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Abstract. We investigate the Joule Thomson expansion of a symmergent black hole
within an extended phase-space formalism in which the thermodynamic pressure is
introduced as an independent variable. The symmergent entropy contains the pa-
rameter α̂, which modifies the enthalpy and thermodynamic volume relative to their
standard forms. We show that the Joule Thomson coefficient depends only on the
combination 8πPr2+, leading to an inversion curve Pi =

π
2
T 2
i that is independent of α̂.

The isenthalpic curves, however, retain a parametric dependence on α̂, indicating that
the symmergent sector affects the thermodynamic trajectories but not the inversion
boundary itself. The inversion pressure and temperature are derived explicitly, and
the cooling regime P < Pi is distinguished from the heating regime P > Pi. Since
the effective geometry is asymptotically AdS-like for positive pressure, the results also
admit a holographic reading, in which the Joule Thomson expansion corresponds to an
isenthalpic process in the dual field theory. The results provide a consistent thermo-
dynamic framework for symmergent black holes and clarify the role of the symmergent
parameters in the Joule Thomson process.
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1 Introduction
Black-hole thermodynamics provides a remarkable connection between gravitational dynam-
ics, quantum field theory, and thermodynamic principles. The identification of black-hole
entropy with a quantity proportional to the horizon area and the discovery of Hawking
radiation established that black holes possess genuine thermodynamic properties [1,2]. The
formulation of the four laws of black-hole mechanics further clarified the close correspon-
dence between horizon dynamics and the laws of thermodynamics [3]. Since then, black-hole
thermodynamics has been extensively developed within general relativity and a wide range
of gravitational theories beyond Einstein gravity [4,5].

A significant extension of this framework is provided by the extended phase-space for-
malism, in which the cosmological constant is promoted to a thermodynamic pressure. In
this formulation, the black-hole mass is interpreted as the thermodynamic enthalpy, and
the first law acquires an additional pressure volume contribution. This extended thermody-
namic interpretation has led to the development of black-hole chemistry and has revealed
rich phase structures, including critical behavior analogous to that of ordinary thermody-
namic systems [6–9], thereby motivating extensive studies of black-hole thermodynamics in
Einstein and modified gravity theories [10,11]. The resulting framework provides a natural
setting for studying thermodynamic processes in which pressure and temperature vary while
the enthalpy remains fixed.

One such process is the Joule Thomson expansion. In ordinary thermodynamics, the
Joule Thomson process describes an isenthalpic expansion, and the corresponding Joule
Thomson coefficient,

µJT =

(
∂T

∂P

)
H

, (1.1)

determines the variation of temperature during the expansion. The condition µJT = 0 de-
fines the inversion curve, which separates the cooling and heating regimes. The application
of this concept to black-hole thermodynamics has led to the investigation of inversion curves
and isenthalpic trajectories for several black-hole solutions, including charged AdS and Kerr
AdS black holes [12,13]. More recently, Joule Thomson processes and the extended thermo-
dynamics of black holes have also been investigated in a variety of modified-gravity settings
and matter-coupled gravitational models [14–16], with recent investigations extending the
analysis to regular and Schwarzschild-AdS black holes in the extended phase space [17,18].

Among the theories extending general relativity, symmergent gravity provides a par-
ticularly interesting framework in which gravitational dynamics can emerge from quantum
effects associated with the gauge sector. The theory was introduced by Demir as a frame-
work in which quadratic-curvature contributions arise through quantum-induced effects in
the gravitational sector [19]. The resulting black-hole solutions can possess thermodynamic
properties that differ from those of their general-relativistic counterparts. In particular, the
thermodynamics and quantum or fluctuation-related corrections of symmergent black holes
have recently been investigated in the literature [20]. More generally, the thermodynamic
properties of black holes in modified and higher-curvature theories have been studied from
several complementary perspectives [21,22]. Recent studies have also continued to explore
the thermodynamic structure of AdS black holes in generalized gauge-gravity models and
modified theories [23].

Despite these developments, the Joule Thomson expansion of the symmergent black
hole considered here has not, to the best of our knowledge, been systematically analyzed
within a consistent extended phase-space framework. In particular, the consequences of
interpreting the symmergent curvature contribution as a thermodynamic pressure, together
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with the resulting enthalpy and thermodynamic volume, require a careful formulation before
the isenthalpic expansion can be studied. The dependence of the inversion curve and the
isenthalpic trajectories on the parameters characterizing the symmergent sector also remains
to be clarified.

