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Abstract. We investigate holographic dark energy and Barrow holographic dark
energy models within the framework of modified gravity based on non-metricity and
boundary contributions. The cosmological evolution of the Universe is examined using a
phenomenological expansion history constrained by a joint analysis of cosmic chronome-
ter, DESI DR2 baryon acoustic oscillation, and Pantheon+ supernova datasets. The
observational results are consistent with the standard cosmological scenario and show
mild improvement in addressing the Hubble tension. The reconstructed dark energy
equation of state remains in the quintessence regime throughout the cosmic evolu-
tion. The analysis of energy conditions indicates that the null and dominant energy
conditions are satisfied, while the strong energy condition is violated, supporting the
observed late-time accelerated expansion of the Universe. The model predicts a tran-
sition from decelerated to accelerated expansion at a redshift consistent with recent
observations and yields an age of the Universe compatible with current estimates. A
comparative study shows that the Barrow holographic dark energy model exhibits a
smoother and more stable late-time evolution than the standard holographic dark en-
ergy model. These results suggest that entropy corrections associated with Barrow
holography can enhance the dynamical properties of dark energy in modified gravity
and provide a viable description of the late-time cosmic acceleration.
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1 Introduction

Understanding the origin, evolution and large-scale behavior of the Universe remains a cen-
tral goal of modern cosmology. Over the past decades, a wealth of observational data,
like Type Ia supernovae distances, cosmic microwave background (CMB) fluctuations and
baryon acoustic oscillations (BAO), has established that the Universe is currently undergo-
ing accelerated expansion [1,2]. The standard Lambda Cold Dark Matter (ACDM) model
attributes this acceleration to dark energy, a mysterious component constituting roughly
70% of the cosmic energy budget, while dark matter and baryons account for about 25%
and 5%, respectively. Despite its observational successes, the nature of dark energy remains
unknown. In ACDM, it is described by a cosmological constant A with an equation of state
w = % = —1, implying a constant energy density. However, the model suffers from theoreti-
cal issues, such as the fine-tuning and coincidence problems, motivating the development of
alternative and dynamical dark energy models [3,4].

The success of the standard cosmological model has not diminished the motivation to seek
extensions of Einstein’s General Relativity (GR), as several of its fundamental issues remain
unresolved. Although GR provides an exceptionally accurate description of gravitational
phenomena on solar and galactic scales, it faces challenges when applied to the earliest and
largest phases of cosmic evolution. Problems such as the initial singularity, the unexplained
cause of the present cosmic acceleration, and the mysterious nature of dark matter and dark
energy suggest that GR may be incomplete at cosmological scales. These open questions
have led to the development of various modified gravity theories that aim to account for
the observed acceleration of the universe without introducing unknown matter components.
Among the most studied are curvature-based f(R) gravity [5,6], torsion-based f(7') gravity
[7,8], and matter-coupled frameworks such as f(R,T) and f(Q, L,,) gravities [9,10], each
providing alternative geometric pathways to describe cosmic dynamics.

An important step forward in this context comes from the geometric trinity of gravity,
which allows gravitation to be represented in terms of curvature, torsion, or nonmetric-
ity. Within this framework, the symmetric teleparallel approach describes gravity entirely
through the nonmetricity scalar @, assuming both curvature and torsion vanish [11]. The
simplest extension, known as f(Q) gravity, can successfully explain late-time cosmic accel-
eration and early-Universe inflation. However, it can be further generalized by including the
boundary term B, related to @ via the relation R = —@Q + B. This leads to the f(Q, B)
gravity framework [12], which unifies the geometric features of both f(Q) and f(R) theo-
ries, offering a more comprehensive formulation to describe the universe’s evolution. Recent
research has shown that f(Q, B) models provide stable cosmological solutions, reproduce
dark energy behavior, and remain consistent with current observational constraints [13—15].
Building upon these developments, the present work adopts f(Q, B) gravity as the theoret-
ical foundation to study the cosmological behavior of dark energy models.

Another promising perspective on explaining the Universe’s late-time acceleration is
offered by the holographic principle, which connects quantum gravity and cosmology by
relating the Universe’s energy content to its boundary geometry. Originally proposed by
't Hooft and Susskind [16,17], this principle states that all the physical information contained
within a volume can be represented through degrees of freedom defined on its boundary
surface. When incorporated into cosmology, it imposes a restriction on the quantum vacuum
energy, ensuring that the total energy enclosed within a region of size L does not exceed
the mass of a black hole of the same radius. This condition leads to the formulation of
the Holographic Dark Energy (HDE) model, where the dark energy density scales inversely
with the square of the IR cutoff length, pp oc L2 [18,19]. The selection of this IR cutoff
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critically shapes the resulting cosmic evolution—whether based on the Hubble horizon, event
horizon, or Granda—Oliveros (G-O) cutoff, each choice yields distinct dynamical behaviors.
In particular, the G-O cutoff, which depends on both H and H, introduces a dynamic
component to dark energy that successfully addresses the causality issues associated with
event-horizon models and remains consistent with observational constraints [20,21]. Overall,
HDE models provide a compelling phenomenological link between cosmic acceleration and
the underlying effects of quantum gravity.

Recent developments highlight that the conventional HDE model is based on the classical
Bekenstein—-Hawking entropy—area relation, which may not hold in regimes where quantum
gravitational effects become significant. To overcome this limitation, Barrow proposed a
modified entropy—area relation incorporating a fractal deformation parameter that accounts
for potential quantum-gravitational corrections to the horizon geometry [22]. This mod-
ification gives rise to the Barrow Holographic Dark Energy (BHDE) model, wherein the
dark energy density exhibits an additional dependence on the deformation parameter A.
The BHDE model extends the standard HDE scenario, recovering it as a special case when
A = 0. A nonzero A represents deviations from a smooth spacetime geometry, effectively
encoding possible quantum fluctuations of the horizon. This generalized formulation en-
hances the theoretical flexibility of holographic dark energy, enabling a broader range of
cosmological behaviors and successfully describing late-time cosmic acceleration in agree-
ment with observational constraints [23-25]. A number of studies have indicated that the
BHDE model naturally accounts for the cosmic transition from matter domination to dark
energy domination, producing stable late-time solutions that align well with observational
evidence. In particular, employing the Hubble horizon as the infrared cutoff offers a simple
and physically meaningful description of the Universe’s evolution, achieved without intro-
ducing extra free parameters. This simplicity and consistency make the BHDE framework
especially attractive within modified gravity scenarios, where the interaction between holo-
graphic energy density and geometric modifications can have a profound impact on the
dynamics of cosmic expansion [26-29].

In light of these developments, this work explores the HDE and BHDE models within the
framework of f(Q, B) gravity. This approach enables a detailed study of how the combined
effects of nonmetricity and boundary terms influence the dynamics of holographic dark
energy and its extensions. Using an observationally constrained Hubble function, based on
the CC46, DESI DR2 BAO, and Pantheon+ datasets, we perform a comprehensive analysis
of the cosmic expansion history, energy conditions, and diagnostic parameters. The aim is
to determine whether f(Q,B) gravity can provide a consistent geometric explanation for
dark energy and the Universe’s accelerated expansion, while also highlighting the distinct
cosmological features of the HDE and BHDE models.

