on a geometrical time scale (τ ∼M). This permits to describe the black hole by the (quan-
tum corrected) Reissner-Nordström metric with M and Q being slowly varying functions of
time. The differential equations that we derive represent a generalization of those obtained,
without taking quantum gravity into account, by Hiscock and Weems [11] at the end of the
1980’s.

The paper is organized as follows. In Section 2 we review the procedure needed to obtain
the quantum gravitational corrections to the Reissner-Nordström metric. In Sections 3 and
4 we derive the laws of charge and mass loss, respectively. We summarise our results and
discuss future directions in Section 5. Natural units ~ = c = kB = 1 are used throughout
the paper.

2 Quantum gravitational corrections to the Reissner-
Nordström geometry

Let us summarise a few essential results concerning the quantum gravitational corrections
to the geometry of black holes. The starting point is an effective action containing both
local and non local terms. At second order in curvature it reads [12, 13, 14, 15, 16, 17, 18]

Γ =

∫
d4x
√
−g
(

R

16πGN
+ c1(µ)R2 + c2(µ)RµνR

µν + c3(µ)RµνρσR
µνρσ

)
−
∫
d4x
√
−g
[
αR ln

(
�
µ2

)
R+ βRµν ln

(
�
µ2

)
Rµν + γRµνρσ ln

(
�
µ2

)
Rµνρσ

]
,

(1)

where µ is an arbitrary energy scale. The exact values of the coefficients c1, c2, c3 can be
obtained provided that one assumes an ultra-violet complete theory of quantum gravity, see
for example [19, 20]. On the other hand, the coefficients α, β, γ are calculable in a model
independent way [21]. The logarithm appearing in the action is an operator with the integral
representation [22]

ln

(
�
µ2

)
=

∫ +∞

0

ds

(
1

µ2 + s
− 1

� + s

)
. (2)

When charged black holes are considered, the gravitational action is supplemented by the
Maxwell action

ΓM = −1

4

∫
d4x
√
−g FµνFµν , (3)
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where Fµν = ∂µAν − ∂νAµ is the electromagnetic tensor and Aµ is the electromagnetic
potential. In principle, one could add additional terms for the electromagnetic part. For
instance,

ΓM =

∫
d4x
√
−g

(
−1

4
FµνF

µν + d1F
2R+ d2F

4 + · · ·
)
. (4)

To further simplify the calculations, we will neglect these terms from now on and set di = 0.
Upon varying the full action Γ + ΓM and employing perturbation theory in the Newton

constant GN , one obtains a solution corresponding to a quantum gravitational corrected
Reissner-Nordström black hole [10]:

ds2 = −f(r)dt2 +
1

g(r)
dr2 + r2dθ2 + r2 sin2 θdφ2, (5)

where

f(r) =1− 2GNM

r
+
GNQ

2

r2
− 32πG2

NQ
2

r4

[
c2 + 4c3

+ (β + 4γ) (2 ln (µr) + 2γE − 3)
]

+O(G3
N ),

(6)

g(r) =1− 2GNM

r
+
GNQ

2

r2
− 64πG2

NQ
2

r4

[
c2 + 4c3

+ 2 (β + 4γ) (ln (µr) + γE − 2)
]

+O(G3
N ),

(7)

and γE is the Euler-Mascheroni constant. Moreover, not only the classical metric but also
the non-vanishing independent component of Fµν (and hence the electric field E) receives
quantum gravitational corrections [10]:

E(r) =Ftr = −Frt =
Q

r2
+

16πG2
NQ

3

r6

[
c2 + 4c3

+ (β + 4γ) (2 ln (µr) + 2γE − 5)
]

+O(G3
N ).

(8)

Although the above results seem to depend on the arbitrary energy scale µ, the renormalized
constants also carry an explicit scale dependence [23]:

c1(µ) = c1(µ∗)− α ln

(
µ2

µ2
∗

)
,

c2(µ) = c2(µ∗)− β ln

(
µ2

µ2
∗

)
,

c3(µ) = c3(µ∗)− γ ln

(
µ2

µ2
∗

)
,

(9)

where µ∗ is some fixed scale where the effective theory is matched onto the full theory.
Inserting Eq. (9) into Eqs. (6), (7) and (8), one sees that the terms involving µ cancel out.

The radius of the event horizon is a solution of the equation g(r) = 0. For a non-critical
black hole with Q2 < GM2, the radius can be written as a power series in the electric charge.
Up to order Q2 it is [10]

r+ = 2GNM −
Q2

2M
+

8πQ2

GNM3
[c2 + 4c3 + 2(β + 4γ) (ln(2GNMµ) + γE − 2)] . (10)

If the black hole is critical, Q2 = GM2, then the quantum corrections in g(r) appear only at
order O

(
G3
N

)
, so the radius can be taken to coincide with the classical result, r+ = GNM .

