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Abstract. Topological order is a new type of order that beyond Landau’s symmetry-
breaking theory. It has some interesting properties, such as producing quasi-particles
with fractional quantum numbers and fractional/Fermi statistics, robust gapless bound-
ary modes, and emergent gauge excitations. In this paper, we will show that the quan-
tum gravity in AdS3 spacetime can also have topological orders. Actually, the theory
has all the three features that define the topological order. We conjecture that quantum
gravity in four dimensions can also have topological orders.
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1 Introduction

In our world, there are many different phases of matter. For a long time, it was believed
that those phases could be described by Laudau’s symmetry-breaking theory. But in the late
1980s, it was found that in chiral spin liquid, there may exist a new kind of order, so-called
topological order that is beyond the usual symmetry description [1]. The term “topological”
was motivated by the fact that the low energy effective theory for the chiral spin liquid is
a topological quantum field theory. Since then, the study of topological phases of quantum
matter has slowly become more and more active, and then the main stream in condensed
matter physics now. It was proposed that such a phase of matter can be used to build a
powerful quantum computer [2, 3].

Topological order can be probed/defined by three essential properties [4]:

1. the ground state degeneracy on a torus (or other space with non-trivial topology);

2. the non-Abelian geometrical phase of those degenerate ground states (which form a
representation of the modular group SL(2, Z));

3. the gapless edge modes.

Those properties are all robust against any small perturbations. It can also be defined
microscopically as a pattern of long-range entanglement. Topological order can produce
quasiparticles with fractional quantum numbers and fractional/Fermi statistics, robust gap-
less boundary modes, and emergent gauge excitations. So they can provide a unification of
gauge interaction, and Fermi statistics [5]. A typical system which has topological order is
the fractional quantum Hall states.
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In this paper, we will show that the quantum gravity in AdS3 spacetime has topological
orders.

2 Topological order in 3D AdS gravity

As first shown in Ref. [6], (2 + 1)−dimensional general relativity can be written as a Chern-
Simons theory. For AdS3 spacetime which has negative cosmological constant Λ = −1/L2,
one can define two SL(2, R) connection 1-forms

A(±)a = ωa ± 1

L
ea, (1)

where ea and ωa are the orthonormal co-triad and spin connection 1-form, respectively, and
a = 0, 1, 2 is gauge group index. Then, up to a boundary term, the first order action of
gravity can be rewritten as

IGR[e, ω] =
1

8πG

∫
ea ∧ (dωa +

1

2
εabcω

b ∧ ωc)− 1

6L2
εabce

a ∧ eb ∧ ec

= ICS [A(+)]− ICS [A(−)], (2)

where A(±) = A(±)aTa are SL(2, R) gauge potential, Ta are generators of SL(2, R) group,
and the Chern-Simons action is

ICS [A] =
k

4π

∫
Tr{A ∧ dA+

2

3
A ∧A ∧A}, (3)

with

k =
L

4G~
. (4)

The field equation is
F (±) = dA(±) +A(±) ∧A(±) = 0, (5)

implying that A is a flat connection. Such a connection is completely determined by its
holonomies around closed non-contractible curves γ.

Now, we would like to show that the quantum gravity in AdS3 spacetime has topological
orders.

1. Firstly let’s consider the first condition, that is the ground state degeneracy on torus
T 2. The torus has two non-contractible cycles γ1 and γ2, which satisfy γ1γ2 = γ2γ1.
The phase space can be described in terms of six gauge-invariant traces of SL(2, R)
holonomies T±1 , T

±
2 and T±12, which satisfy the non-linear Poisson bracket algebra [7]

{T±1 , T
±
2 } = ∓ 1

4L
(T±12 − T

±
1 T
±
2 ), (6)

and cyclical permutations of T±i , i = 1, 2, 12. The six traces T±i provide an overcom-
plete description of spacetime geometry, since one has the Mandelstam identities. The
traces can be represented classically as

T±1 = cosh
r±1
2
, T±2 = cosh

r±2
2
, T±12 = cosh

r±1 + r±2
2

, (7)

where the global parameters r±i satisfy

{r±1 , r
±
2 } = ∓ 1

L
, {r+a , r−b } = 0. (8)
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Quantization of (8) gives

[r̂±1 , r̂
±
2 ] = ∓ i~

L
. (9)