The remainder of this paper is organized as follows. In section 2, we present the funda-
mental field equations of the f(Q,B) gravity framework and introduce a non-linear func-
tional form for the model. Section 3 is dedicated to the cosmological reconstruction using an
observationally motivated Hubble parameter H(z) with constraints from the CC46, DESI
DR2 BAO, and Pantheon+ datasets. In section 4, we study the HDE and BHDE models
within the f(Q, B) framework and analyze their evolution under the chosen Hubble function.
The behavior of essential cosmological diagnostics including the deceleration parameter, the
Om(z) diagnostic and the age of the Universe is discussed in sections 5, 6 and 7 respectively.
Finally, section 8 summarizes the main results, highlights their broader implications, and
suggests possible directions for future research.
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2 Field equations and model formulation in f(Q, B) grav-
ity

A distinct geometrical formulation of gravitation can be established by employing nonmetric-

ity as the fundamental geometric quantity, in contrast to curvature, which underlies General

Relativity (GR). Within the general metric-affine approach, the affine connection can be

decomposed into three independent components: curvature, torsion, and nonmetricity. The
torsion tensor, which captures the antisymmetric aspect of the connection, is expressed as

T =T"e¢ = T"ce. (2.1)

In contrast to torsion and curvature, the nonmetricity tensor characterizes the extent to
which the metric tensor fails to be preserved when it is parallelly transported along a curve.
This tensor is mathematically formulated as

Que¢ = Vngec = Ongec = Iheguc — Fgggew (2.2)

Within the framework of symmetric teleparallel geometry, both curvature and torsion are
constrained to vanish, i.e. R¥¢c = 0 and T#. = 0, so that nonmetricity remains as the only
geometric feature describing the connection. These constraints are naturally realized in the
coincident gauge, wherein all components of the affine connection are set to zero [30],

[, =0. (2.3)

With the adoption of this gauge, covariant differentiation simplifies to an ordinary derivative,
so that the nonmetricity tensor assumes the following form:

Qnec = Vygec. (2.4)

Using this definition, two trace-like quantities of the nonmetricity tensor are defined by
Qn = QnEQ Qn = ane- (2'5)

In constructing the dynamical sector of the theory, a superpotential tensor P".: is intro-
duced, given by

1 _
Pl =7 {—Q”ec +2Q( ") = Q"gec + Q"gec — 6/.Q0) | » (2.6)

and is characterized by symmetry with respect to its lower indices € and (.

In analogy with General Relativity, where the Ricci scalar encapsulates curvature ef-
fects, the nonmetricity scalar is formulated by contracting the nonmetricity tensor with the
superpotential as

Q = ~Quec P, (2.7)

The relation between the Ricci scalar of the Levi-Civita connection and the nonmetricity
scalar is established through a boundary term:

R=-Q+B, (2.8)

where 5
B=—20.(V=9Q), (2.9

-9

ﬁ
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represents the corresponding surface contribution. Consequently, the Einstein—Hilbert ac-
tion can be equivalently expressed in terms of the nonmetricity scalar @ and the boundary
contribution B. Although the term B does not affect the field equations in conventional
General Relativity, it becomes significant in the extended framework of f(Q, B) gravity.
In these modified theories, the explicit dependence of the action on @) and B introduces
additional dynamical degrees of freedom, giving rise to observable departures from GR and
enabling a broader range of gravitational and cosmological phenomena.

When the matter Lagrangian density is incorporated, the total action of the theory
becomes

S = /d4x\/jg[21l€f(Q,B) + ﬁm]. (2.10)

When the action is varied with respect to the metric tensor, one obtains the dynamical
equations of the theory, encapsulating its gravitational properties. These equations are
given by:

2
KTee = ’gge< + ﬁan <NfQP"e<> + {PeaBQCaB = 2PpcQ* | fq (2.11)

B o o o o
+(295¢ -V Ve + 9V, — 2Pn5<37]> B
A covariant reformulation of these equations reveals the explicit geometric and physical
structure of the theory. Here, the Einstein tensor of GR is modified by additional terms
arising from nonmetricity and the associated boundary term.

kTee = —ggec + \/%P"ecvn(fcz —fB) + {éec + ggeq] fe (2.12)

B o o o o
+ 596( 4 Vev(: + gecvava fB~
By reorganizing the extra geometrical contributions into an effective energy—momentum
tensor, one can cast the equations into a form resembling Einstein’s equations, resulting in
a compact and physically meaningful representation:

o [e] [e] o]

Teegff = TeC + % [ggec - 2Pnecvn(fQ - fB) - %Qf@geC - (fgec - VeVC + ge(vuva)f3:| P

(2.13)
Within this formulation, all departures from standard General Relativity are incorporated
into the effective energy—momentum tensor ngf , which captures the additional geometric in-
fluences arising from nonmetricity and the boundary term. From a cosmological standpoint,
this framework introduces novel dynamical degrees of freedom capable of reproducing dark
energy-like effects or driving late-time cosmic acceleration. The mutual interaction between
@ and B enriches the model’s phenomenology, providing a flexible approach to studying
cosmic evolution beyond the scope of the ACDM paradigm.

In f(Q, B) gravity, the gravitational field equations can be expressed in a manner anal-
ogous to the Einstein equations, highlighting the correspondence between the modified and
standard formulations.

0 K

Gec = 7 T, (2.14)

(o)

Here, G represents the Einstein tensor computed using the Levi-Civita connection.
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For studying the cosmological dynamics of the theory, we consider a flat, homogeneous,
and isotropic spacetime background, reflecting the observed large-scale properties of the
Universe. This is represented by the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric
in Cartesian form:

ds® = —dt* + a*(t)(dx? + dy? + dz?), (2.15)

The function a(t) represents the cosmic scale factor, tracking the expansion of space over
time. The expansion rate is captured by the Hubble parameter, H(t) = a(t)/a(t), where the
overdot denotes a derivative with respect to time. This cosmological framework underpins
the study of both the evolutionary dynamics and observational predictions within f(Q, B)
gravity.

In f(Q, B) cosmology, the modifications to the field equations introduce geometric con-
tributions that extend beyond the standard matter content. These additional terms can

be interpreted as a geometrically induced dark energy, whose energy—momentum tensor is
defined as:

DE 1 f 1 B o o o o
1" = 75 |39~ 2P < Valfo=f2)= 5 Qfagc— (Qgeg—vevcmcvava J5|. (2.16)
When this formalism is applied to a spatially flat FLRW background, the primary geometric
scalars simplify to well-known relations:

Q= —6H?, B=6(3H>+H), R=G602H?+H), (2.17)

To facilitate computations, we adopt the coincident gauge, setting the affine connection
to zero, F?e( = 0. This choice removes inertial effects and reduces covariant derivatives
to standard partial derivatives. When combined with the FLRW background, the modified
field equations of f(Q, B) gravity simplify to generalized Friedmann equations, which govern
the Universe’s expansion in this theory:

Kp = g +6H?fo — (9H? 4+ 3H)fs + 3H f5, (2.18)
Kp = —g — (6H% +2H)fq — 2H fq + (9H? + 3H) fz — f5. (2.19)

The symbols p and p denote the usual cosmic energy density and pressure, respectively. The
functions fo = 0f/0Q and fp = 0f/IB, together with their time derivatives, introduce
additional geometric effects that modify the gravitational dynamics relative to GR. These
effects act as a repulsive force, generating the observed accelerated expansion without the
need for exotic matter. In this way, f(Q, B) gravity provides a natural, purely geometric
explanation for the Universe’s late-time acceleration.