Black-hole thermodynamics is naturally connected to holography through the AdS/CFT
correspondence [24], where the thermal properties of an asymptotically AdS black hole are
dual to those of a boundary conformal field theory. In the extended phase space, varying the
thermodynamic pressure corresponds to varying the central charge of the dual theory [8].
For the symmergent solution considered here, the effective geometry is asymptotically AdS-
like for positive pressure, so the thermodynamic analysis below can be interpreted within
this holographic framework.

In this work, we investigate the Joule Thomson expansion of a static symmergent black
hole in the extended phase space. We first establish the geometric framework and express
the horizon relation in terms of the symmergent parameters. We then identify the effective
thermodynamic pressure associated with the curvature contribution and construct the corre-
sponding thermodynamic quantities. By imposing a consistent extended first law, we derive
the thermodynamic enthalpy and volume associated with the black-hole solution. These
quantities are subsequently used to obtain the Joule Thomson coefficient and the inversion
condition. We analyze the resulting inversion curve and isenthalpic trajectories and examine
how the symmergent parameter modifies the cooling and heating regions.

The paper is organized as follows. In Sec. 2, we introduce the symmergent black-hole
geometry and derive the horizon relation. The extended phase-space formulation and the
corresponding thermodynamic quantities are then established, including the consistent first
law, the enthalpy, and the thermodynamic volume. In Sec. 3, we derive the Joule Thomson
coefficient and obtain the inversion condition. The inversion curve and isenthalpic trajecto-
ries are then analyzed, with particular emphasis on the effect of the symmergent parameter.
Finally, our conclusions are presented in Sec. 4.

2 Geometric and Thermodynamic Framework

In this section, we establish the geometric and thermodynamic framework required for the
analysis of the Joule Thomson expansion of the symmergent black hole. We begin by recall-
ing the effective gravitational structure of symmergent gravity and introducing the static,
spherically symmetric black-hole solution considered in this work. The corresponding hori-
zon relation is then obtained, and the curvature contribution associated with the symmergent
sector is incorporated into the extended phase space through an effective thermodynamic
pressure. The Hawking temperature and entropy are subsequently determined from the
horizon geometry and the gravitational thermodynamic structure. Finally, these quantities
are used to formulate a consistent extended first law and to derive the thermodynamic en-
thalpy and volume. The resulting framework provides the basis for the isenthalpic Joule
Thomson expansion studied in Sec. 3.

Symmergent gravity is an emergent gravitational framework in which the gravitational
sector is connected to quantum effects associated with the underlying matter fields. In
its effective description, the induced gravitational dynamics contain the Einstein Hilbert
contribution together with curvature corrections generated by the underlying quantum field
theory. The coefficient of the quadratic-curvature contribution is controlled by the difference
between the numbers of bosonic and fermionic degrees of freedom in the underlying theory.
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In particular, the corresponding loop coefficient is commonly written as

c0 =
nB − nF

128π2
, (2.1)

where nB and nF denote, respectively, the total numbers of bosonic and fermionic degrees
of freedom. The symmergent framework therefore provides a geometric interpretation of
the quantum imbalance between these sectors through the curvature scale of the effective
gravitational solution [19,20].

The static, spherically symmetric black-hole solution employed in the present work was
obtained within this symmergent framework and has been investigated in subsequent studies
of the thermodynamic and geometric properties of symmergent black holes [19,20]. The
corresponding spacetime geometry and its thermodynamic properties are introduced below.

2.1 Symmergent Black-Hole Geometry
The static and spherically symmetric black-hole solution employed in the present work is not
derived here but follows directly from the quadratic-curvature formulation of symmergent
gravity developed in Ref. [25]. For completeness and to establish the notation used in the
thermodynamic analysis, we briefly summarize the main ingredients of that construction.

In four-dimensional vacuum, the gravitational action of the symmergent theory can be
written in the f(R) form

Sgrav =
1

16πG

∫
d4x

√
−g f(R), (2.2)

where
f(R) = R− πGc0R

2. (2.3)

Equations (2.2) and (2.3) follow directly from the symmergent gravitational framework pre-
sented in Ref. [25].

