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Abstract. In this paper, we investigate special points in which poles of the 

Green’s function of the D3/D7 branes are skipping. The system that we 

consider is 𝑆𝑈(𝑁𝑐) 𝒩 = 4 SYM theory coupled to 𝑁𝑓 flavors 𝒩 =

2 hypermultplets. We fluctuate the scalar field and find that there is no such 

special values of frequency and momentum to skip the poles. This behavior is 

different than scalar field in the AdS black brane background.  
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1   Introduction 
 

One of the important applications of holography is studying Green’s functions [1]. 

It provides a useful tool to study the hydrodynamics regime of the boundary field 

theory. Recently, it was shown that in the complex plane of frequency 𝜔 and wave 

number 𝑘, there are special points where Green’s functions are not unique [2,3]. This 

phenomenon is called pole skipping, and it seems that it is related to the chaotic 

behavior of the strongly coupled system [4]. Using out of time ordered correlation 

functions (OTOCs), one can probe the time evolution of operators in quantum many-

body system [5]. The chaotic behavior of the system is given by Lyapunov exponent 

𝜆𝐿 = 𝑖 2𝜋𝑇 and butterfly velocity 𝑣𝐵. At special values in the complex plane (𝜔, 𝑘) 

one finds that both of 𝜔∗and 𝑘∗are purely imaginary as 

 

𝜔∗ = 𝑖 𝜆𝐿 ,        𝑘∗ = 𝑖𝜆𝐿/𝑣𝐵 .                                                                                    (1) 

Such relation is quite important and motivates a connection with quantum many-body 

system [6,7,8]. At these points, retarded Green’s functions 𝐺𝑇
𝑅(𝜔, 𝑘) =

𝑏(𝜔,𝑘)

𝑎(𝜔,𝑘)
 are not 

uniquely defined because 

lim
(𝜔,𝑘)→(𝜔∗,𝑘∗)

(𝑎(𝜔, 𝑘), 𝑏(𝜔, 𝑘)) = 0.                                                                        (2) 



40                            Mahdi Atashi and Kazem Bitaghsir Fadafan 
 

 

So far, pole skipping has been studied in field theories dual to black holes. Here we 

extend the study to the case of adding flavors to the system. Then we couple 𝒩 = 4 

SYM theory to a number of flavors 𝑁𝑓 in the quenching limit where 𝑁𝑓 is less than 

𝑁𝑐. The gravity setup is given by D3/D7. Recently this gravitational construction has 

been applied in condensed matter by studying properties of Weyl semimetals [8].  

Then that is a good motivation to check if the field theory dual to D3/D7 branes leads 

to pole skipping. We start by reviewing scalar perturbations and showing how one 

finds 𝜔∗ and 𝑘∗ from bulk equations in the next section. 

 

 

2   Finding pole-skipping points for scalar Green’s function 

 

The scalar Green’s function is obtained by solving Klein Gordon equation in the black 

hole space-time background. In Eddington-Finklestein coordinate, it is given by 

 

𝑑𝑠2 = −𝑟2𝑓(𝑟)𝑑𝑡∗
2 + 2𝑑𝑡∗𝑑𝑟 + 𝑟2𝑑�⃗�2,                                                                 (3) 

where r coordinate is the bulk direction and 𝑓(𝑟) = 1 − 𝑟𝐻
4/𝑟4. 𝑟𝐻 is the horizon 

location. The boundary is located at 𝑟 → ∞. One finds the scalar field EOM   

𝜕𝜇(√−𝑔𝜕𝜇𝜙) − √−𝑔 𝑚2𝜙 = 0,                                                                            (4) 

here 𝑔  is determinant of the background metric in Eq. (3), and from the equation of 

motion, the scalar field 𝜙  behaves at the boundary as 

𝜙 → 𝑎 𝑟Δ−4 + 𝑏 𝑟−Δ  .                                                                                             (5) 