We now consider a specific form of the gravitational Lagrangian in the framework of
f(Q, B) gravity, defined as

f(@,B) = aQ" + B™, (2.20)

where a and 8 are coupling constants, while m and n represent the nonlinearity indices
associated with the nonmetricity scalar @) and the boundary term B, respectively. The mo-
tivation for adopting this form arises from its mathematical simplicity and physical richness.
The power-law structure provides a minimal yet efficient generalization of the linear case
that corresponds to GR. When m = n = 1, the function reduces to f(Q,B) = a@Q + B,
which, using the identity R = —Q + B, recovers the Einstein—Hilbert action for a suit-
able choice of constants, thereby ensuring that GR is contained as a limiting case of the
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theory. The power-law dependence on ) and B allows us to explore deviations from the
GR regime by introducing nonlinear corrections that can influence cosmological dynam-
ics, particularly the late-time acceleration of the Universe. Such functional forms have
been widely studied in other modified gravity contexts—most notably in f(R), f(T), f(Q)
and f(Q,C) theories—where the ansatz f(Q) = aQ™, f(R) = aR™, f(T) = oI™ and
f(Q,C) = aQ™ + BC successfully reproduces various cosmological behaviors, including
quintessence-like and phantom-like evolutions [13-15,31-36]. Following this analogy, the
inclusion of a boundary term B"™ in addition to Q™ in f(Q, B) gravity provides a natu-
ral generalization that captures both the pure nonmetricity contribution and the geometric
boundary effects. This combination not only enriches the dynamics but also helps investigate
the interplay between the two geometric scalars, which can yield effective dark energy be-
havior without invoking an explicit cosmological constant. Hence, this particular functional
form is well motivated theoretically, consistent with known physical limits, and versatile
enough to model the accelerating Universe within the symmetric teleparallel geometry.

3 Constraining the model through cosmological obser-

vations

In order to analyze the expansion dynamics in the f(Q, B) framework, we employ a phe-
nomenological description of the Hubble function given by [37]

H(z) = Hor/Qumo(1 4 2)3 + (1 — Qo) [1 + eIn(1 + 2)]. (3.1)

This parameter € encapsulates deviations from the usual cosmological scenario. This model
preserves standard matter dynamics, introducing instead a slowly evolving dark-energy term
whose departure from ACDM strengthens logarithmically with redshift. Deviations from a
constant vacuum energy are a natural consequence in certain modified gravity frameworks,
where geometric contributions to the cosmic budget vary gently over time. This is precisely
the case in f(Q, B) theories, driven by nonmetricity-boundary interactions. Notably, the
model possesses a well-defined limit that restores the standard cosmology. Setting ¢ = 0
causes equation (3.1) to become H(2) = Ho/Qno(1 + 2)3 + (1 — Qy0), thus exactly repro-
ducing the flat ACDM expansion history as derived from GR. For a nonzero ¢, the expansion
rate diverges from ACDM mainly at low redshifts. The logarithmic correction evolves slowly,
allowing the model to capture subtle late-time deviations while preserving the successful
early-Universe dynamics. Physical consistency requires that the effective dark-energy sector
does not become negative within the observational domain of redshift. Consequently, only
small negative values of ¢ are permitted, whereas positive € guarantees positivity for all
z > 0. Accordingly, this setup is well positioned to explore slight but potentially measur-
able differences from a pure cosmological constant, facilitating straightforward tests against
existing observations. Thus, the parameters (Hg, Q,,0,¢) are tested against high-precision
observations, including the 46-point H(z) data, DESI DR2 BAO measurements and the
Pantheon+ supernova compilation, yielding strong bounds on deviations from the ACDM
expansion predicted by f(Q, B) gravity.

3.1 Parameter estimation technique

The objective of this section is to utilize the most recent observational datasets to constrain
the allowable ranges of the free parameters in the model. To achieve this, we employ the
Markov Chain Monte Carlo (MCMC) technique within a Bayesian statistical framework
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to efficiently explore the parameter space. The analysis is carried out using the Python
package emcee [38], a well-established tool for sampling high-dimensional distributions and
obtaining posterior probability distributions of cosmological parameters. In this framework,
the likelihood function is assumed to follow a Gaussian form,

—E— o)

In this formulation, x? quantifies the difference between the predicted theoretical values and
the observed measurements. The total chi-squared value, accounting for all the observational
datasets considered in the analysis, is defined as

Xt20t = X%C + X%AO + X%anthconJr‘ (33)
For this model, the parameters (Hg, 0, ) are sampled uniformly within the prior limits
50 < Hy <100, 0<Qno<1, —-1<e<l. (3.4)

These bounds are inspired by current cosmological observations but are intentionally kept
wide to prevent any bias toward specific theoretical expectations. The MCMC sampling
begins with random parameter values drawn from these priors and is performed using a
substantial number of walkers and iterations. Convergence and statistical reliability are
verified through diagnostics such as the autocorrelation time. By jointly analyzing the
Cosmic Chronometer (CC) Hubble dataset, the DEST DR2 BAO measurements, and the
Pantheon+ Type Ia Supernova sample, we derive combined constraints that tightly restrict
the cosmological parameters and evaluate the consistency of the f(Q, B) framework with the
observed late-time expansion of the Universe. The resulting posterior distributions provide
both the best-fit estimates and corresponding credible intervals for each parameter, thereby
illuminating the role of geometric modifications in shaping cosmic evolution.

3.2 CC data and statistical procedure

Our first observational constraint arises from the cosmic chronometer (CC) method, which
provides direct measurements of the Hubble parameter H(z) at different redshifts. In this
analysis, we employ a dataset comprising 46 independent measurements of H(z), obtained
from the differential age evolution of passively evolving galaxies [39-41]. The CC approach is
particularly valuable because it is model-independent, relying solely on the differential aging
of galaxies rather than assumptions about the cosmological background or the integrated
luminosity distance. The core relation underlying this technique is expressed as

L
14+ 2dt’

H(z) = (3.5)
which directly connects the expansion rate to the observed age variation of galaxies across
redshift intervals.

Each observational point in the dataset is denoted as Hops(z;) with its corresponding
uncertainty o;, for ¢ = 1,2,...,46. The theoretical model prediction Hin(2i; Ho, Qimo, ),
derived from equation (3.1), is compared with the observations through a standard chi-
squared minimization:

2 [Hobs(2i) — Hin(zi; Ho, Yo, €))°

2 (Ho, Qo €) = . .
Xco(Ho, 0,€) ; 01_2 (3.6)
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This procedure provides direct constraints on the expansion rate parameters and serves as
the foundation for the joint likelihood analysis when combined with BAO and Supernova
datasets.

