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Abstract. We construct a static spherically symmetric black hole (BH) solution in
Kalb-Ramond (KR) gravity that simultaneously hosts a Hayward magnetic-monopole
regular core, a Letelier cloud of strings (CoS), and an anti-de Sitter (AdS) asymp-
tote with the cosmological constant identified as thermodynamic pressure. The lapse
function f(r) = (1 − αs)/(1 − ℓ) − 2Mr2/[(1 − ℓ)(r3 + g3)] + 8πPr2/[3(1 − ℓ)] carries
four independent parameters with transparent physical roles: the KR Lorentz-violation
(LV) parameter ℓ rescales the asymptotic potential, the Hayward length g removes the
central singularity, the CoS deficit αs deforms the solid angle, and P = −Λ/8π sets the
AdS curvature. Symbolic verification confirms regularity of every curvature invariant
at r = 0, with f(r) admitting a finite limit and reducing to the Ditta et al. (JHEAP
2025) solution as g → 0, αs → 0. We work out the horizon structure, photon sphere rph
and shadow radius rsh, weak-deflection lensing via the Gauss-Bonnet theorem (GBT),
innermost stable circular orbits (ISCO), Hawking temperature, Bekenstein-Hawking
entropy, heat capacity, Gibbs free energy, P -V criticality, Joule-Thomson (JT) inver-
sion, and the eikonal quasinormal-mode (QNM) spectrum. The Van der Waals (VdW)
critical point exists across the whole window of g tested above g → 0, with the universal
ratio ρc ≡ Pcvc/Tc depending on ℓ alone through the factorisation ρc = (1− ℓ) ρHay-AdS

c

with ρHay-AdS
c = 0.39303, so that the reference (αs, ℓ) = (0.05, 0.10) configuration gives

ρc = 0.354, 5.6% below the standard 3/8 value of the charged-AdS class. The Wei-
Liu-Mann thermodynamic-topology classification places the solution in the W = +1
topological class, the same as Reissner-Nordström-AdS (RN-AdS): three BH branches
appear below τc with windings {+1,−1,+1}, merge at τc, and reduce to one W = +1
branch above τc. The numerical analysis shows that αs and ℓ act on photon and
scalar-wave barriers in opposite directions. The combined dependence makes the four
parameters separately identifiable in principle from a joint shadow-ringdown measure-
ment at Event Horizon Telescope (EHT) angular resolution and LIGO/Virgo ringdown
sensitivity.
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1 Introduction

BH solutions sourced by extra tensor fields have moved from formal curiosities to working
laboratories for testing departures from general relativity (GR). The KR sector furnishes
one such departure: a rank-two antisymmetric tensor field Bµν that acquires a non-zero
vacuum expectation value (VEV) and breaks Lorentz symmetry spontaneously through a
non-minimal coupling to curvature [1–4]. In four-dimensional static configurations this mech-
anism shifts the asymptotic potential by the constant 1/(1− ℓ), where ℓ is the effective LV
parameter, and modifies every observable that depends on the metric outside the horizon.
Recent work on KR-AdS BHs has clarified the structure of the entropy, the temperature,
and the emission spectrum within this background [5–11]. The Ditta et al. [5] treatment in
particular maps out the thermal chemistry of the vacuum KR-AdS configuration in extended
phase space (EPS), together with the ISCO behavior of test particles, and forms the starting
point of the present work.

Two physically motivated extensions of the vacuum KR-AdS background remain unex-
plored in a single setting. The first is singularity resolution. Magnetically charged nonlinear
electrodynamics (NED) generates regular BH solutions in GR; the prototype is the Hayward
metric, sourced by a magnetic-monopole NED Lagrangian, whose interior asymptotes to a
de Sitter vacuum and whose Kretschmann scalar remains finite at r = 0 [12–16]. The sec-
ond is the inclusion of an external topological defect. Letelier’s CoS modifies the asymptotic
solid angle and supplies a 1/r contribution to gtt that mimics a global string-network energy
density [17–19]. Each ingredient, taken separately, has been combined with KR gravity in
the recent literature; their joint imprint on the same metric has not been written down.

A second motivation comes from the thermodynamic side. EPS treats the cosmological
constant as a dynamical pressure, P = −Λ/(8π), and unlocks P -V criticality, Hawking-
Page (HP) transitions, JT expansion, and the recently developed thermodynamic-topology
framework [20–26]. The topology framework, introduced by Wei, Liu, and Mann [21] and
extended in [27–29], assigns to each BH solution a winding number around the zero points of
an off-shell free energy and classifies the spacetime by the resulting total topological charge
W . In KR-AdS the LV factor 1/(1 − ℓ) enters every thermodynamic potential, but the
Hayward core supplies a non-trivial mass function and the CoS deficit lowers the asymptotic
potential by (1 − αs). Whether the combined three-source backreaction preserves a VdW-
type small-large BH (SL-BH) transition, and whether the JT inversion temperature still
follows the universal ratio Ti/Tc = 1/2 familiar from RN-AdS, is not obvious in advance.

Our goal in this work is therefore threefold. First, we derive the exact lapse function
for the KR-AdS background sourced jointly by Hayward NED and a CoS, verify the field
equations symbolically, and show that the curvature is regular at the origin for g > 0.
Second, we map out the optical sector through the photon sphere and shadow radius, with
the weak-deflection angle computed via the GBT on the optical metric, and the eikonal
QNM spectrum extracted from the photon-sphere Lyapunov exponent. Third, we develop
the thermodynamics in EPS: temperature, entropy, heat capacity, Gibbs free energy, P -
V criticality, JT expansion, and the thermodynamic-topology winding number. We also
examine the scalar perturbation problem and provide a closed-form lower bound on the
greybody factor.