Hence, the horizon radius is approximately bounded by GNM < r+ < 2GNM .
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3 Charge loss rate

In this section, we derive a differential equation that approximately describes the loss of
electric charge of the black hole. We assume that its radius is much larger than the reduced
Compton wavelength of the electron, r+ >> 1/m = 2MeV−1. If this is the case, then
electron-positron pairs are created by the electric field of the black hole by Schwinger effect
[24] and the process is well described by ordinary flat-space quantum electrodynamics. The
particles with the charge of the same sign as that of the black hole are repelled towards
infinity, while the particles with opposite charges are attracted and contribute to neutralize
the overall charge of the black hole. If the electric field is much smaller than the critical
value Ec = m2/e, then the rate of pair creation per unit four volume is [25, 26]

dN

dtdV
=
m4

4π3

(
E

Ec

)2

e−
πEc
E . (11)

For the next calculations, it is convenient to define for brevity

Ω(r) ≡ a+ b ln(µr) = 32π(β + 4γ) ln(µr)

+16π [c2 + 4c3 + (β + 4γ)(2γE − 5)] .
(12)

The condition E(r+) << Ec translates into a lower bound for the black hole mass. E(r+)
is maximal for the extremal case, thus

E(r+) =
Q

r2
+

+
G2
NQ

3

r6
+

Ω(r+) =
M2GN + Ω(r+)

M3G
5/2
N
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m2

e
. (13)

The coefficients ci are believed to be of order O(1) [18], while α and β can reach values up
to order O(100) [21]. If the mass of the black hole is much larger than the Planck mass, the
factor Ω in Eq. (13) can be neglected and the inequality becomes

M >>
e

m2G3/2
∼ 106M�. (14)

Hence, the formula for the pair creation rate keeps its validity as soon as the mass of the
black hole is sufficiently large to obey the condition (14).

The charge loss rate of the black hole is obtained by integrating (11) over the entire
space outside the horizon. We have

dQ
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= −edN
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4π3

∫ π

0
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×
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(15)

Since the mass of the black hole is large, the horizon radius is large too. Therefore, the
radial integral in Eq. (15) can be written as a series expansion in 1/r+. The first non-trivial
contribution is

dQ

dt
= −e

3Q2

π2

∫ +∞

r+

dr e−
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1
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The first integral is∫ +∞
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eQ
+
e−

πm2r2+
eQ

r+
+

πm√
eQ

erf

(√
πmr+√
eQ

)
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Because of the condition (14), the argument of the error function is large and the function
is well approximated by its asymptotic series. In this case, Eq. (17) becomes∫ +∞
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(19)

where Γ is the incomplete gamma function and G3,0
2,3 is the Meijer G-function, defined as

Gm,n
p,q

(
z
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)
=

1
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zs. (20)

Approximating again the functions by their asymptotic series, we get∫ +∞

r+

dr
e−
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[a+ b ln(µr)] ≈ eQG2

N
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Finally, we obtain the leading order terms of the differential equation governing the charge
loss:

dQ

dt
≈ − e4

2π3m2

Q3
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N

π

Q4

r5
+

e−
πm2r2+
eQ

[
c2 + 4c3 + (β + 4γ) (2 ln(µr+) + 2γE − 5)

]
.

(22)

For a non-extremal black hole, the ratio of the charge to the mass is small, so one can use
Eq. (10) and write Eq. (22) as a series expansion in the charge (or the mass). At leading
order,

dQ
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16π3m2G3
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3
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(23)
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4 Mass loss rate

The emission of Hawking radiation is the first mechanism with which a black loses mass. If
the mass is large, then the temperature is low. Accordingly, all the mass lost in the Hawking
process is due to the emission of massless particles. The mass loss rate due to the emission
of black body radiation is given by the Stefan-Boltzmann law [11]:

dM1

dt
= −ξT 4

(
21

8
σν + σγ + σg

)
, (24)

where ξ = π2/60 is the Stefan-Boltzmann constant and σν , σγ , σg are the thermally averaged
cross sections of the black hole for neutrinos, photons, and gravitons, respectively. We
neglect hereafter the mass of the neutrinos. It is convenient to introduce the geometrical
optics cross section for the Reissner-Nordström black hole, denoted as σ0. Defining

ρ =

(
21

8
σν + σγ + σg

)
σ−1

0 , (25)

Eq. (24) can be rewritten as
dM1

dt
= −ξT 4ρσ0. (26)

The classical value of σ0 is [11, 27]

σ0 = π

[
3M + (9M2 − 8Q2)1/2

]4
8
[
3M2 − 2Q2 +M(9M2 − 8Q2)1/2

] . (27)

Let us now derive the quantum gravitational corrections to the classical result. The emitted
particles move along null geodesics with the equation(

dr

dλ

)2

=
g(r)

f(r)
E2 − g(r)

J2

r2
, (28)

where λ is the affine parameter and E , J are the energy and angular momentum, respectively.
For the emitted particles to reach infinity rather than falling back into the black hole horizon,
one must require (dr/dλ)2 ≥ 0, i.e.