The derivative of the curvature function is

F (R) ≡ df(R)

dR
= 1− 2πGc0R, (2.4)

which is also obtained in Ref. [25].
Variation of the action with respect to the metric gives the vacuum field equations

F (R)Rµν − 1

2
gµνf(R) + (gµν□−∇µ∇ν)F (R) = 0, (2.5)

where
□ = ∇α∇α,

and the corresponding traceless form is

F (R)Rµν − 1

4
gµνRF (R) +

1

4
gµν□F (R)−∇µ∇νF (R) = 0, (2.6)

as derived in Ref. [25].
To obtain the static vacuum solution, one adopts the metric ansatz

ds2 = −B(r) dt2 +
dr2

B(r)
+ r2

(
dθ2 + sin2 θ dϕ2

)
, (2.7)
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whose Ricci scalar is
R = −r2B′′(r) + 4rB′(r) + 2B(r)− 2

r2
. (2.8)

These expressions are identical to those introduced in Ref. [25].
Substituting the metric ansatz into the field equations leads to the independent differ-

ential equations

2FB′′ + 2B′F ′ − 2BF ′′ − 4

r
BF ′ +

4

r2
F (1−B) = 0, (2.9)

2FB′′ + 2B′F ′ + 6BF ′′ − 4

r
BF ′ +

4

r2
F (1−B) = 0, (2.10)

2FB′′ + 2B′F ′ + 2BF ′′ − 4

r
BF ′ +

4

r2
F (1−B) = 0, (2.11)

from which
B(r)F ′′(r) = 0 (2.12)

is immediately obtained by subtraction. Outside the horizon, where B(r) ̸= 0, one finds
F (R) = a+ br. (2.13)

Consistency of the field equations further requires
b = 0, (2.14)

so that
F (R) = a. (2.15)

These intermediate relations are summarized from the derivation presented in Ref. [25].
Integration of the remaining field equation yields

B(r) = 1 +
C

r
+

a− 1

24πGc0
r2, (2.16)

where C is an integration constant. Identifying
C = −2GM, (2.17)

and introducing the dimensionless constant α̂ = a, the metric function becomes

f(r) = 1− 2GM

r
− 1− α̂

24πGc0
r2. (2.18)

Equation (2.18) is the exact static black-hole solution of symmergent gravity obtained in
Ref. [20,25] and constitutes the starting point of the present thermodynamic analysis.

Here, M denotes the geometric mass parameter, G is Newton’s gravitational constant, c0
characterizes the quadratic-curvature sector, and α̂ is the dimensionless integration constant
of the symmergent solution. The Schwarzschild geometry is recovered in the limit α̂ → 1,
where the curvature contribution vanishes.

The event horizon is determined by the largest positive root of
f(r+) = 0, (2.19)

which immediately gives
M =

r+
2G

[
1− 1− α̂

24πGc0
r2+

]
. (2.20)

Equation (2.20) expresses the mass parameter in terms of the event-horizon radius and the
symmergent parameters. This relation serves as the starting point for the extended phase-
space formulation developed in the next subsection, where the curvature contribution is
interpreted as an effective thermodynamic pressure.
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2.2 Extended Phase Space and Thermodynamic Pressure
The extended phase-space description is obtained by promoting the curvature contribution
associated with the symmergent sector to an independent thermodynamic pressure. This
construction is analogous to the treatment of the cosmological constant as a thermodynamic
pressure in extended black-hole thermodynamics [6,7,9]. Accordingly, we define

P =
α̂− 1

64π2Gc0
. (2.21)

With this identification, the curvature term in Eq. (2.18) can be rewritten as

− 1− α̂

24πGc0
r2 =

8πP

3
r2, (2.22)

and the metric function consequently takes the form

f(r) = 1− 2GM

r
+

8πP

3
r2. (2.23)

Equation (2.23) has the standard Schwarzschild–AdS form with an effective AdS radius
L2 = 8πP

3 , so for P > 0 the geometry is asymptotically AdS-like. The pressure defined
in Eq. (2.21) is treated as an independent thermodynamic variable in the extended phase
space. Since P depends on the symmergent curvature parameter c0, variations of the ther-
modynamic pressure correspond to variations of the effective curvature scale associated with
the symmergent sector. This identification provides the thermodynamic setting required for
studying an isenthalpic Joule Thomson expansion, in which the pressure changes while the
enthalpy remains fixed.

Using Eq. (2.23), the horizon condition can be written as

1− 2GM

r+
+

8πP

3
r2+ = 0, (2.24)

which yields

M =
r+
2G

(
1 +

8πPr2+
3

)
. (2.25)

The horizon radius therefore provides the natural geometric variable for describing the black-
hole state, while the pair (r+, P ) serves as the basic set of variables for constructing the
extended thermodynamic state space. It is important, however, to distinguish the geometric
mass parameter M appearing in the metric from the thermodynamic enthalpy H. The latter
is determined below from the thermodynamic quantities and the consistent extended first
law.