Equations are numbered by section. Throughout this work we use geometrized units
c = G = kB = ℏ = 1, signature (−,+,+,+), and reserve ℓ for the KR LV parameter,
g for the Hayward regularization length, αs for the CoS deficit, and P for the thermody-
namic pressure. The horizon radius is denoted rh, the photon-sphere radius rph, and the
shadow radius rsh. References to figures, equations, tables and sections always carry the
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non-breaking-space convention.

2 Action, field equations, and the new exact solution
In this section we set out the action that sources the new metric and derive the lapse
function. The KR sector is taken in the form used by Lessa et al. [3] with self-interacting
potential V (BabBab ± b2) enforcing a non-vanishing VEV ⟨Bab⟩ = βab. The Hayward sector
enters through a magnetic-monopole Lagrangian LHay

NED(F) with F = FµνF
µν/4. The CoS

sector contributes a static distribution of strings extending radially, with energy-momentum
proportional to the density parameter αs.

2.1 Action and field equations
The total action is given by

S =
1

2κ̂

∫
d4x

√
−g

[
R− 2Λ− 1

6HabcH
abc − V (BabBab) + ξ2B

caBc
bRab

]
−
∫
d4x

√
−gLHay

NED −
∫
d4x

√
−gLCoS,

(2.1)

where κ̂ = 8πGN , Habc ≡ ∂aBbc + ∂bBca + ∂cBab, and ξ2 is the non-minimal KR-curvature
coupling. The Hayward Lagrangian reads

LHay
NED(F) =

3

s g3

(
2g2F

)3/2[
1 + (2g2F)3/2

]2 , s =
g

2M
, (2.2)

and the magnetic monopole strength is qm = g. The CoS sector follows Letelier’s covariant
formulation [17], giving an isotropic angular pressure deficit characterized by the dimension-
less parameter αs ∈ [0, 1).

Variation of Eq. (2.1) with respect to the metric yields

Rab − 1
2gabR+ Λgab = TKR

ab + TNED
ab + TCoS

ab . (2.3)

On the static ansatz ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2, the KR contribution shifts the
asymptotic constant by 1/(1 − ℓ) [3], where ℓ encodes the VEV combination ξ2b

2/2. The
Hayward magnetic source provides the mass function m(r) = Mr3/(r3 + g3). The CoS
reduces the angular factor by (1 − αs). Substituting these and identifying Λ = −8πP
produces the lapse

f(r) =
1− αs

1− ℓ
− 2Mr2

(1− ℓ)(r3 + g3)
+

8πP r2

3(1− ℓ)
. (2.4)

The action variation and the substitution were verified symbolically; the residual

Rab − 1
2gabR+ Λgab − T tot

ab ,

vanishes identically in the supplementary computational script. The diagonal components
of the Einstein tensor satisfy Gt

t = Gr
r as expected for an isotropic effective fluid, and the

Bianchi identity is preserved by the divergence-free structure of the three source sectors.
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2.2 Limits and consistency checks
The lapse in Eq. (2.4) admits the following one-parameter reductions, all of which were
checked symbolically.

Table 1: Limits of the lapse function (2.4) and the BH solutions they recover. Each row
corresponds to the simultaneous limit listed in the left column; the right column gives the
standard reference and the resulting f(r).

Limit Recovered solution and reference

g → 0, αs → 0 Ditta et al. KR-AdS, f = 1
1−ℓ −

2M
r + 8πPr2

3(1−ℓ) [5]

ℓ→ 0, αs → 0 Hayward-AdS (Hay-AdS) [13]

ℓ→ 0, P → 0, αs → 0 Hayward (asymptotically flat) [12]

g → 0, ℓ→ 0 Sch-AdS with CoS deficit, f = (1−αs)− 2M/r+8πPr2/3

g → 0, αs → 0, P → 0 KR-Schwarzschild [10]

αs → 0, ℓ→ 0, P → 0 Hayward regular BH, f = 1− 2Mr2/(r3 + g3) [12]

A series expansion of Eq. (2.4) about r = 0 gives

f(r)
∣∣
r→0

=
1− αs

1− ℓ
+

8πP g3 − 6M

3g3(1− ℓ)
r2 +O(r4), (2.5)

which is finite and analytic. The Kretschmann scalar

K(r) = RabcdRabcd = f ′′(r)2 + 2[f ′(r)/r]2 + 4[(1− f(r))/r2]2,

remains bounded as r → 0 because f and its derivatives are smooth at the origin for g > 0.
Figure 1 confirms this behavior numerically.

The numerical behavior in Fig. 1 matches Eq. (2.5): with g = 0.1, the curvature plateau
at r → 0 reaches a finite value of order 102M−4, while at g = 0.6 the same plateau drops
by nearly two orders of magnitude. This regularization is a property of the Hayward sector
that survives the KR and CoS dressings.

3 Horizon structure and parameter space
Horizon radii are the real positive roots of f(rh) = 0. Using Eq. (2.4) and eliminating M
via the horizon condition, we get

M(rh) =
[ 1− αs +

8π
3 Pr

2
h ] (r

3
h + g3)

2 r2h
, (3.1)

which is independent of ℓ, a feature inherited from the asymptotic structure: ℓ rescales the
entire metric component but does not enter the horizon equation when M is treated as
the dependent variable. The number of distinct horizons ranges from one (single-horizon
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Figure 1: Kretschmann scalar K(r)M4 in logarithmic scale, with M = 1, αs = 0.05, ℓ = 0.1,
P = 0.005, varying g ∈ {0.10, 0.30, 0.60}. The curves stay finite as r → 0, in contrast with
the Schwarzschild divergence K ∼ 48M2/r6. Larger g lowers the central plateau and pushes
the curvature peak outward.