3.3 Incorporation of DESI DR2 BAO Data

To enhance the robustness of our cosmological constraints, we incorporate the most recent
Baryon Acoustic Oscillation (BAO) measurements from the Dark Energy Spectroscopic In-
strument (DEST) Data Release 2 (DR2). This dataset offers unprecedented precision in BAO
distance estimations, obtained through galaxy and quasar clustering analyses across a broad
redshift interval. The DESI DR2 sample includes over 14 million tracers collected during
the first three years of survey operations [42]. Baryon Acoustic Oscillations arise from sound
waves that propagated through the photon—baryon plasma in the early Universe, leaving a
distinct signature in the present-day matter distribution. This characteristic scale functions
as a standard cosmic ruler, allowing us to infer distance measures like the comoving angu-
lar diameter distance Djps(z) and the Hubble distance Dy (z) at various redshifts. In our
framework, the theoretical values of these quantities are evaluated from the model-dependent
Hubble rate H(z) using the standard cosmological expressions:

z dZ/
.DM(Z) =cC o F[m, (37)
Dp(z) = fl—((:z—) (3.8)

The statistical comparison between the model and the DEST DR2 BAO data is performed
using a chi-squared estimator, assuming Gaussian-distributed errors for all measurements.
The likelihood function is expressed as

Do — D (Hy, 00, 0)]
XQBAO:Z[ - 1;20 . )] ) (3.9)

i 2

where D¢ denotes the observed BAO distance indicators (such as Dys/rq and Dy /r4)
measured at redshift z;, D! represents the corresponding theoretical predictions derived
from our model’s H(z), and o; is the observational uncertainty.

This approach enables the DESI DR2 BAO data to serve as a powerful probe of the
cosmic expansion history, providing stringent constraints on the parameters of the f(Q, B)
model and offering a robust comparison to standard cosmological frameworks such as ACDM.

3.4 Constraints from the Pantheon+ Type Ia Supernova dataset

To strengthen the observational foundation of our study, we incorporate the Pantheon+ Type
Ia supernova (SNe Ia) compilation — the most comprehensive and consistently processed
collection of SNe Ia data available to date. The sample contains 1,701 high-quality light
curves from 1,550 spectroscopically confirmed supernovae, spanning a redshift range of
z ~ 0.001 to 2.26 [43,44]. With its improved calibration techniques and expanded low-
redshift coverage, the Pantheon+ dataset delivers highly precise distance measurements,
thereby tightening constraints on the cosmic expansion history.

The principal observable in supernova cosmology is the distance modulus, which relates
the apparent and absolute magnitudes of SNela through

fen(z) = 5logyg (ll)OL(;C)> ) (3.10)
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where the luminosity distance Dy, (z), under the assumption of spatial flatness, is expressed

as
z dZ/

Dp(z) = (14 2)c | H() (3.11)
The observed distance modulus, peps(2), is obtained by fitting the SNe Ia light curves after
applying empirical adjustments for factors such as stretch, color, and host-galaxy character-
istics. The Pantheon+ sample includes a detailed covariance matrix that accounts for both
statistical and systematic sources of uncertainty [45], thereby enhancing the robustness and
accuracy of the parameter estimation process.
The consistency between theoretical predictions and observations is quantified through
the chi-squared function, defined as

X%N(Hm QmOv 5) = AMTC_IAN” (312)

with
A,u:,ufobs 7uth(z;HOanO>5)a (313)

where C represents the Pantheon+ covariance matrix. This framework allows for the si-
multaneous inclusion of nearby and distant supernovae, thereby constraining the late-time
cosmic expansion and testing deviations from the standard ACDM model.

This formalism allows for a joint treatment of nearby and distant SNela data within
a statistically robust likelihood framework, thereby providing powerful constraints on the
cosmological parameters (Hy, Q,0,¢). Subsequently, the total chi-squared relation given in
equation (3.3) is utilized to perform the combined statistical analysis, yielding the 1o, 20,
and 30 confidence regions—corresponding to 68.3%, 95.4% and 99.7% levels, respectively.
The resulting confidence contours are displayed in Figure 1, while the error bars in Figure 2
illustrate the parameter bounds consistent with observational limits. Together, these results
demonstrate the viable parameter space for our f(Q, B) cosmological model when confronted
with the Pantheon+ SNela observations.

Joint posterior distributions and marginalized 1D likelihoods for the cosmological pa-
rameters (Ho, Qmo, €), obtained from the combined CC46, DEST DR2 BAO and Pantheon+
datasets within the f(Q, B) gravity framework. The best-fit values and 1o confidence inter-
vals are:

Hy = 67.58681 13350 km s~ 'Mpc ™, Q,,0 = 0.2654700152 & = 0.0230153%56.

The obtained constraints display a high level of consistency across the three datasets, demon-
strating the robustness of the assumed Hubble parameter form (3.1). Our best-fit Hubble
constant, Hy = 67.58687 12325 km s~! Mpc~!, is in excellent agreement with the Planck
2018 CMB value of Hy ~ 67.4 + 0.5 km s~ Mpc~! [46]. Using the symmetrized 1o un-
certainty of our measurement (=~ 1.222 km s~ Mpc™1!), the difference from Planck is only
AHy ~ 0.19 km s~ Mpc™!, corresponding to ~ 0.14c, i.e., statistically negligible. This
indicates that our logarithmic f(Q, B)-motivated parametrization does not cause any sig-
nificant shift in the inferred expansion rate and remains fully consistent with early-universe
CMB constraints. In contrast, the SHOES team reports a higher local Hubble constant,
Hy ~ 73.0 & 1.0 km s™! Mpc~! [44]. Our best-fit value is lower by approximately 5.41
km s~! Mpc~!, amounting to a ~ 3.40 discrepancy when the uncertainties are combined
(AHo/+\/02us + 0310rs = 3.43). Consequently, for the datasets used, our model reproduces
the CMB-inferred expansion rate and does not favor the higher local measurement, indicat-
ing that the Hubble tension persists at the background level. In summary, DESI DR2 BAO
observations and combined analyses support cosmological parameters in broad agreement
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Ho = 67.5868+} 3313

Om = 02654135182

1 - +0.2614
0"15’ r T r r ~ L T r - €=0.0230%5,55

. I~ T St s BN . B % O 2
e @ & & AL 2 P S IS
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Figure 1: Joint posterior distributions and confidence contours for the model parameters
(Ho, Qmo, €) obtained from the combined analysis of the CC46, DESI DR2 BAO, and Pan-
theon+ datasets. The inner, middle and outer shaded regions correspond respectively to
the 1o, 20, and 30 confidence intervals, representing the 68.3%, 95.4%, and 99.7% credible
regions.
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Figure 2: The left panel displays the Hubble parameter evolution, where green dots cor-
respond to the 46 cosmic chronometer (CC) measurements and pink points represent the
DESI DR2 BAO data. The right panel shows the Pantheon+ Type Ia supernova sam-
ple, illustrating the distance modulus p(z) as a function of redshift. In both panels, the
red solid line represents the best-fit prediction of the proposed f(Q,B) model, while the
dashed line denotes the corresponding ACDM reference. The close alignment between the
two demonstrates the model’s consistency with the late-time expansion history inferred from
independent probes.

with the Planck-preferred range while strongly constraining late-time expansion. Our in-
ferred Hy falls comfortably within this Planck/BAO-favored region, showing compatibility
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with large-scale structure data [47,48].