2.3 Thermodynamic Quantities
The Hawking temperature is determined by the surface gravity associated with the event
horizon. For the static metric in Eq. (2.7), the temperature is given by

T =
f ′(r+)

4π
. (2.26)

Using the pressure representation in Eq. (2.23) together with the horizon relation, one
obtains

f ′(r+) =
1

r+
+ 8πPr+. (2.27)
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Consequently, the Hawking temperature takes the form

T =
1 + 8πPr2+

4πr+
. (2.28)

The entropy of the symmergent black hole is not given by the standard Bekenstein Hawk-
ing expression alone. The modified gravitational sector changes the normalization of the
gravitational entropy, leading to

S =
α̂πr2+
G

. (2.29)

This expression is the entropy associated with the symmergent black-hole solution and has
been obtained in previous studies of its thermodynamic properties [20]. The factor α̂ repre-
sents the modified gravitational normalization and is independent of the symmergent cur-
vature parameter c0. Consequently, the entropy differs from the standard geometric area
expression by the symmergent normalization factor. Its differential is therefore

dS =
2α̂πr+

G
dr+. (2.30)

At fixed G and α̂, the thermodynamic variables obtained above have the functional depen-
dence

T = T (r+, P ), S = S(r+). (2.31)
These relations specify the temperature and entropy required for the extended thermody-
namic description. In particular, the dependence of the temperature on both r+ and P ,
together with the purely geometric dependence of the entropy on r+, determines the ther-
modynamic structure needed for the formulation of the extended first law.

2.4 Consistent Extended First Law
In the extended phase-space formulation, the thermodynamic potential appropriate to a
variable pressure is the enthalpy H. The extended first law is therefore written as

dH = T dS + V dP, (2.32)

where V denotes the thermodynamic volume. The interpretation of the black-hole mass as
an enthalpy in an extended thermodynamic phase space follows the standard formulation of
black-hole chemistry [6,7,9].

Using Eqs. (2.28) and (2.30), the entropy contribution to the first law becomes

T dS =
α̂

2G

(
1 + 8πPr2+

)
dr+. (2.33)

Consequently, at fixed pressure,(
∂H

∂r+

)
P

=
α̂

2G

(
1 + 8πPr2+

)
. (2.34)

Integrating this relation with respect to the horizon radius gives

H =
α̂r+
2G

+
4α̂πPr3+

3G
+ h(P ), (2.35)

where h(P ) is an integration function depending only on the pressure.
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The pressure-dependent integration function represents the freedom in choosing the ther-
modynamic reference state. We choose the reference state such that this contribution van-
ishes, namely h(P ) = 0. The enthalpy then becomes

H =
α̂r+
2G

(
1 +

8πPr2+
3

)
. (2.36)

Comparison of Eqs. (2.25) and (2.36) shows that the thermodynamic enthalpy is related to
the geometric mass parameter by

H = α̂M. (2.37)
Thus, because of the modified symmergent entropy normalization, the thermodynamic en-
thalpy is not identical to the geometric mass parameter appearing in the metric. This
distinction is essential for maintaining consistency between the entropy, the first law, and
the thermodynamic volume.

The thermodynamic volume is obtained from the enthalpy according to

V =

(
∂H

∂P

)
S

. (2.38)

Since the entropy is a function of r+ alone, fixing S is equivalent to fixing r+ when G and
α̂ are held fixed. Therefore,

V =

(
∂H

∂P

)
r+

, (2.39)

which yields

V =
4α̂πr3+
3G

. (2.40)

The thermodynamic volume is consequently related to the corresponding geometric horizon
volume,

Vgeo =
4πr3+
3G

, (2.41)

through
V = α̂Vgeo. (2.42)

The same symmergent normalization factor that modifies the entropy therefore appears in
both the enthalpy and the thermodynamic volume. With these definitions, the extended
first law is satisfied consistently:

dH = T dS + V dP. (2.43)

The thermodynamic quantities entering the extended first law are therefore summarized by

T =
1 + 8πPr2+

4πr+
,

S =
α̂πr2+
G

,

H =
α̂r+
2G

(
1 +

8πPr2+
3

)
,

V =
4α̂πr3+
3G

.