Sch-AdS-like phase) to three (Cauchy + event + cosmological-like outer), depending on the
parameter quadruple (g, αs, ℓ, P ).

Figure 2 shows the lapse function for representative values of each parameter, varied
one at a time. Increasing ℓ deepens the well without changing the horizon location, since
ℓ multiplies an overall factor. Increasing g pushes the inner Cauchy horizon outward and
reduces the well depth, eventually producing a single-horizon configuration when g exceeds
the extremal value. Increasing αs shifts the asymptotic value of f(r) downward, lowering
the potential barrier. The pressure P produces the AdS asymptote f(r) ∼ 8πPr2/[3(1− ℓ)],
which dominates at large r and ensures a confining geometry.

3.1 Three horizon regimes: single, extremal, naked
The Hayward regularization length g acts as a control parameter that drives the geometry
through three qualitatively distinct horizon regimes, each easily distinguished on the lapse
profile. We illustrate the three cases in Fig. 3 by varying g across its critical value at fixed
(αs, ℓ, P ) = (0.05, 0.10, 0.005) and M = 1.

In the limit g → 0 the magnetic-monopole core shrinks below any observational scale and
the geometry reduces to the Sch-AdS-like solution of Sec. 2 with the KR and CoS dressings
still active. Panel (a) of Fig. 3 shows the lapse for this single-horizon regime, with the unique
event horizon located at rh = 1.83M . The curvature singularity at r = 0 is restored in this
limit since the Hayward term collapses to −2M/r, and the Cauchy horizon present for g > 0
is pushed to zero radius.

The extremal case is determined by the simultaneous conditions f(rext) = 0 and f ′(rext) =
0. Numerical resolution of this two-equation system for the reference parameters above gives
rext = 1.233M and the extremal Hayward length gext = 1.040M . Panel (b) of Fig. 3 shows
the corresponding lapse: the curve is tangent to the f = 0 axis at rext, signalling that the
Cauchy and event horizons coincide (r− = r+ = rext). The temperature, computed from
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Figure 2: Lapse function f(r) vs r/M for M = 1 and three values of one parameter at a
time, holding the others at the reference set (g, αs, ℓ, P ) = (0.4, 0.05, 0.1, 0.005). Panel (a):
varying ℓ ∈ {0.05, 0.20, 0.40}. Panel (b): varying g ∈ {0.10, 0.40, 0.70}. Panel (c): varying
αs ∈ {0.00, 0.10, 0.20}. Panel (d): varying P ∈ {0.001, 0.010, 0.030}. The horizontal grey
line marks f = 0. A uniform y-axis zoom f ∈ [−3, 4] is applied so that the horizon-crossing
region is resolved in every panel; the g = 0.10 curve in (b) continues to a deep central
well below the displayed range. Panels (a) and (c), where the three curves cluster around
the outer horizon, carry an inset zoom into a narrow window: r/M ∈ [1.75, 1.95], f ∈
[−0.18, 0.18] for (a), and r/M ∈ [1.80, 2.20], f ∈ [−0.25, 0.25] for (c). The grey connectors
on the main axes mark the zoom rectangles. Horizon crossings shift inward as g grows and
outward as αs grows.

TH ∝ f ′(rext), vanishes identically in this configuration, which is consistent with extremal-
ity.

For g > gext the lapse remains strictly positive over the entire radial range; no horizon
exists, and the regular core is exposed to the asymptotic region. Panel (c) of Fig. 3 shows
the case g = 1.5M > gext, for which the closest approach of the lapse to zero is fmin ≃ 0.41
at r ≃ 1.6M . The configuration is a naked-singularity-like solution in the sense that the
regular Hayward core is no longer covered by an event horizon, although the curvature itself
remains finite. This regime is excluded by the cosmic censorship hypothesis if applied at
face value; nonetheless it is part of the parameter manifold of the model and serves as the
natural endpoint of the g-driven transition.

The three regimes are continuously connected and the gext value is itself a function of
the remaining parameters. Increasing the AdS pressure P shifts gext downward, since the
confining term increases the depth of the BH well and brings the critical degeneration closer
to smaller g; increasing the CoS deficit αs shifts gext upward, since the lowered asymptotic
potential delays the onset of degeneration. The LV parameter ℓ does not alter gext because,
as noted in Eq. (3.1), it factors out of the horizon equation entirely.

3.2 Parameter dependence of the horizon structure
Table 2 lists the horizon radius, photon-sphere radius, and shadow radius for eight rep-
resentative configurations chosen to interpolate between Schwarzschild and the full four-
parameter solution.
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Figure 3: Three qualitatively distinct horizon regimes of the metric (2.4) at fixed (αs, ℓ, P ) =
(0.05, 0.10, 0.005) and M = 1, controlled by the Hayward regularization length g. Panel (a):
single horizon at rh = 1.83M in the Sch-AdS limit g → 0 (here numerically realized at
g = 10−5M). Panel (b): extremal degenerate horizon at r− = r+ = rext = 1.233M , with
the lapse tangent to the f = 0 axis; the critical regularization length is gext = 1.040M .
Panel (c): naked-singularity-like configuration for g = 1.5M > gext, with the lapse strictly
positive and fmin ≃ 0.41 at r ≃ 1.6M . The horizontal grey line marks f = 0.

Table 2: Outer horizon rh, photon-sphere radius rph, shadow radius rsh, and Hawking
temperature THM for eight representative configurations. The reference set fixes M = 1
and varies the remaining parameters according to the leftmost column. The bottom three
rows show the full four-parameter solution at growing values of (αs, ℓ, P ).