We constrain the matter density parameter to Q,,0 = 0.265470 0155, showing good agree-
ment with existing observational results. Our inferred matter density is in agreement with
the Planck 2018 baseline value (2,0 ~ 0.315) and consistent with recent constraints from
DESI DR2 BAO and supernova studies, which generally indicate 2,,0 &~ 0.28 + 0.02. This
close agreement suggests that the logarithmic f(Q, B)-motivated Hubble parameter main-
tains the standard matter-radiation energy content of the Universe and does not necessitate
substantial deviations from the conventional late-time expansion history. In this scenario,
matter remains the primary contributor to low-redshift dynamics, with the parameter ¢
encoding the geometric corrections responsible for deviations in the expansion history.

The deviation parameter in this model is ¢ = 0.023070:250% which measures the magni-
tude of the logarithmic correction (1 + eln(1 + 2)) within the generalized Hubble function.
Given that the best-fit € is nearly zero and the 1o interval contains € = 0, the model transi-
tions smoothly to the standard ACDM expansion when geometric effects are negligible. This
suggests that present observational data do not require a statistically significant departure
from the standard expansion history, yet they remain compatible with small modifications
arising from extended gravitational effects in f(Q, B) gravity.

In summary, the parameter set (Hg, Qn0,£) = (67.5868,0.2654,0.0230) shows that the
proposed logarithmic modification in f(Q, B) gravity successfully reproduces current cos-
mological observations. The results remain fully consistent with ACDM while permitting
small, observationally allowed deviations from the standard expansion history.

4 Holographic and Barrow Holographic Dark Energy
models in f(Q, B) gravity

The Holographic Dark Energy (HDE) paradigm offers a well-founded and theoretically ap-
pealing perspective for explaining the observed late-time acceleration of the Universe. Based
on the holographic principle, it posits that the number of fundamental degrees of freedom
of a physical system scales with its enclosing surface area instead of its volume. In a cosmo-
logical setting, this concept introduces a natural limit on the total entropy—or equivalently,
the informational capacity—of the Universe, thereby establishing a connection between the
ultraviolet (UV) and infrared (IR) cutoffs within an effective field theory framework. In
accordance with Bekenstein’s entropy bound, a quantum field contained within a region of
characteristic length L and ultraviolet cutoff A must fulfill the constraint

L3A% < Sy = nL* M3, (4.1)

where Spy represents the entropy of a black hole of radius L, and Mp is the reduced Planck
mass, setting the fundamental gravitational scale.

As shown in [18], this argument was further refined by requiring that the total energy
enclosed within a region of size L should not exceed the mass of a black hole of the same

radius, leading to the condition
2

M
pa < L—;’ (4.2)
Saturating this inequality yields the standard holographic dark energy density,
pr = 3 MBL™2, (4.3)

where c is a dimensionless parameter accounting for theoretical uncertainties and infrared
cutoff dependence. In our analysis, we adopt the reduced Planck mass normalization Mp =
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1 and consider ¢> = 1 for simplicity. The selection of the infrared (IR) cutoff scale L
plays a crucial role in shaping the cosmological dynamics of the HDE scenario. Among the
commonly explored choices are the Hubble horizon cutoff and the Granda—Oliveros (GO)
cutoff, each producing a distinct evolution pattern for the dark energy density.

4.1 Hubble horizon as the infrared limit in HDE cosmology

For the simple Hubble horizon cutoff, the IR scale is identified with the Hubble radius,
L = H~'. Inserting this expression into equation (4.3) yields the resulting holographic dark
energy density as:

pa = 3H?. (4.4)
This expression establishes a direct link with the Universe’s expansion rate, indicating that
the dark energy density evolves dynamically in proportion to the Hubble parameter.

4.2 HDE scenario based on the Granda—Oliveros scale

To overcome the limitations of the simple Hubble cutoff, which cannot produce cosmic
acceleration for a constant ¢, Granda and Oliveros proposed a generalized infrared cutoff
involving both H? and H terms, given by

L2 =~y H? + 4, H, (4.5)

where v, and v, are dimensionless constants that characterize the dynamical evolution.
Accordingly, the holographic dark energy density becomes

pr =3 (71H2 +72H) . (4.6)

This generalized cutoff successfully accommodates a late-time accelerating expansion and
provides a flexible framework for reconstructing modified gravity models.

Employing the relations given in equations (3.1), (4.4) and (4.6), the expressions for the
energy density and pressure are obtained for the HDE model under both cutoff scenarios as
follows:

Hubble’s cutoff:

Granda—Oliveros cutoff:

3 €
PHDE = 3Hg{9m0(1 + 2)3 <’}/1 — ’Y2> —+ (1 — Q"Lo) (’}/1 — % + ’}/15111(1 —+ Z)) }7 (48)

2
p = —%(—6)”1{3”{97”0(1 +2)3 4+ (1 = Qo) [1 + e In(1 + 2)] }n {1 —on— (4.9)
no 3Qmo(1+ 2)3 +e(1 — Qmo) n n(n —1)
3 Qmo(1+2)% + (1= Qmo) L+ el +2)]  9p3(Q0(1+ 2)% + (1 — Qo) [1 +eln(1+ 2)] ) ?

_gGm[¥Qm0(1+z)3+H§(1_Qm0)<3+351n(1+2’)— gﬂm
(12 4 mm=Din =2 1

2 108 o3 5 . 3>'
HO §Qm0(1+z) +(1—Qm0) 3-‘,—35111(1-}—2)—5
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Figure 3: Variation of energy density and pressure for the HDE model in f(Q, B) gravity
for both Hubble and Granda—Oliveros cutoffs, plotted using n = 1,m =2, « = 0.5, § = 0.3,
v1 = 0.4, and 2 = 0.04.

From Figure 3, we observe that the energy density evolves positively for both cutoff
schemes, supporting the physical robustness of the holographic model. The negative pres-
sure profile signifies a repulsive gravitational effect responsible for the Universe’s accelerated
expansion, thereby reinforcing the role of holographic dark energy in the f(Q, B) cosmolog-
ical framework.

The equation of state (EoS) parameter, defined as w = 2, is a fundamental quantity for
probing the nature of dark energy and assessing the late-time acceleration of the Universe.
In the f(Q,B) gravity framework, the geometric contributions from fg and fp modify
both pressure and energy density, thus governing the evolution of w(z). The case w = —1
represents the ACDM limit, while —1 < w < —% and w < —1 correspond to quintessence
and phantom regimes, respectively.

Applying equations (4.7)—(4.9), we calculate the analytical forms of the EoS parameter
for both the Hubble and Granda—Oliveros cutoff models. The resulting w(z) evolution for
the chosen parameters is shown in Figure 4.