1

l2
≡ E2

J2
≥ f(r)

r2
(29)

for any r ≥ r+. The inequality is saturated by the maximal value of f(r)/r2. The solution
of ∂rf(r)/r2 = 0 corresponds to the critical, unstable orbit rc and the impact factor can be
computed as lc = rc/

√
f(rc) [26, 28]. The geometrical optics cross section of the black hole

is then

σ0 = πl2c = π
r2
c

f(rc)
. (30)

For a non critical black hole, we write rc as a power series in Q (similarly to what done in
Eq. (10)). Using the expression (6) for f(r) we find

σ0 = 27πG2
NM

2 − 9πGNQ
2 +

32π2Q2

M2

[
c2 + 4c3

+ (β + 4γ) (2 ln(3GNMµ) + 2γE − 3)
]

+O
(
Q4
)
.

(31)
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The cross sections for neutrinos, photons and gravitons can be estimated as [11]

σν ≈ 0.66852σ0, σγ ≈ 0.24044σ0, σg ≈ 0.02748σ0. (32)

meaning that most of the power is emitted in neutrinos. The value of ρ is then ρ ≈ 2.0228.
The quantum gravitational corrected temperature of a non critical Reissner-Nordström black
hole, up to order O(Q2), is [10]

T =
1

8πGNM
+

Q2

4G3
NM

5

[
2(c2 + 4c3)

+β(4γE − 9) + 4γ(4γE − 9) + 4(β + 4γ) ln(2GNMµ)
]
.

(33)

The contribution to the mass loss rate due to Hawking radiation is then

dM1

dt
= −ξρ

{
27

4096π3G2
NM

2
− 9Q2

4096π3G3
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4

+
Q2

512π2G4
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[
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(
116γE − 255

+108 ln(2GNMµ) + 8 ln(3GNMµ)
)]}

+O
(
Q4

M8

)
.

(34)

The second mechanism of mass loss is due to the electric potential energy carried away
by the repelled particles created by the Schwinger effect. Assuming that the black hole has
a charge-to-mass ratio greater than m/e, then the potential energy gained by the repelled
particle is greater than the rest mass of the electron. Scattering processes are then negligible
and the motion of the created particles is dominated by the repulsive force. As a consequence,
we approximate the mass loss rate due to the electromagnetic pair creation as the product
of the potential energy lost per pair and the charge loss rate:

dM2

dt
=
dQ

dt

∫ +∞

r+

dr E(r). (35)

For a non-critical black hole,

dM2

dt
= − e4Q4

32π3m2G4
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4
e−
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2

eQ +O
(
Q5
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)
. (36)

Finally, the leading contribution to the total mass loss rate is

dM

dt
=
dM1
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+
dM2

dt
=

−ξρ
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(37)
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5 Conclusions and outlook

The main new results are given by the coupled differential equations (23) and (37) which
respectively describe the approximate effect of quantum gravity on the evolution of charge
and mass of a non-extremal, non-rotating, charged black hole for which accretion phenomena
are negligible. In the limit where the quantum gravity effective action reduces to the usual
Einstein-Hilbert action, one recovers the classical results of Hiscock and Weems [11]. Only
the first non-trivial contributions arising from quantum gravity effects have been considered,
but it is of course possible to expand the equations up to a generic power of charge and mass.
These additional terms would be however even more suppressed.

The new equations can be taken as the starting point for future projects where more
complicated scenarios are considered. For example, the equations are applicable in the late
evolution of rotating (Kerr-Newman) black holes, since these tend to lose relatively quickly
angular momentum [29]. One could also try to replicate the calculations presented in the
paper for Anti-de Sitter black holes. In fact, the AdS2 spacetime represents the near-horizon
region of four (and higher-dimensional), charged black holes. Such black holes have a typical
energy scale given by the AdS2 radius, which is proportional to the charge, lAdS ∼ Q [30].
Now, our equation (23) tells us that Q is a function of time. This implies that the AdS2

radius varies over time too. It would be interesting to investigate which consequences this
fact may have on the AdS/CFT correspondence. Since it is impossible to solve our equations
in closed-form, a numerical approach is needed in order to obtain a qualitative behaviour
of Q(t) and M(t), which in turn could tell us more about the black hole instability and the
possibility of recreating a holographic superconductor.

Finally, it is worth stressing the fact that the equations were derived by applying several
approximations. One could and should try to relax some initial assumptions, for example
by going beyond the tree level Maxwell action. We expect to address some of these open
questions in future publications.
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