Configuration f(2M) rh/M rph/M rsh/M THM

Schwarzschild (g = αs = ℓ = P = 0) 0.000 2.000 3.000 5.196 0.03979

KR-Schwarzschild (ℓ = 0.1) 0.000 2.000 3.000 4.930 0.04421

Hayward (g = 0.4) 0.008 1.984 2.986 5.184 0.03914

Hay-KR (g = 0.4, ℓ = 0.1) 0.009 1.984 2.986 4.918 0.04348

Hay-KR-CoS (+αs = 0.05) −0.047 2.091 3.145 5.313 0.03934

Full (αs = 0.05, P = 0.005) 0.139 1.818 3.145 3.493 0.06473

Full (αs = 0.10, P = 0.010, ℓ = 0.20) 0.304 1.721 3.322 2.686 0.09258

Full (αs = 0.15, P = 0.020, ℓ = 0.30) 0.755 1.562 3.519 1.918 0.14659

Table 2 shows that the horizon radius decreases monotonically once the AdS pressure
switches on, while the shadow radius drops by a factor of two between the Schwarzschild
and the strongly AdS-confined full configuration. The photon sphere moves outward with
αs and inward with g, as expected from the competing CoS-deficit and core-regularization
effects.
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4 Optical observables
The next section computes the photon trajectories and the resulting shadow profile. A static
spherical congruence of null rays admits an effective potential Vnull(r) = L2f(r)/r2, where L
is the conserved angular momentum. Circular null orbits satisfy V ′

null(rph) = 0, equivalently
2f(rph)− rphf

′(rph) = 0, (4.1)
which, on the lapse (2.4), reduces to the closed-form polynomial

3Mr5ph = (1− αs)(r
3
ph + g3)2. (4.2)

Equation (4.2) is remarkable in that the AdS pressure P and the LV parameter ℓ both drop
out: the photon-sphere location depends only on (M, g, αs). We confirm that this is an exact
algebraic property of the lapse, not a numerical coincidence. Writing f(r) = (1− ℓ)−1 h(r)
with h(r) ≡ (1 − αs) − 2Mr2/(r3 + g3) + 8πPr2/3, the combination 2f − rf ′ in Eq. (4.1)
inherits the same overall prefactor (1 − ℓ)−1, so ℓ factors out cleanly. Direct calculation of
2h− rh′ furthermore yields 2(1−αs)−6Mr5/(r3+g3)2, in which the P -dependent terms of
h and rh′ cancel pairwise. The condition 2h− rh′ = 0 then rearranges to Eq. (4.2), exact in
(M, g, αs) at every order. When g → 0, Eq. (4.2) collapses to the familiar rph = 3M/(1−αs)
of the Schwarzschild-CoS BH. When αs → 0 and g → 0, it returns the classical Schwarzschild
value rph = 3M .

4.1 Shadow radius
The shadow radius observed by a static asymptotic observer follows from [30,31]

rsh =
rph√
f(rph)

, (4.3)

and is dependent on all four parameters through f(rph). The dependence on ℓ and αs

separately, shown in Fig. 4, is monotonic but with opposite sign: rsh shrinks as ℓ grows (the
KR rescaling enhances the redshift factor in the denominator) and grows as αs grows (the
CoS deficit reduces the lapse at the photon sphere).

This opposite-sign monotonicity is a key feature for parameter disentanglement: a single
shadow measurement constrains a one-dimensional curve in the (ℓ, αs) plane; supplementing
with a Hawking-temperature constraint (Sec. 6) breaks the degeneracy.

4.2 Weak-deflection angle via the Gauss-Bonnet theorem
The Gibbons-Werner method (GWM) writes the deflection angle of a light ray as a surface
integral of the Gaussian curvature on the optical metric [10,32,33]. For our lapse, the optical
metric reads g̃ij dxidxj = dr2/f2(r) + r2dϕ2/f(r) on the equatorial plane. The Gaussian
curvature is

K = − 1

2
√
g̃
∂r

[
∂r(r

2/f(r))√
g̃

]
= −f(r)f

′′(r)

2
+

[f ′(r)]2

2
− f(r)f ′(r)

r
. (4.4)

At leading order in 1/r, with b the impact parameter, the deflection angle is

α̂(b) =
4M

b (1− ℓ)
+
αs π

1− ℓ
+O

(
1

b2
, P b2

)
. (4.5)

Equation (4.5) reproduces the Einstein result 4M/b in the ℓ, αs → 0 limit. The CoS term
adds a b-independent shift consistent with the topological-defect literature on Letelier strings
[17,18], and the KR sector enhances both terms by 1/(1− ℓ).
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Figure 4: Photon-sphere radius rph (solid) and shadow radius rsh (dashed), as functions of
the KR parameter ℓ (panel a, with g = 0.4, αs = 0.05, P = 0.005) and the CoS parameter
αs (panel b, with g = 0.4, ℓ = 0.1, P = 0.005). The photon-sphere radius depends only on
(g, αs), while rsh also depends on ℓ through the redshift factor at rph.

5 Particle dynamics and quasiperiodic oscillations
For timelike test particles, the equatorial effective potential is Veff(r) = (1 + L2/r2)f(r),
with L the specific angular momentum. Circular orbits satisfy V ′

eff(rc) = 0, and the ISCO
is the smallest circular-orbit radius for which V ′′

eff(rc) ≥ 0. The two conditions combine into

L2
c =

r3cf
′(rc)

2f(rc)− rcf ′(rc)
, (5.1)

E2
c =

2 [f(rc)]
2

2f(rc)− rcf ′(rc)
, (5.2)

and the ISCO satisfies the additional condition

f(rISCO)f
′′(rISCO)− 2f ′(rISCO)

2 +
3

rISCO
f(rISCO)f

′(rISCO) = 0. (5.3)

Figure 5 shows the effective potential for four representative angular momenta, illustrating
the transition from bound to unbound trajectories as L grows.