From Figure 4 (left panel) corresponding to the Hubble cutoff, the EoS parameter at
the present epoch is approximately wg ~ —0.885. This value indicates a quintessence-like
behavior where the dark energy component drives acceleration without entering the phan-
tom regime. The evolution curve shows a smooth and stable transition, which suggests
a consistent late-time acceleration that aligns well with observational bounds reported by
Planck 2020 and DESI 2025, which typically find wy € [—1.03,—0.80]. In contrast, Figure
4 (right panel) for the Granda—Oliveros cutoff exhibits a present-day value of wg ~ —0.742,
representing a slightly weaker acceleration compared to the Hubble cutoff case. This devi-
ation toward higher wy values suggests that the G-O cutoff introduces stronger geometric
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Figure 4: Evolution of the EoS parameter wypg as a function of redshift z for the HDE
model in f(Q, B) gravity. The left panel corresponds to the Hubble horizon cutoff and the
right panel to the Granda—Oliveros cutoff, using the best-fit constraints from the combined
CC+BAO+Pantheon+ datasets with n = 1,m = 2, « = 0.5, 8 = 0.3, 17 = 0.4, and
Y2 = 0.04.

corrections, allowing the dark energy component to behave more like dynamical quintessence
rather than a pure cosmological constant.

Overall, both cutoff models predict an accelerating Universe consistent with current
cosmological observations. The Hubble cutoff case (wy ~ —0.885) lies closer to the ACDM
prediction, while the G-O cutoff (wg ~ —0.742) implies a mild evolution of dark energy
at low redshifts, which is consistent with the latest constraints from CC, DESI BAO and
Pantheon+ data.

Energy conditions serve as fundamental criteria for verifying the physical plausibility of
gravitational and cosmological models. They establish geometric constraints that ensure the
energy and matter distributions behave realistically within the framework of general relativ-
ity or its extensions. In modified gravity theories such as f(Q, B), additional contributions
from nonmetricity modify the effective energy—momentum tensor, resulting in generalized
forms of the traditional energy conditions. The standard energy conditions are expressed in
terms of the energy density p and pressure p as follows: NEC: p+p > 0, SEC: p+3p > 0 and
DEC: p—p > 0. In the context of the HDE model within f(Q, B) gravity, these inequalities
offer valuable insight into the behavior and viability of the effective dark energy fluid aris-
ing from geometric corrections. Equations (4.7)—(4.9) are utilized to derive the expressions
corresponding to the Null (NEC), Dominant (DEC) and Strong (SEC) Energy Conditions
for both the Hubble and Granda—Oliveros cutoffs. Figure 5 presents the graphical depiction
of these results for parameter values aligned with the observational findings.

From Figure 5, it is evident that for both the Hubble and Granda—Oliveros cutoffs,
the Null Energy Condition (NEC) and Dominant Energy Condition (DEC) remain satisfied
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Figure 5: Behavior of the energy conditions (NEC, DEC, and SEC) for the HDE model
in f(Q, B) gravity with both Hubble (upper) and Granda—Oliveros (lower) cutoffs, using
n=1m=2,a=0.5,=0.3,7 =04, and v = 0.04.

throughout the considered redshift range. This suggests that the effective energy—momentum
distribution exhibits physically reasonable behavior and remains consistent within the mod-
ified gravity framework. In contrast, the Strong Energy Condition (SEC) is violated in both
cutoff scenarios, a signature commonly associated with accelerated cosmic expansion.

The violation of SEC thus confirms that the geometric contributions in f(Q, B) gravity
generate a repulsive gravitational effect, mimicking the behavior of dark energy. Such be-
havior is fully consistent with observational evidence of late-time cosmic acceleration inferred
from Planck 2020, DESI BAO and Pantheon+ data [49,50].

In the present work, we consider the specific choice n = 1 and m = 2, leading to
the functional form f(Q,B) = aQ + BB?. This choice represents the simplest nonlinear
extension of the linear model and allows us to capture genuine deviations from General Rel-
ativity through the quadratic contribution of the boundary term B. While the linear case
(n = m = 1) primarily serves as a consistency check with GR, the inclusion of a quadratic
term introduces higher-order geometric corrections that can significantly influence the cos-
mological dynamics, particularly at late times. The selection of (n,m) = (1,2) is motivated
by the need to balance physical generality and mathematical tractability. Higher-order non-
linearities or a full parameter scan over (n,m) would introduce additional degeneracies and
significantly enlarge the parameter space, making the analysis less transparent and more
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computationally demanding. Therefore, this choice provides a minimal yet physically mean-
ingful extension suitable for investigating holographic and Barrow holographic dark energy
within the f(Q, B) framework.

4.3 Barrow Holographic dark energy in f(Q, B) gravity

The Barrow Holographic Dark Energy (BHDE) model provides an intriguing extension of
the standard holographic dark energy scenario by embedding quantum—gravitational effects
into the entropy—area relation of the cosmic horizon. Barrow [22] argued that quantum fluc-
tuations could render the black hole surface fractal-like, thereby modifying the conventional
Bekenstein—Hawking entropy. The resulting generalized entropy takes the form

AN
Sp = () , 0<A<], (4.10)
Ao

where A denotes the horizon area, Ay the Planck area, and A quantifies the departure
from the standard entropy law. The case A = 0 corresponds to the classical Bekenstein
entropy [51,52], while A = 1 represents the maximal deformation induced by quantum
effects. Although formally similar to the Tsallis non-extensive entropy, this modification
originates from the fractal geometry of spacetime horizons rather than from non-additive
thermodynamic arguments [53,54].

When this modified entropy expression is incorporated into the holographic dark energy
framework, the corresponding upper limit on the vacuum energy density is set by the total
entropy enclosed within a region of size L and is given by

pp = CL~72, (4.11)

where C is a proportionality constant and L denotes the infrared (IR) cutoff scale [23,
55]. This formulation naturally extends the conventional holographic dark energy relation
pp o< L2, which is recovered in the classical limit A = 0. Consequently, the BHDE
scenario provides a more general theoretical framework that accounts for potential quantum
gravitational modifications to the cosmic horizon entropy.
By selecting the Hubble horizon as the infrared (IR) cutoff, L = H~!, the energy density
of the BHDE is expressed as
pp = CH?> 2, (4.12)

where H denotes the Hubble parameter. Choosing the Hubble scale as the IR cutoff is
physically intuitive, as it naturally corresponds to the characteristic cosmological length
scale determined by the universe’s expansion rate. Early studies suggested that, in the
absence of interactions within the dark sector, this choice leads to a non-accelerating, dust-
like cosmic evolution. However, later investigations have shown that including interactions
between dark matter and dark energy allows the Hubble cutoff to drive accelerated expansion
and may also offer a resolution to the cosmic coincidence problem [56].

When the Hubble parameter form defined in equation (3.1) is substituted into the BHDE
energy density equation (4.12), it yields the explicit expression for the Barrow holographic
dark energy density, given by:

2—A
2

PBHDE = CHSA{QmO(l + 2)3 + (1 - Qmo) [1 + sln(l + Z)] } . (4.13)
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Figure 6: Evolution of the energy density (left panel) pgupr and EoS parameter (right
panel) wpppg for the BHDE model in f(Q, B) gravity, plotted using A = 0.6.

From Figure 6 (left panel), it is observed that the energy density of the BHDE model
within the f(Q, B) gravity framework remains positive across the entire redshift interval,
demonstrating the model’s physical consistency and stability. The maintained positivity of
pBuDE implies that the effective dark energy component exerts a repulsive influence on the
cosmic expansion while avoiding any unphysical behavior during both the early and late
evolutionary stages of the Universe.