(2.44)
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These relations provide the complete geometric and thermodynamic framework required for
the subsequent analysis. In particular, the pressure is treated as an independent thermo-
dynamic variable, while the enthalpy in Eq. (2.36) is held fixed during the Joule Thomson
expansion. The resulting Joule Thomson coefficient, inversion condition, and isenthalpic
trajectories are investigated in Sec. 3.

3 Joule Thomson Expansion and Inversion Curve
The Joule Thomson expansion is a throttling process that takes place at constant enthalpy.
In the extended phase-space description of black-hole thermodynamics, the expansion is
therefore analyzed along isenthalpic trajectories in the pressure temperature plane. The
response of the temperature to a pressure variation along such a trajectory is characterized
by the Joule Thomson coefficient,

µJT =

(
∂T

∂P

)
H

. (3.1)

A positive value of µJT corresponds to cooling during a decrease in pressure, whereas a
negative value corresponds to heating. The boundary separating these two regimes is de-
termined by the inversion condition µJT = 0. The resulting set of points in the pressure
temperature plane defines the inversion curve. The Joule Thomson analysis below therefore
consists of determining the coefficient µJT, the associated isenthalpic trajectories, and the
inversion curve.

3.1 Joule Thomson Coefficient
The temperature and enthalpy obtained in the previous section are functions of the horizon
radius and pressure, namely T = T (r+, P ) and H = H(r+, P ). During the Joule Thomson
expansion, the enthalpy is held fixed. Since G and α̂ are treated as fixed parameters, the
differential of the enthalpy along an isenthalpic trajectory is

dH =

(
∂H

∂r+

)
P

dr+ +

(
∂H

∂P

)
r+

dP = 0. (3.2)

Using the enthalpy obtained in the previous section, the required partial derivatives are(
∂H

∂r+

)
P

=
α̂

2G

(
1 + 8πPr2+

)
, (3.3)

and (
∂H

∂P

)
r+

=
4α̂πr3+
3G

. (3.4)

It follows that the variation of the horizon radius with pressure along a constant-enthalpy
trajectory is (

∂r+
∂P

)
H

= −

(
∂H
∂P

)
r+(

∂H
∂r+

)
P

= −
8πr3+

3
(
1 + 8πPr2+

) . (3.5)

The factor α̂ cancels in this relation because it appears as a common multiplicative factor in
both enthalpy derivatives. This cancellation is specific to the constant-enthalpy trajectory
and does not imply that α̂ is absent from the thermodynamic quantities themselves.
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The Joule Thomson coefficient is defined by Eq. (3.1). Since the temperature depends
on both P and r+, its derivative along an isenthalpic trajectory is obtained from the chain
rule: (

∂T

∂P

)
H

=

(
∂T

∂P

)
r+

+

(
∂T

∂r+

)
P

(
∂r+
∂P

)
H

. (3.6)

For
T =

1 + 8πPr2+
4πr+

,

the required derivatives are(
∂T

∂P

)
r+

= 2r+,

(
∂T

∂r+

)
P

= 2P − 1

4πr2+
. (3.7)

Substituting these expressions together with Eq. (3.5) into Eq. (3.6), we obtain

µJT = 2r+ −
(
2P − 1

4πr2+

)
8πr3+

3
(
1 + 8πPr2+

) . (3.8)

After simplification, the Joule Thomson coefficient takes the form

µJT =
r+

(
1− 8πPr2+

)
3
(
1 + 8πPr2+

) . (3.9)

The explicit dependence on the symmergent normalization factor α̂ has disappeared from
µJT. This is a direct consequence of the common multiplicative factor α̂ appearing in the
enthalpy derivatives that determine the isenthalpic trajectory. Thus, although α̂ remains
present in the entropy, enthalpy, and thermodynamic volume, it does not affect the Joule
Thomson coefficient when G and α̂ are held fixed during the expansion. The resulting
coefficient depends on the state variables through the dimensionless combination 8πPr2+.

The inversion curve is obtained by imposing

µJT = 0. (3.10)

For r+ ̸= 0, Eq. (3.9) immediately gives

Pi =
1

8πr2+
. (3.11)

Substituting this relation into the temperature equation yields

Ti =
1

2πr+
. (3.12)

Eliminating r+ between the last two equations gives the inversion curve in the pressure
temperature plane:

Pi =
π

2
T 2
i . (3.13)

Holographically, the inversion curve (3.13) separates the cooling regime µJT > 0 from the
heating regime µJT < 0 in the dual field theory, with the sign of µJT indicating whether the
dual system cools or heats as the pressure decreases.