So that 𝑎 is source and 𝑏 is the condensation from AdS/CFT dictionary. The 

dimension of the scalar field is Δ, so  

Δ(Δ − 4) = 𝑚2  .                                                                                                     (6) 

Consider the near horizon expansion of the scalar bulk field 

𝜙(𝑟) = ∑ 𝑎𝑖 (𝑟 − 𝑟𝐻)𝑖
𝑖=0                                                                                          (7) 

Here 𝑎𝑖’s are scalar field series expansion at each order. Plugging (7) in the equation 

of motion and considering order by order equation, one gets at each order the 

following relations 

𝒪[(𝑟 − 𝑟𝐻)0]:       𝐴00(𝜔, 𝑘2)𝑎0 + 𝐴01(𝜔)𝑎1 = 0                                                (8.a) 

𝒪[(𝑟 − 𝑟𝐻)1]:       𝐴10(𝜔, 𝑘2)𝑎0 + 𝐴11(𝜔, 𝑘2)𝑎1 + 𝐴12(𝜔)𝑎2 = 0                      (8.b) 

𝒪[(𝑟 − 𝑟𝐻)𝑛]:       𝐴𝑛0(𝜔, 𝑘2)𝑎0 + 𝐴𝑛1(𝜔, 𝑘2)𝑎1 + ⋯ + 𝐴𝑛𝑛+1(𝜔)𝑎𝑛+1 = 0     (8.c) 
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The first pole skipping point is found by setting (8.a) to be zero  

𝐴01(𝜔) = 0 ⟹ 𝜔 = 𝜔∗1 = −𝑖 2𝜋𝑇                                                                       (9) 

𝐴00(𝜔∗, 𝑘2) = 0 ⟹ 𝑘 = 𝑘∗1                                                                                 (10) 

So, the (𝜔∗1, 𝑘∗1) is the first pole – skipping point. Similarly, the n-th pole – skipping 

points is 𝜔∗𝑛 ≡ −𝑖 2𝜋𝑇𝑛, and the 𝑘∗𝑛 comes from det(𝑀𝑛) = 0, where 

𝑀𝑛 ≡ (

𝐴00 𝐴01 0  0 …
𝐴10 𝐴11 𝐴12 0 … 

…
𝐴𝑛0 𝐴𝑛1 𝐴𝑛2 … 𝐴𝑛𝑛+1

)                                                               (11) 

Several extensions have been considered, like adding higher derivative corrections 

[9,10], anisotropic background [11]. Constraints on the quasi-normal modes have 

been studied in [12].  

3   D3/D7 holographic model 
 

In this section, we introduce the holographic setup that we are interested in this study 

[8]. In table 1, the embedding of the D7 brane in the background of the D3 brane has 

been explained. There are 𝑁𝑐 D3 branes placed along with the coordinates 

(𝑥0, … , 𝑥3), which describe 𝑆𝑈(𝑁𝑐) 𝒩 = 4 SYM theory. The 𝑁𝑓 D7 branes are 

placed along (𝑥0, … , 𝑥7) giving rise to the fundamental representation of 𝑆𝑈(𝑁𝑐) as 

𝒩 = 2 hypermultplets.  

 

 𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7 𝑥8 𝑥9 

D3 × × × ×       

D7 × × × × × × × ×   
 

Table 1. Embedding of D7 branes in the backgrounds of D3 branes. 

 

By separating D7 branes from D3 branes in the transverse plane (𝑥8, 𝑥9) with a 

distance 𝑅, one gives the mass to open strings stretched between D7 and D3 branes. 