From equations (4.9) and (4.13), we derive the analytical relation for the EoS parameter
corresponding to the BHDE scenario in f(Q, B) gravity. Its evolution with respect to red-
shift is presented in Figure 6 (right panel). From Figure 6 (right panel), it is evident that
the EoS parameter wpypg consistently attains negative values over the full redshift domain,
emphasizing the capability of the BHDE model within f(Q, B) gravity to reproduce the
observed late-time cosmic acceleration. At the current epoch, the parameter takes a value
of about wy ~ —0.648, corresponding to the quintessence phase (—1 < wpupg < —%) This
suggests that the dark energy derived from the Barrow entropy modification acts as a dy-
namical, quintessence-like component, providing the necessary negative pressure to account
for the Universe’s acceleration without violating the phantom limit (wgupg < —1). The
smooth and stable evolution of wpppg(z) also implies that no singularities or rapid transi-
tions occur in the cosmic expansion history. Hence, the BHDE model in f(Q, B) gravity
provides a viable geometric alternative to ACDM, naturally reproducing cosmic acceleration
through the combined influence of nonmetricity and Barrow entropy deformation.

To further evaluate the physical consistency of the BHDE scenario within the f(Q, B)
gravity framework, we analyze the standard energy conditions that impose constraints on the
energy—momentum tensor. Utilizing equations (4.9) and (4.13), the analytical expressions
of these conditions are derived and their evolution is depicted in Figure 7 for the selected
set of parameters.
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Figure 7: Evolution of the energy conditions for the BHDE model in f(Q, B) gravity, plotted
using A = 0.6.

As illustrated in Figure 7, the Null Energy Condition (NEC) and the Dominant Energy
Condition (DEC) remain valid across the entire redshift domain, demonstrating that the
effective energy—momentum tensor corresponding to the BHDE model upholds causality
and maintains physically consistent behavior. The fulfillment of the NEC guarantees a non—
negative energy flux for all null observers, whereas adherence to the DEC ensures that the
energy density exceeds the pressure contribution, thereby supporting the stability of the
effective dark energy fluid.

Conversely, the Strong Energy Condition (SEC) is found to be violated for this model
within the f(Q, B) gravity framework. This violation carries significant physical implica-
tions, as it indicates the emergence of a repulsive gravitational component—an essential
feature required to account for the universe’s late—time acceleration. The combined out-
come, where the NEC and DEC are satisfied but the SEC is violated, strongly suggests that
the geometric effects arising from the nonmetricity scalar @@ and boundary term B, together
with the Barrow entropy modification, collectively manifest as an effective dark energy
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source. Overall, these results demonstrate that the BHDE model in f(Q, B) gravity yields
a physically consistent cosmological framework—one that sustains positive energy propaga-
tion while naturally producing an accelerated expansion of the Universe in agreement with
current observational data.

It is important to emphasize that, in the context of modified gravity theories such as
f(Q, B), the classical energy conditions do not retain their standard interpretation as in
GR. In GR, these conditions are imposed directly on the physical matter energy—-momentum
tensor and are associated with fundamental properties such as energy positivity and the at-
tractive nature of gravity. However, in modified gravity, the field equations can be recast
in terms of an effective energy—momentum tensor that includes both matter and geometric
contributions arising from modifications of the gravitational action. Consequently, the en-
ergy conditions considered in this work are applied to these effective quantities and should
be interpreted as constraints on the combined matter—-geometry system rather than on the
physical matter sector alone. In this sense, the violation or satisfaction of these conditions
reflects the behavior of the effective dark energy component induced by the underlying
geometric modifications.

5 Deceleration parameter in f(Q, B) gravity

The deceleration parameter (q) is one of the most fundamental kinematical quantities in
cosmology, characterizing whether the Universe’s expansion is accelerating or decelerating
at a given epoch. It is defined as ¢ = —1 — %, where H is the Hubble parameter and
H denotes its time derivative. A positive value of ¢ corresponds to a decelerating universe
dominated by matter, whereas a negative value of ¢ indicates an accelerating phase driven
by dark energy or modified gravity effects. The transition of ¢ from positive to negative
thus marks the shift from the early decelerated expansion to the present accelerated epoch.
By inserting the form of the Hubble parameter given in equation (3.1) into the preced-
ing definition, we obtain the deceleration parameter formulated within the f(Q, B) gravity
framework.
3Qm0(1 4+ 2)% +2(1 — Qo)

2[Qno(142)% + (1 — Qo) [1 +eln(1 + 2)]] (5.1)
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Figure 8: Redshift-dependent behavior of the deceleration parameter ¢(z) for the f(Q, B)
gravity model, employing best-fit parameters from the combined CC, BAO and Pantheon+
datasets.
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Figure 8 illustrates the evolution of the deceleration parameter ¢(z) for the proposed
f(@Q, B) model. At redshifts z > 1, the parameter remains positive, reflecting a decelerat-
ing expansion dominated by pressureless matter, consistent with the matter-dominated era
of ACDM. As the Universe evolves, ¢(z) gradually decreases, crossing zero at z, ~ 0.743,
signaling the beginning of accelerated expansion. At the present epoch (z = 0), the de-
celeration parameter attains the value qo = —0.574, confirming a sustained acceleration
consistent with recent observational results from Planck 2020, DESI DR2 BAO and Pan-
theon+ supernova data, which estimate qq to lie in the range —0.7 < ¢p < —0.5. This smooth
transition from ¢ > 0 to ¢ < 0 demonstrates that the f(Q, B) model naturally reproduces
the universe’s evolutionary sequence—from early deceleration due to matter dominance to
the late-time acceleration driven by geometric dark energy. The derived transition redshift
ztr & 0.74 closely matches the observed range 0.6 < z,; < 0.8, reinforcing the model’s strong
agreement with cosmological observations.

Hence, the deceleration parameter evolution in f(Q, B) gravity provides compelling evi-
dence that the model yields a realistic cosmic history and a viable explanation for the current
accelerated expansion without requiring an explicit cosmological constant.

6 Om diagnostic in f(Q, B) gravity

The Om(z) diagnostic is a robust, model-independent geometrical method employed to
differentiate among various dark energy models. It relies solely on the Hubble parameter
and redshift, eliminating the need to differentiate observational data, which enhances its
stability against observational errors. First proposed by Sahni et al. [57], the Om diagnostic
provides insight into whether dark energy behaves like a cosmological constant, quintessence
or phantom energy. The Om(z) parameter is defined as

H2(2)/HZ — 1

OmE) =Tt

(6.1)
where H(z) is the Hubble parameter and H is its present value.
Its behavior provides a clear physical interpretation:

o For the ACDM model, Om(z) remains constant, equal to the present matter density
parameter €2,,,0.

o For quintessence-type dark energy, Om(z) decreases with increasing redshift.
o For phantom-type dark energy, Om(z) increases with redshift.