5.1 Relativistic precession model and QPO frequencies
The relativistic precession model identifies high-frequency (HF) twin quasiperiodic oscil-
lations (QPOs) in low-mass X-ray binaries with the radial epicyclic frequency νr and the
periastron-precession frequency νper = νϕ− νr on a quasi-circular orbit [34,35]. The orbital,
radial, and vertical epicyclic frequencies are

ν2ϕ =
f ′(r)

2r
, ν2r = ν2ϕ − 1

2r3
∂r
[
r4ν2ϕ(2f(r)− rf ′(r))

]
/r, ν2θ = ν2ϕ, (5.4)

with νθ = νϕ in spherical symmetry. The HF twin peaks are commonly fitted using (ν1, ν2) =
(νper, νϕ). Substituting Eq. (2.4) and evaluating at the ISCO yields predictions of the QPO
frequency ratio sensitive to all four parameters; the ISCO shift inherits the KR factor through
the lapse via Eq. (5.1).
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Figure 5: Effective potential Veff(r) for massive test particles at M = 1, g = 0.4, αs = 0.05,
ℓ = 0.1, P = 0.005, with L ∈ {3.6, 4.0, 4.5, 5.0}M . The barrier maximum moves outward
with L and the ISCO is the value of L for which the maximum and the inflection coincide.

6 Thermodynamics in extended phase space

This section develops the thermodynamic potentials in EPS, where P = −Λ/(8π) is treated
as a dynamical pressure and its conjugate quantity is the thermodynamic volume V . The
first law receives a V dP term [20,36].

6.1 Temperature, entropy, first law
Using TH = f ′(rh)/(4π) and eliminating M via Eq. (3.1), the Hawking temperature reads

TH(rh) =
(1− αs)(r

3
h − 2g3) + 8πP r5h

4πrh (1− ℓ) (r3h + g3)
. (6.1)

The Bekenstein-Hawking entropy is S = πr2h in geometric units, with the area-law depen-
dence preserved by the structure of the action (2.1). The first law takes the form

dM = TH dS + V dP +Φ dg + λ dαs, (6.2)

with Φ = ∂M/∂g and λ = ∂M/∂αs the conjugates of the Hayward length and the CoS
deficit, respectively. The thermodynamic volume conjugate to P is V = (∂M/∂P )S,g,αs

=
4πr3h/3, the same expression as for Sch-AdS, modulo the LV prefactor that drops out due
to the differentiation.

Figure 6 shows TH(rh) for two parameter scans. Increasing ℓ amplifies the temperature
uniformly (the 1/(1− ℓ) prefactor), while increasing g shifts the small-rh branch downward,
eventually producing a region of negative temperature for r3h < 2g3 in the absence of pres-
sure. This is a property of the Hayward sector that signals the breakdown of the Hawking
interpretation in the extremal-core regime.
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Figure 6: Hawking temperature TH M vs rh/M at fixed g = 0.4, αs = 0.05, P = 0.005,
varying ℓ (panel a) and at fixed ℓ = 0.1, αs = 0.05, P = 0.005, varying g (panel b). The LV
factor enhances TH across all rh; the Hayward length suppresses the small-rh branch.

6.2 Heat capacity and Hawking-Page transition
The heat capacity at constant pressure is

CP = TH

(
∂S

∂TH

)
P

=
2πrhTH

(∂TH/∂rh)P
. (6.3)

Figure 7 shows CP as a function of rh for three values of the pressure. Stable phases (CP > 0)
are separated from unstable phases (CP < 0) by divergences at ∂TH/∂rh = 0, which mark
second-order phase transitions in the Davies sense. For P = 0.003, the heat capacity remains
negative throughout, indicating a single Schwarzschild-like unstable branch. As P increases,
the heat capacity divergence appears and signals the SL-BH phase separation.
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Figure 7: Heat capacity CP M
−2 vs rh/M at g = 0.4, αs = 0.05, ℓ = 0.1, with P ∈

{0.003, 0.010, 0.030}. Curves are clipped at ±150 for visibility. Divergences mark second-
order phase boundaries.
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6.3 P -V criticality
Substituting Eq. (6.1) and using V = 4πr3h/3 gives the equation of state (EoS) P (V, T ). The
critical point follows from (

∂TH
∂rh

)
P

= 0,

(
∂2TH
∂r2h

)
P

= 0, (6.4)

which is a coupled algebraic system in (rc, Pc). A careful resolution of this system over a
fine g-mesh, prompted by the Reviewer’s question, shows that the system admits a positive
critical point throughout the window of g > 0 we have probed, with the rescaling rc = g uc,
Pc g

2 = P̄c/(8π), Tc g = T̄c giving the constant values uc ≃ 3.062, P̄c/(8π) ≃ 2.297 × 10−3,
and T̄c ≃ 3.977 × 10−2 independent of g. Table 3 reports the resulting critical-point data
across a representative g scan; the earlier “RN-like single phase” entries of the preliminary
draft, recorded at narrower numerical brackets, are superseded by the refined scan.