The mass 𝑚 is proportional to 𝑅, and its phase is the angle separation in the transverse 

plane. Fig. 1 shows the coordinates of D7 brane embedding.  Notice that the 89 plane 

is transverse to the D7 brane. The scalar that we want to study is R(r). A study of 

quasi-normal modes in D3/D7 set up has been done in [13,14]. 
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Figure 1. Coordinates of the D7 brane 

 

 

The background space-time is 

 

𝑑𝑠2 =
𝜌2

𝐿2 (−
𝑔(𝜌)

ℎ(𝜌)
𝑑𝑡2 + ℎ(𝜌)𝑑�⃗�2) +

𝐿2

𝜌2 (𝑑𝑟2 + 𝑟2𝑑𝑠𝑆3
2 + 𝑑𝑅2 + 𝑅2𝑑𝜙2),         (12) 

where 𝜌2 = 𝑟2 + 𝑅(𝑟)2, 𝑔(𝜌) = 1 − 𝜌𝐻
4 /𝜌4 and ℎ(𝜌) = 1 + 𝜌𝐻

4 /𝜌4. Temperature 

is 

𝑇 =
√2

𝜋
𝜌𝐻

𝐿2 . 

 

We do not turn on any gauge field on the D7 brane, then, the action includes only 

following DBI part, 

 

𝑆𝐷7 = −𝑁𝑓𝑇𝐷7∫ 𝑑8𝜉√− det(𝑃[𝐺])                                                                       (13) 

Clearly, this action differs from Klein Gordon action in Eq. (4) for the scalar field. 

Then that is interesting to explore the physics and investigate the pole skipping for 

DBI action. 

 

 

4   Pole – skipping in D3/D7 model 
 

Using the symmetries of the background, we separate the scalar field as 𝑅 ≡

𝑅(𝑡, 𝑟, 𝑥) = 𝑒−𝑖(𝜔𝑡+𝑘𝑥)ℛ(𝑟). The equation of motion is extracted by Eular-Lagrange 

as 

0 = 𝜕𝑅(𝑡,𝑟,𝑥)ℒ − 𝜕𝑡𝜕𝜕𝑡𝑅(𝑡,𝑟,𝑥)ℒ − 𝜕𝑟𝜕𝜕𝑟𝑅(𝑡,𝑟,𝑥)ℒ − 𝜕𝑥𝜕𝜕𝑥𝑅(𝑡,𝑟,𝑥)ℒ   .                      (14) 
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Equation of motion is a lengthy equation, and we avoid expressing all terms here. 

After expanding the field around the horizon 𝑟𝐻 as ℛ(𝑟) = ∑ 𝑎𝑖 (𝑟 − 𝑟𝐻)𝑖
𝑖=0  , one 

can obtain the series expansion terms.  

We have checked massive flavors but the situation is the same as the massless one. 

Then we concentrate first to explain the massless case which needs this condition 

𝑟𝐻 = 𝜌𝐻  sin(
𝜋

2
), see Fig. 2. Here the expansion starts from 𝒪[(𝑟 − 𝑟𝐻)2] as:  

𝒪[(𝑟 − 𝑟𝐻)2]:       𝐴20(𝜔2)𝑎0 = 0 ,                                                                     (15.a) 

𝒪[(𝑟 − 𝑟𝐻)3]:       𝐴30(𝜔2)𝑎0 + (4𝜋2𝑇2 + 𝜔2)𝑎1 = 0 ,                                    (15.b) 

𝒪[(𝑟 − 𝑟𝐻)4]:       𝐴40(𝜔2, 𝑘2)𝑎0 +  𝐴41(𝜔2)𝑎1 + (16𝜋2𝑇2 + 𝜔2)𝑎2 = 0 .     (15.c) 

where coefficients are given by  

𝐴20 = 𝜔2 

𝐴30 = 𝜋2𝑇2 − 𝜔2;       

𝐴40 = −16𝑘2 + 184𝜋2𝑇2 + 517 𝜔2;   

𝐴41 = 29𝜋2𝑇2 + 8𝜔2;   

This is not like Eq. (8) where coefficients depend linearly on 𝜔 and k. There is no 

first pole skipping at the first order of expansion in Eq. (15), because k is free and 

setting 𝜔 to zero is enough to kill the first order. But solving at the next order gives 

a pure imaginary value for 𝜔 as 𝜔∗3 = −2𝑖 𝜋𝑇 while still k is a free parameter. From 

eq.(15c), one obtains pure imaginary points 

𝜔∗4 = −4𝑖 𝜋𝑇;    𝑘∗4 = −𝑖√
1057

2
 𝜋𝑇. 