Using the Hubble parameter form from equation (3.1), the corresponding expression for the
Om diagnostic in f(Q, B) gravity becomes:

Qo1+ 22+ (1= Qo) [1+eln(l +2)] -1
(1+2)3—-1 )

Om(z) = (6.2)

From Figure 9, it is observed that the Om(z) parameter remains nearly constant at
higher redshifts and exhibits a slight increasing trend as redshift decreases, indicating that
the Universe transitions from a nearly matter-dominated phase to a dark energy—dominated
accelerating phase at late times. The nearly flat behavior of Om(z) (0.28 < Om(z) < 0.31)
suggests that the model closely mimics the ACDM behavior at early epochs, where the
matter component governs the expansion dynamics.
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Figure 9: Redshift-dependent behavior of the Om diagnostic for the f(Q, B) gravity model,
employing best-fit parameters from the combined CC, BAO and Pantheon+ datasets.

7 Age of the Universe in f(Q, B) gravity

The age of the universe is one of the most fundamental cosmological parameters, providing
a direct measure of the total time elapsed since the beginning of cosmic expansion. It
can be determined by integrating the inverse of the Hubble parameter over redshift, thereby
connecting theoretical predictions to observational estimates derived from astrophysical data
such as cosmic chronometers, BAO and supernovae. The age-redshift relation is given by

z dZ/
o=, o i

where ty denotes the present age of the universe.
Using the Hubble parameter form defined in equation (3.1), we can express this relation
in terms of the dimensionless product Hy(tg — t) as

ot =0 [ gy i
with =
E(z) = HLS) = Qo1+ 2) + (1 — Qo) [L + eIn(l + 2)]. (7.3)

The numerical integration of this expression yields the evolution of the dimensionless quan-
tity Ho(to — t) with redshift, as depicted in Figure 10.

From Figure 10, we find that the present value of the dimensionless age parameter is
Hyto = 0.9077. Using the best-fit Hubble constant obtained from the combined CC+BAO+Pantheon+
datasets, we estimate the current age of the Universe as tg = 13.24 Gyr. This value is in
excellent agreement with the most recent cosmological estimates, such as those from Planck
2020 (tp = 13.80 £ 0.02 Gyr) and DESI 2025 results, indicating that the proposed f(Q, B)
model provides a realistic description of the Universe’s temporal evolution.

It is important to clarify that the present analysis follows a reconstruction-based ap-
proach rather than a direct derivation of cosmological dynamics solely from the gravita-
tional Lagrangian. In particular, we adopt a parametric form of the Hubble parameter
motivated by observational considerations and subsequently investigate the implications of
holographic and Barrow holographic dark energy within the f(Q, B) framework. Therefore,
the constraints obtained in this work primarily reflect the viability of the effective cosmolog-
ical evolution within the chosen modified gravity background, rather than providing direct
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Figure 10: Variation of the Hy(tp —t) as a function of redshift z f(Q, B) gravity model using
the best-fit parameters obtained from the CC+BAO+Pantheon+ datasets.

constraints on the full functional form of the gravitational Lagrangian. This approach allows
us to explore the phenomenological consistency of the model while maintaining analytical
tractability.

8 Summary and future perspectives

In this work, we have investigated the late-time cosmological dynamics of holographic (HDE)
and Barrow holographic dark energy (BHDE) models within the framework of f(Q, B)
gravity, where the gravitational Lagrangian is taken as a power-law function f(Q,B) =
a@Q"™ + BB™. To study the expansion history, we adopted a phenomenological Hubble
parameter form,

H(z2) = Ho\/Qumo(1 + 2)3 + (1 — Qo) [1 + eIn(1 + 2)],

which effectively captures small deviations from the standard ACDM behavior through the
parameter €.

Using a joint analysis of 46 Hubble data points (CC), DESI DR2 BAO and Pantheon+
supernova datasets, we constrained the free parameters of the model and obtained

Hy = 67.58687 12525 km s "Mpc ™!, Q0 = 0.265470-0182 and ¢ = 00230702552

The derived values exhibit excellent consistency among all three datasets. The estimated
Hj agrees well with the Planck 2018 measurement (Hy = 67.4 & 0.5) and is slightly below
the SHOES 2022 result (Hy = 73.0 £ 1.0), suggesting that the f(Q, B) model moderately
alleviates the Hubble tension without requiring exotic extensions of standard cosmology.
The fitted value of €,,¢ aligns closely with both Planck and DESI DR2 constraints, while
the small value of ¢ indicates only mild deviations from ACDM, consistent with a smooth
transition toward dynamical dark energy behavior.

For the HDE model, we analyzed both the Hubble horizon and Granda—Oliveros (G-
O) cutoffs. The energy density for both cutoffs remains positive throughout the cosmic
evolution, ensuring the model’s physical viability. The pressure exhibits a negative pro-
file, driving accelerated expansion. The equation-of-state parameter at the present epoch
is wg >~ —0.885 for the Hubble cutoff and wy ~ —0.742 for the G-O cutoff, both lying
within the observationally allowed range (—1.03 < w < —0.8). These results correspond to
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quintessence-like dark energy behavior, where the universe accelerates without entering the
phantom regime. Moreover, the NEC and DEC are satisfied for both cutoffs, while the SEC
is violated — a necessary condition for cosmic acceleration in general relativity and modified
gravity contexts.

For the BHDE model, derived using Barrow’s entropy correction, the energy density
remains positive for all redshifts, and the EoS parameter maintains a smooth negative
evolution, reaching wy ~ —0.648 at present. This places the BHDE model firmly in the
quintessence regime (—1 < w < —1/3), producing stable and realistic acceleration without
singular behavior. Similar to HDE, the NEC and DEC remain valid while the SEC is vio-
lated, confirming the presence of repulsive geometric effects generated by nonmetricity and
boundary contributions in f(Q, B) gravity.

The dynamical analysis through the deceleration parameter g(z) reveals a smooth tran-
sition from early deceleration (¢ > 0) to present acceleration (¢ < 0) with a transition
redshift z;, = 0.743 and current value gy = —0.574, both consistent with observational re-
sults (0.6 < 2z, < 0.8, —0.7 < go < —0.5). The Om(z) diagnostic remains nearly constant at

high redshift, mimicking ACDM behavior, but shows a mild upward trend at low redshift,
signaling a transition toward a phantom-like phase due to the Barrow entropy corrections.

The age parameter, obtained as Hytg = 0.9077, yields an estimated cosmic age of tg =
13.24 Gyr, in close agreement with the Planck 2020 estimate (f¢ = 13.8 Gyr), further
validating the observational consistency of the model.

In summary, both the HDE and BHDE scenarios in f(Q, B) gravity successfully repro-
duce the observed late-time acceleration of the Universe. The HDE model behaves closer
to the standard ACDM case, exhibiting slightly stronger acceleration for the Hubble cut-
off, whereas the BHDE model introduces additional quantum—gravitational corrections via
the Barrow parameter (A), leading to a smoother and more dynamical quintessence-like
behavior. The overall results demonstrate that the f(Q, B) framework provides a unified
and observationally consistent geometrical description of dark energy, capable of alleviating
cosmological tensions while retaining compatibility with current datasets.

Future work could extend this analysis by including interactions between dark energy and
dark matter, or by exploring higher-order forms of f(Q, B) to study structure formation and
growth of perturbations, providing a more comprehensive understanding of cosmic evolution.
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