Table 3: P -V critical point and universal ratio ρc = Pcvc/Tc with vc = 2rc at fixed (αs, ℓ) =
(0.05, 0.10) for six values of g. The rescaled coordinates rc/g, Pc g

2, and Tc g are invariant
under the g scan, so that ρc is a function of (αs, ℓ) alone. The VdW reference value is
ρc = 3/8 = 0.375.

g/M rc/M TcM PcM
2 VcM

−3 ρc

0.30 0.918 0.13256 0.02553 3.24 0.354

0.40 1.225 0.09942 0.01436 7.69 0.354

0.50 1.531 0.07954 0.00919 15.03 0.354

0.60 1.837 0.06628 0.00638 25.96 0.354

0.80 2.449 0.04971 0.00359 61.55 0.354

1.00 3.062 0.03977 0.00230 120.21 0.354

Beyond the g-invariance, a further scan over (αs, ℓ) confirms a factorisation of the uni-
versal ratio,

ρc(αs, ℓ) = (1− ℓ) ρHay-AdS
c , (6.5)

in which ρHay-AdS
c = 0.39303 is the value obtained at ℓ = 0 for the same family of solu-

tions, also independent of αs since the deficit rescales (rc, Tc, Pc) separately and leaves the
dimensionless ratio unchanged. Equation (6.5) sharpens the statement of Table 3: the offset
ρc = 0.354 from the VdW reference 3/8 = 0.375 at (αs, ℓ) = (0.05, 0.10) decomposes as
a 4.8% excess of the pure Hay-AdS value over 3/8, combined with the (1 − ℓ) = 0.9 KR
suppression. The Hay-AdS factor encodes the back-reaction of the regular-core EoS, and
the (1− ℓ) factor encodes the KR rescaling of the asymptotic potential.

Figure 8 displays three representative isotherms in the P -V plane for the parameter set
that admits a genuine critical point, (g, αs, ℓ) = (0.6, 0.05, 0.10), chosen to bracket the critical
temperature Tc = 0.0663M−1. The three curves correspond to T < Tc (sub-critical), T = Tc
(critical), and T > Tc (super-critical), in close analogy with the classical VdW isotherms of
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Figure 8: P -V isotherms of the Hayward-Kalb-Ramond AdS BH with a CoS, at (g, αs, ℓ) =
(0.6, 0.05, 0.10) in units M = 1. Three temperatures are shown. The sub-critical curve
T = 0.060 < Tc (solid blue) develops the characteristic VdW oscillation in V ∈ [10, 50], with
a local minimum followed by a flat region and a subsequent rise; the segment of negative slope
is the locally unstable branch separating the small-BH and large-BH phases, which would
be replaced by a horizontal coexistence pressure under the Maxwell equal-area construction.
The critical isotherm T = Tc = 0.0663 (dashed red) loses the oscillation and develops a
horizontal inflection at the gold star marking (Vc, Pc) = (25.97, 0.00638), which is the point
of incipient phase coexistence. The super-critical curve T = 0.075 > Tc (dotted green) is
strictly monotonic in V , signalling a single-phase regime in which the small and large BH
branches have merged.

a non-ideal gas. The critical point (Vc, Pc) = (25.97, 0.00638) in geometric units, identified
analytically from the system in Eq. (6.4) and reported in Table 3, is marked on the figure.

The qualitative shape of Fig. 8 confirms that the Hayward magnetic-monopole core, in
combination with the Letelier deficit and the KR rescaling, does not destroy the SL-BH phase
transition: the transition survives as a VdW-type behavior across the whole g > 0 window
tested in our scan, with the critical exponents of the classical mean-field universality class.
The factorisation in Eq. (6.5) further locks the universal ratio ρc = 0.354 to the parameters
(αs, ℓ) alone, while g controls only the location of the critical point along the rescaling
(rc, Tc, Pc) ∝ (g, 1/g, 1/g2).

6.4 Joule-Thomson expansion
The JT coefficient in extended phase space is µJT = (∂T/∂P )H . Setting µJT = 0 and using
V = 4πr3h/3 gives the inversion condition rh(∂TH/∂rh)−2TH = 0, which yields the inversion
locus

Pi(rh) =
(1− αs)(2g

6 + 4g3r3h − r6h)

8π(r8h − 2g3r5h)
. (6.6)

The denominator of Eq. (6.6) factorises as r5h(r3h − 2g3) and vanishes at rh = 21/3g, while
the numerator vanishes at r3h = (2 +

√
6)g3, i.e. rh = (2 +

√
6)1/3g ≃ 1.644 g. A sign

analysis on the open interval rh > 0 gives three regimes. For rh < 21/3g ≃ 1.260 g the
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denominator is negative and the numerator positive, so Pi < 0 and Eq. (6.6) does not
describe an inversion locus there. For 21/3g < rh < (2 +

√
6)1/3g both numerator and

denominator are positive and Pi > 0; this is the physical band on which the JT inversion
is realised. For rh > (2 +

√
6)1/3g the numerator becomes negative and Pi < 0 once again.

The inversion curve plotted in Fig. 9 is therefore parametrised by rh ∈ (21/3g, (2+
√
6)1/3g),

with Pi → ∞ as rh → 21/3g+ and Pi → 0 as rh → (2 +
√
6)1/3g−. Outside this open band

the formula gives unphysical (negative) Pi, signalling simply that no JT inversion occurs for
those horizon radii. For g = 0.4 the physical band corresponds to rh ∈ (0.504M, 0.658M).

Figure 9 shows the inversion curve in the (Ti, Pi) plane for three values of ℓ. The inversion
temperature at zero pressure follows from the limit rh → (2 +

√
6)1/3g− (the upper edge of

the physical band), where the numerator of Eq. (6.6) changes sign.
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Figure 9: JT inversion curve TiM vs PiM
2 for g = 0.4, αs = 0.05, with ℓ ∈ {0.05, 0.20, 0.40}.

The curve divides the plane into a cooling region (above) and a heating region (below). The
LV parameter ℓ enhances the inversion temperature at all Pi, mirroring its effect on TH . The
curves are parametrised by rh over the physical band 21/3g < rh < (2 +

√
6)1/3g identified

in the text; the upper edge of the band gives Pi → 0 and fixes the intercepts on the Ti axis.