Thus, within the thermodynamic framework adopted here, the inversion curve is inde-
pendent of α̂ when expressed in the (P, T ) plane. This does not mean that the symmergent
parameter has no thermodynamic role. Rather, its explicit contribution cancels from the
Joule Thomson coefficient and, consequently, from the inversion curve, while it remains
present in the underlying entropy, enthalpy, and thermodynamic volume. Its possible effect
on the isenthalpic trajectories is therefore examined separately in the following subsection.
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3.2 Isenthalpic Curves
We now analyze the isenthalpic trajectories associated with the Joule Thomson expansion.
In a throttling process, the thermodynamic enthalpy remains constant. Therefore, each
individual trajectory in the pressure temperature plane is characterized by a fixed value of
the enthalpy. Denoting this constant value by H0, Eq. (2.36) can be written along a given
isenthalpic trajectory as

H0 =
α̂r+
2G

(
1 +

8πPr2+
3

)
. (3.14)

Here, H0 is not a new thermodynamic quantity; it represents the constant value of the
enthalpy H along a particular isenthalpic trajectory. Different values of H0 therefore label
different isenthalpic curves.

Solving Eq. (3.14) for the pressure gives the parametric form of the isenthalpic trajecto-
ries:

P (r+;H0) =
3

8πr2+

(
2GH0

α̂r+
− 1

)
. (3.15)

The corresponding temperature is obtained by substituting this pressure into the Hawking
temperature given in Eq. (2.28):

T (r+;H0) =
1 + 8πP (r+;H0)r

2
+

4πr+
. (3.16)

Using Eq. (3.15), this relation simplifies to

T (r+;H0) =
GH0

πα̂r2+
− 1

2πr+
. (3.17)

Consequently, the isenthalpic trajectories are parametrically represented by

P (r+;H0) =
3

8πr2+

(
2GH0

α̂r+
− 1

)
,

T (r+;H0) =
GH0

πα̂r2+
− 1

2πr+
.

(3.18)

These relations show that, unlike the inversion curve, the isenthalpic trajectories retain
an explicit dependence on the symmergent normalization factor through the combination
GH0/α̂. This distinction is important: the inversion condition is determined by the vanishing
of the Joule Thomson coefficient and, in the (P, T ) representation obtained above, does not
contain α̂, whereas the location and shape of a trajectory with a specified physical enthalpy
H0 depend on the ratio H0/α̂.

The intersection between a fixed-H0 isenthalpic trajectory and the inversion curve is
obtained by equating the pressure on the isenthalpic trajectory to the inversion pressure at
the same horizon radius:

P (r+;H0) = Pi(r+) =
1

8πr2+
. (3.19)

Substituting Eq. (3.15) into this condition gives

3

8πr2+

(
2GH0

α̂r+
− 1

)
=

1

8πr2+
, (3.20)



Arti
cle

in
pre

ss
Thermodynamic Structure, Inversion Curves, and Isenthalpic Expansion 13

or, equivalently,
2GH0

α̂r+
− 1 =

1

3
. (3.21)

The horizon radius at the intersection is therefore

rint+ =
3GH0

2α̂
. (3.22)

The corresponding pressure and temperature are obtained by substituting rint+ into the
inversion relations (3.11) and (3.12). Thus, each fixed value of H0 determines a specific
intersection point with the inversion curve.

The sign of the Joule Thomson coefficient determines the thermodynamic behavior along
the isenthalpic trajectories. In the physical domain where

1 + 8πPr2+ > 0, (3.23)

the result obtained in Eq. (3.9) gives

µJT > 0 ⇐⇒ 8πPr2+ < 1, (3.24)

whereas
µJT < 0 ⇐⇒ 8πPr2+ > 1. (3.25)

Accordingly, the inversion curve separates the cooling and heating regions of the isenthalpic
expansion. The region with µJT > 0 corresponds to cooling during a pressure decrease,
whereas the region with µJT < 0 corresponds to heating under the same expansion process.

Figure 1 displays the inversion curve together with several representative isenthalpic
trajectories obtained from Eq. (3.18). The curves are labeled by their fixed enthalpy values
H0, while the inversion curve is independent of this choice. Each intersection between an
isenthalpic trajectory and the inversion curve corresponds to a point at which µJT = 0 and
therefore marks the transition between the cooling and heating regimes.