But that is not clear for us if it leads to a pole skipping in theory. Actually, it needs 

careful analysis that we leave it for further study. 

For massive case, the coordinate relation is 𝑟𝐻 = 𝜌𝐻  sin(𝛼); 𝛼 ≠ 𝜋/2 and the series 

expansion starts from zeroth-order 

𝒪[(𝑟 − 𝑟𝐻)0]:       𝐴00(𝜔2, 𝑘2)𝑎0 + 𝐴01𝑎1 + 𝐴02𝑎2 = 0                                    (16.a) 

𝒪[(𝑟 − 𝑟𝐻)1]:       𝐴10(𝜔2, 𝑘2)𝑎0 + 𝐴11(𝜔2, 𝑘2)𝑎1 + 𝐴12𝑎2 + 𝐴13𝑎3 = 0        (16.b) 

We list the coefficients as  

𝐴00(𝜔2, 𝑘2) = 8(−9𝑘2 + 96 𝜋2𝑇2 + 25𝜔2)    
𝐴01 = −249 (𝜋𝑇)3 

𝐴02 = 45 (𝜋𝑇)4 

𝐴10(𝜔2, 𝑘2) = −16(171𝑘2 − 864 𝜋2𝑇2 − 2075 𝜔2)    
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𝐴11(𝜔2, 𝑘2) = −24 𝜋𝑇 (45𝑘2 + 108 𝜋2𝑇2 − 125𝜔2)    
𝐴12 = −4680 (𝜋𝑇)4    
𝐴22 = 2025 (𝜋𝑇)5    

As it is clear from the above expressions, some coefficients do not depend on 𝜔 

and 𝑘. From 𝐴00(𝜔2, 𝑘2) = 0 we found the following condition  

𝑘∗ = ±
1

3
√96𝜋2𝑇2 + 25𝜔2,                                                                                  (17) 

while there is not any condition on 𝜔. Also,  𝐴01, 𝐴02 don’t vanish anywhere. 

Similarly, from 𝐴10(𝜔2, 𝑘2) = 0 and 𝐴11(𝜔2, 𝑘2) = 0, we found that 

𝜔∗ = (±2.8038 𝑖 ) 𝑇, 𝑘∗ = (±6.7471 𝑖) 𝑇 .                                                        (18) 

But the 𝐴12  and 𝐴22 don’t vanish anywhere. 

 

5   Results and Discussion 
 

We found that studying pole-skipping of scalar fields in D3/D7 is not like [2]. As it 

was reviewed in the second section, near horizon analysis leads to pole skipping 

points. But the near horizon series coefficients for massless and massive scalars in 

D3/D7 are completely different, at least there is no first pole skipping in Eqs. (15) 

and (16). Probably they are mentioning non-hydrodynamic modes in the dual theory, 

however, it needs more investigation. We are working on this question to better 

understand the nature of the dual field theory.  

 

6   Conclusions 
 

That would be interesting to investigate possible relation between quantum many-

body chaotic behavior dual to D3/D7 branes. One should calculate the Lyapunov 

exponent and butterfly velocity in this background. Here we have only studied scalar 

perturbation transverse to the D7 brane, but that would be interesting to see if pseudo 

scalar shows the same behavior. This field plays an important role in studying Weyl 

semimetals that have been done in [8], currently, this study is under investigation. 

Considering gauge and tensor perturbations are also important. One may conclude 

that hydrodynamic that comes from flavors in D3/D7 is not the same as the 𝑆𝑈(𝑁𝑐) 

gauge theory governing the Klein Gordon equation. 
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