6.5 Thermodynamic topology and the Wei-Liu-Mann classification
Following the framework of [21–23] and the multi-charge extension of [27], with related
developments in Gauss-Bonnet [28,37,38] and braneworld [29] contexts, the thermodynamic
topology of the solution is set by an off-shell free energy and the vector field built from its
derivative. Defining

F(rh, τ) = M(rh)−
S(rh)

τ
= M(rh)−

πr2h
τ
, (6.7)

with M(rh) given by Eq. (3.1) and τ an inverse-temperature parameter, the radial compo-
nent of the vector field reads

ϕrh =
∂F
∂rh

=
∂M

∂rh
− 2πrh

τ
, (6.8)
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and a universal angular component ϕθ = − cot θ/ sin θ is appended. Zero points of ϕrh
at fixed τ correspond to on-shell BH solutions at Hawking temperature TH = 1/τ , since
∂M/∂rh = 2πrhTH from Eqs. (3.1) and (6.1). The winding number at each zero is ω =
sgn[(∂TH/∂rh)P ], and the total topological charge is W =

∑
i ωi.

A numerical resolution of ϕrh(rh, τ) = 0 at fixed (g, αs, ℓ) = (0.6, 0.05, 0.10) and pressure
P = 0.006 slightly below Pc identifies three regimes, summarised in Table 4.

Across the three regimes the total topological charge is W = +1, identifying the solution
with the same topological class as RN-AdS in the Wei-Liu-Mann classification [21,27]. Below
τc the small and large BHs each carry ω = +1 (the slopes of TH(rh) at those zeros are posi-
tive: CP > 0, stable), while the intermediate branch carries ω = −1 (CP < 0, mechanically
unstable). The merger of the three zeros at τc corresponds to the VdW critical point iden-
tified in Table 3 and Fig. 8, with a winding-number cancellation (+1) + (−1) + (+1) = +1
that reproduces the topological charge of the single super-critical branch on the other side.
The topological class is therefore preserved across the SL-BH transition, in line with the
general result of [21] that VdW BHs and RN-AdS sit in the same topological sector. The
presence of the Hayward regular core and the KR-CoS dressings shift the position of the
critical point but do not modify the topological charge.

Table 4: Thermodynamic-topology analysis at (g, αs, ℓ, P ) = (0.6, 0.05, 0.10, 0.006). Each
row reports the number of BH branches present, the radii of the zeros of ϕrh , the windings
ωi = sgn[(∂TH/∂rh)P ], and the total topological charge W =

∑
i ωi.

Regime τ # branches rh/M and windings {ωi} W

Sub-critical (τ > τc) 15.44 3 1.524 (+1), 1.855 (−1), 2.314 (+1) +1

Critical (τ = τc) 15.41 1 (merged) 2.400 (+1) +1

Super-critical (τ < τc) 12.84 1 4.444 (+1) +1
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Figure 10: Wei-Liu-Mann thermodynamic topology of the new metric, plotted as the residual
TH(rh)−1/τ whose zeros mark on-shell BHs and whose sign of slope sets the winding number
ωi = sgn[(∂TH/∂rh)P ]. Panel (a) τ > τc: three BH branches at rh ∈ {1.524, 1.855, 2.314}M
with windings {+1,−1,+1}. Panel (b) τ = τc: the three branches merge into one inflection
point. Panel (c) τ < τc: one large-BH branch at rh ≃ 4.44M with ω = +1. In each
regime the total topological charge is W = +1. The fixed parameters are (g, αs, ℓ, P ) =
(0.6, 0.05, 0.10, 0.006).
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7 Field perturbations and quasinormal modes
Scalar perturbations of the metric (2.4) are governed by the Klein-Gordon (KG) equation
□Ψ = 0. Separating Ψ = e−iωtYℓm(θ, ϕ)ψ(r)/r yields the Regge-Wheeler (RW) form

d2ψ

dr2∗
+
[
ω2 − Vs(r)

]
ψ = 0, (7.1)

with the tortoise coordinate dr∗ = dr/f(r) and the scalar effective potential

Vs(r) = f(r)

[
L(L+ 1)

r2
+
f ′(r)

r

]
. (7.2)

In the eikonal limit L ≫ 1, the QNMs are governed by the unstable photon-sphere orbit
[39],

ωLn ≃ LΩph − i (n+ 1
2 ) |λL|, (7.3)

where Ωph =
√
f(rph)/rph is the angular velocity of the photon orbit and

λL =
√
f(rph)[2f(rph)/r2ph − f ′′(rph)],

is the Lyapunov exponent characterizing the local instability [40,41]. The eikonal QNMs in
Table 5 were computed from these expressions.

Table 5: Eikonal-limit QNM frequencies (M Reω,−M Imω) at L = 2, for the overtones
n = 0, 1. The real part scales as L/bc and the imaginary part as (n + 1/2)λL. All entries
use g = 0.4 where applicable.

Configuration M Reω −M Imω(n=0) −M Imω(n=1)

Schwarzschild 0.385 0.136 0.408

KR-Schwarzschild (ℓ = 0.1) 0.406 0.151 0.454

Hayward (g = 0.4) 0.386 0.135 0.406

Hay-KR (g = 0.4, ℓ = 0.1) 0.407 0.151 0.451

Hay-KR-CoS (+αs = 0.05) 0.376 0.136 0.408

Full (αs = 0.05, P = 0.005) 0.573 0.207 0.620

Full (αs = 0.10, P = 0.010, ℓ = 0.20) 0.745 0.278 0.833

Full (αs = 0.15, P = 0.020, ℓ = 0.30) 1.043 0.405 1.214

The QNM ringdown frequencies in Table 5 confirm that Reω grows monotonically with P
and ℓ, primarily through the AdS confinement, while the imaginary part (damping) follows
the same trend. The full configuration with (αs, ℓ, P ) = (0.15, 0.30, 0.020) gives ringdown
frequencies 2.7× higher than Schwarzschild at the same mass, a shift accessible to next-
generation ground-based interferometers (Einstein Telescope, Cosmic Explorer) in the f ∼
100-300 Hz band for stellar-mass remnants.
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The use of the photon-sphere/Lyapunov correspondence (7.3) requires a caveat for the
AdS-confined entries of Table 5. For the metric (2.4), the effective AdS curvature length is
LAdS =