The qualitative structure shown in Fig. 1 is consistent with the standard thermody-
namic interpretation of Joule Thomson expansion in black-hole systems, where isenthalpic
trajectories cross the inversion locus and thereby separate regions of cooling and heating
[12–15]. The present analysis extends this framework to the symmergent black-hole solu-
tion and shows explicitly how the symmergent normalization factor affects the isenthalpic
trajectories through H0/α̂, while it cancels from the inversion condition and the resulting
inversion curve in the (P, T ) plane. This separation between the inversion boundary and
the parameter-dependent isenthalpic paths provide the central thermodynamic structure
underlying the Joule Thomson analysis of the symmergent black hole.

3.3 Thermodynamic Structure of the Inversion Curve
The inversion curve obtained in the previous subsection provides the boundary separating the
cooling and heating regimes of the Joule Thomson expansion. In the present thermodynamic
description, its equation is

Pi =
π

2
T 2
i , (3.26)

which follows from the condition µJT = 0 together with the thermodynamic relations evalu-
ated at the inversion point. Thus, Eq. (3.26) does not represent an additional independent
thermodynamic condition. Rather, it is the explicit pressure temperature representation of
the inversion condition already obtained from the Joule Thomson coefficient.
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Figure 1: The inversion curve and representative isenthalpic trajectories of the symmergent
black hole in the pressure temperature plane. The inversion curve is given by Pi =

π
2T

2
i ,

while the remaining curves represent trajectories of fixed enthalpy H0. The intersections of
the isenthalpic trajectories with the inversion curve correspond to µJT = 0 and mark the
transition between the cooling and heating regimes.

Equation (3.26) shows that the inversion boundary has a parabolic form in the (P, T )
plane. Within the thermodynamic parametrization adopted here, the resulting curve con-
tains no explicit dependence on the symmergent normalization factor α̂. This property
follows from the cancellation of α̂ in the constant-enthalpy derivative and, consequently,
in the expression for µJT. The inversion curve therefore defines a universal boundary with
respect to this normalization factor.

This independence, however, should not be interpreted as indicating that the complete
thermodynamic behavior is independent of α̂. The isenthalpic trajectories retain an explicit
dependence on this parameter through the combination GH0/α̂, as shown by Eq. (3.18).
Consequently, the inversion curve and the isenthalpic trajectories describe two different
aspects of the Joule Thomson expansion. The inversion curve determines the boundary
separating the cooling and heating regimes, whereas the isenthalpic trajectories determine
the actual thermodynamic paths followed by black-hole states with fixed enthalpy.

The dependence of the inversion pressure and temperature on the horizon radius follows
directly from the inversion relations derived in the previous subsection:

Pi ∝ r−2
+ , Ti ∝ r−1

+ . (3.27)

Accordingly, a decrease in the horizon radius leads to an increase in both the inversion
pressure and the inversion temperature. Conversely, larger horizon radii correspond to lower
values of these two quantities. This behavior originates from the inversion condition, which
fixes the dimensionless combination 8πPr2+ at the inversion point. The scaling relations also
demonstrate that the inversion properties are directly connected to the horizon geometry,
even though the final pressure temperature representation in Eq. (3.26) does not contain an
explicit factor of α̂.

The cooling and heating regimes can be identified by comparing the thermodynamic



Arti
cle

in
pre

ss
Thermodynamic Structure, Inversion Curves, and Isenthalpic Expansion 15

pressure with the inversion pressure at a given horizon radius. In the physical domain

1 + 8πPr2+ > 0, (3.28)

the sign of the Joule Thomson coefficient is determined by the relative magnitude of P and
Pi. Therefore,

P < Pi =⇒ µJT > 0, (3.29)

corresponds to the cooling regime, whereas

P > Pi =⇒ µJT < 0, (3.30)

corresponds to the heating regime. At P = Pi, the Joule Thomson coefficient vanishes
and the system lies on the inversion boundary. Thus, during a pressure decrease along an
isenthalpic trajectory, the region with µJT > 0 corresponds to cooling, whereas the region
with µJT < 0 corresponds to heating.

The thermodynamic regimes can therefore be summarized as
P < Pi, µJT > 0 (cooling),

P = Pi, µJT = 0 (inversion point),

P > Pi, µJT < 0 (heating).

(3.31)

The relation between the inversion locus and the constant-enthalpy trajectories is shown in
Fig. 2. The figure is plotted in the (P, r+) plane. The inversion locus is determined by

Pi =
1

8πr2+
, (3.32)

whereas the remaining curves represent isenthalpic trajectories corresponding to different
fixed values of the enthalpy. Their intersections with the inversion locus therefore identify
the horizon radii at which the corresponding thermodynamic states satisfy µJT = 0.