One can quantize the traces T±i and also their algebra (6). But one can also regard the

quantized traces T̂±i as traces of diagonal operator-valued holonomy matrices T̂±i =
1
2 trÛ

±
i , i = 1, 2, and T̂±12 = 1

2 tr(Û
±
1 Û
±
2 ), where the matrices Û±i have the form

Û±i =

 e
r̂
±
i
2 0

0 e−
r̂
±
i
2

 = exp(
r̂±i σ3

2
). (10)

From the fundamental relation (9) one can get

Û±1 Û
±
2 = e∓

i~
4L Û±2 Û

±
1 = e∓

2πi
2k Û±2 Û

±
1 , (11)

that is, a deformation of the classical equation stating that the holonomies commute.
A similar algebra also appeared in Ref.[8]. This algebra can’t be realized on a single
ground state. This immediately tells us that the ground state must be degenerate,
and the smallest representation has dimension 2k. This is the same as the fractional
quantum Hall states with filling factor v = 1

2k . So we show that the ground states on a
torus are indeed degenerate, which satisfy the first condition of the topological order.

2. Next, we consider the action of the modular group on those degenerate ground states.
It is well known that general relativity is invariant under spacetime diffeomorphism.
But if the spacetime manifold M is topologically nontrivial, its group of diffeomor-
phisms may not be connected: M may admit large diffeomorphisms, which cannot be
built up smoothly from infinitesimal deformations. The group of such large diffeomor-
phisms, D(M), is called the mapping class group of M ; for the torus T 2, it is also
known as the modular group SL(2, Z). Classically, geometries that differ by actions of
D(M) are exactly equivalent. But for quantum gravity, it is not clear to consider the
D(M) as a pure gauge or a real symmetry, see for example Ref.[9, 10]. If we choose the
second opinion, that is, the wavefunctions transform just covariant under D(M), the
second condition for topological order is satisfied. For SL(2, R) Chern-Simons theory
with level k ∈ N , the modular group SL(2, Z) can be represented on the Hilbert space
with [8]

(T (2k))mn = δmn exp (−2πi
θ(1; 2k)

3
) exp (

iπ

2k
m2),

(S(2k))mn =
1√
2k

exp (
2πi

2k
mn), (12)

where the phase θ(1; 2k) is determined by the SL(2, Z) relation (ST )3 = 1 and can be
written as a Gauss sum

exp (2πiθ(1; 2k)) =
1√
2k

2k−1∑
n=0

exp (
iπ

2k
n2). (13)

On the other hand, the representation of the modular group on the fractional quantum
Hall states with filling factor v = 1

2k is given by [11, 12]

(T (2k))mn = δmn exp (−2πi
c

24
) exp (

iπ

2k
m2),

(S(2k))mn =
1√
2k

exp (
2πi

2k
mn), (14)
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where c is the central charge. They form a unitary representation of the modular
group SL(2, Z). The (12) and (14) is the same if we identity c = 8θ(1; 2k).

3. Finally, we consider the edge modes. We can consider the horizon of the BTZ black
hole as the boundary of spacetime. As was shown in Ref.[13], those boundary degrees
of freedom can be described by two chiral massless scalar fields ΨL (for left-moving)
and ΨR (for right-moving). From the analysis of the quasi-particles, it was shown that
the BTZ black holes could be considered as the fractional quantum Hall states with
filling factor v = 1

2k [14]. So, the third condition is also satisfied.

In conclusion, the quantum gravity in AdS3 Spacetime satisfies all the three conditions
for topological order, so it has topological order. And it seems to have the same topological
order with the quantum spin Hall state which can be described by the Chern-Simons theory
with the K−matrice

K =

(
2k 0
0 −2k

)
since they have the same modular data (S, T ).

In four-dimensional spacetime, the black holes also have massless boundary modes [15],
so the third condition is still satisfied. So we conjecture that the quantum gravity in four-
dimensional spacetime also has topological order.

3 Conclusion

In this paper, it was shown that the quantum gravity in three-dimensional AdS spacetime
has the same topological order as the quantum spin Hall state which can be described by
the Chern-Simons theory. That is, the quantum spin Hall state is holographically dual of
the quantum gravity in three-dimensional AdS, so it is an example of AdS3/CFT2.
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