Figure 2 provides a direct geometric representation of the different roles played by the
inversion locus and the isenthalpic trajectories. The inversion locus decreases monotonically
as the horizon radius increases, in accordance with the scaling Pi ∝ r−2

+ . It is therefore
located at higher pressures for smaller black holes and approaches the low-pressure region
as r+ becomes larger. This behavior is distinct from that of the isenthalpic trajectories,
whose positions depend on the chosen value of the enthalpy.

For the representative enthalpy values displayed in the figure, the curves are systemati-
cally displaced as the fixed enthalpy is changed. At a given pressure, trajectories with larger
values of the enthalpy extend toward larger horizon radii. This behavior follows directly
from the fixed-enthalpy parametrization and shows that the location of a thermodynamic
path in the (P, r+) plane is not determined solely by the inversion condition.

Each representative isenthalpic trajectory intersects the inversion locus at a distinct
point. These intersections correspond precisely to the states for which µJT = 0. They
therefore mark the points at which a constant-enthalpy trajectory reaches the boundary
separating the two Joule Thomson regimes. The intersection radius depends on the fixed
enthalpy and, through the combination H0/α̂, on the symmergent normalization factor.

The figure consequently demonstrates an important distinction between the inversion
locus and the isenthalpic curves. The inversion locus is fixed by the condition for vanishing
Joule Thomson coefficient and has a universal form within the present thermodynamic de-
scription. The isenthalpic trajectories, in contrast, depend on the thermodynamic enthalpy
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Figure 2: The inversion locus and representative isenthalpic trajectories in the (P, r+)
plane. The inversion locus is given by Pi = 1/(8πr2+), while the remaining curves correspond
to different fixed enthalpy values. Their intersections identify the horizon radii at which
µJT = 0 and mark the transition between the cooling and heating regimes.

and on the symmergent normalization through their parametrization. Hence, different black
holes with different fixed enthalpies follow different paths in the (P, r+) plane, although they
encounter the same inversion locus.

At the intersection points, the Joule Thomson coefficient changes sign. The side of the
inversion locus corresponding to µJT > 0 represents the cooling regime during a pressure
decrease, whereas the region with µJT < 0 represents the heating regime. The figure there-
fore does not merely display the inversion relation and a set of constant-enthalpy curves;
it also illustrates how individual isenthalpic thermodynamic paths encounter the universal
boundary and undergo the transition between the two Joule Thomson behaviors.

4 Conclusion
In this work, we have studied the Joule Thomson expansion of a symmergent black hole
within a consistent extended phase-space formalism. By identifying the symmergent curva-
ture contribution with a thermodynamic pressure, we constructed the enthalpy, tempera-
ture, entropy, and thermodynamic volume from the horizon geometry and the symmergent
parameters.

We derived the Joule Thomson coefficient and found that it is independent of the sym-
mergent normalization factor α̂. This cancellation arises from the consistent first-law formu-
lation, in which the same factor appears in both the enthalpy and the volume derivatives.
Consequently, the inversion curve Pi =

π
2T

2
i is also independent of α̂.

In contrast, the isenthalpic trajectories retain a parametric dependence on α̂. This shows
that while the inversion boundary is universal with respect to the symmergent normalization,
the thermodynamic paths followed during the expansion are modified by the symmergent
sector. We also derived the intersection of the isenthalpic curves with the inversion locus
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and identified the horizon radius at which the Joule Thomson coefficient changes sign.
The cooling regime P < Pi and the heating regime P > Pi were distinguished explicitly.

The results provide a complete thermodynamic description of the Joule Thomson expansion
for the symmergent black hole and clarify the role of the symmergent parameters in the
isenthalpic process.

The AdS-like form of the effective geometry for positive pressure places this analysis in
a holographic setting. In the dual picture, the Joule–Thomson expansion is an isenthalpic
process and the inversion curve separates cooling from heating. A more detailed holographic
study of the symmergent parameter α̂ would be a natural next step.

Several directions remain open for future work. It would be interesting to extend this
analysis to rotating or charged symmergent black holes, where additional conserved charges
could enrich the thermodynamic structure. The inclusion of quantum or fluctuation correc-
tions to the entropy could also provide further insights. Finally, the connection between the
Joule Thomson expansion and other thermodynamic processes in modified gravity frame-
works deserves further investigation.
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