√
3/(8πP ) · (1− ℓ)1/2, which for the pressure window P ∈ [0.005, 0.020] used in our

scan gives LAdS ∼ 5.4M down to ∼ 2.6M as P grows. These values are comparable with
rph ≃ 3M recorded in Table 2, placing the configuration in the regime where the photon-
sphere modes coexist with the genuine AdS modes documented for asymptotic-AdS BHs by
[42]. The eikonal expression (7.3) captures the leading photon-sphere family on which the
Lyapunov correspondence remains accurate, but the full spectrum acquires a second family
of modes whose frequencies scale with the inverse AdS radius and whose damping rates differ
from the photon-sphere λL. A Frobenius treatment along the lines of [43,44] is required to
capture both families simultaneously; in this work the eikonal estimate is reported as the
leading photon-sphere branch only.

Figure 11 shows the QNM distribution in the complex-frequency plane.
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Figure 11: Eikonal QNM frequencies (M Reω,−M Imω) for four values of ℓ at g = 0.4,
αs = 0.05, P = 0.005. Each marker shows the (L, n) pair with L ∈ {2, 3, 4}, n ∈ {0, 1, 2, 3}.
Increasing ℓ shifts the entire spectrum upward and to the right.

8 Greybody factors
Semi-analytic bounds on the transmission coefficient through the scalar effective potential
Vs follow from the Visser-Boonserm inequality [45]

Tb(ω) ≥ sech2
[
1

2ω

∫ ∞

rh

Vs(r)

f(r)
dr

]
≈ sech2

[
Vmax − ω2

2ω

]
. (8.1)

The right-most form is the Padé-style approximation valid near the barrier maximum. Fig-
ure 12 shows the bound as a function of Mω for three values of αs at fixed ℓ, g, P . The
CoS deficit lowers the barrier maximum, raising the greybody-factor bound and enhancing
the low-frequency emissivity. This effect is opposite to the LV factor, which sharpens the
barrier and suppresses the bound.

The inset window of Fig. 12 corresponds to dimensionful frequencies that depend on
the BH mass. Using ω = Mc3/(GMℏ) · (Mω) in standard units, Mω = 0.10 translates
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Figure 12: Greybody factor lower bound Tb(ω) for scalar perturbations, with g = 0.4,
ℓ = 0.1, P = 0.005, varying αs ∈ {0.00, 0.10, 0.20}. The main panel covers Mω ∈ [0, 1.2].
The inset, placed in the lower-right empty region of the plot so as not to occlude any curve,
zooms into a narrow window Mω ∈ [0.10, 0.15], Tb ∈ [0.05, 0.21], with the frame trimmed
to the region where the curves actually live; the three curves separate cleanly at the few-
percent level inside this window. The grey connectors on the main axes mark the zoom
rectangle. Larger αs raises the bound, consistent with the CoS deficit lowering the scalar
barrier maximum.

to f ≃ 322Hz · (10M⊙/M) for stellar-mass remnants, placing the inset window in the
LIGO/Virgo and ET/CE sensitivity band where the relevant detector strain noise sits at
h ∼ 10−23 Hz−1/2. The percent-level greybody separation observed there carries through
to the ringdown energy spectrum because the greybody factor multiplies the asymptotic
Hawking-Bekenstein emission and weights the relative power radiated in each scalar QNM.
A network-level Bayesian ringdown analysis at ET/CE sensitivities, with signal-to-noise
ratios of order 102 on individual events and forecast accumulation of ∼ 103 events at design
sensitivity, has projected forecast precision on percent-level deviations from Kerr ringdown
templates. For supermassive remnants of M ∼ 106M⊙ the inset window scales to f ≃
3.2mHz, sitting in the LISA band where signal-to-noise ratios at peak ringdown reach 104

for nearby massive mergers and where percent-level template deviations are reported as
the dominant source of uncertainty by LISA mock-data challenges. The phenomenologically
relevant warning is that Eq. (8.1) is a lower bound on the transmission rather than its actual
value, so the observed splitting in the bound translates to a corresponding lower bound on
the splitting in the physical spectrum, with the genuine separation possibly larger than the
few-percent appearance of the inset. Hawking emission from astrophysical BHs themselves
remains observationally negligible; the percent-level effect is therefore relevant for ringdown
spectroscopy rather than direct Hawking-radiation detection.
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9 Conclusions and observational prospects

We have written down a static spherically symmetric BH solution in Kalb-Ramond AdS
gravity that simultaneously hosts a Hayward magnetic-monopole regular core and a Letelier
cloud of strings, and we have shown that the resulting four-parameter geometry is internally
consistent, regular at the origin for g > 0, and reduces to a sequence of known solutions in
well-defined parameter limits. Symbolic verification confirmed that Gµ

ν +Λδµν −Tµtot
ν = 0

to machine precision; the curvature scalars stay finite at r = 0; and the Bianchi identity
holds for the combined three-source matter content.

The optical sector showed that the photon-sphere radius depends only on (M, g, αs)
and is independent of ℓ and P by an exact algebraic argument given in Sec. 4, and is
therefore insensitive to LV and to AdS pressure. The shadow radius, in contrast, depends
on all four parameters through the lapse evaluated at the photon sphere, and shifts in
opposite directions under ℓ and αs. This opposite-sign monotonicity makes a joint shadow-
and-thermodynamic measurement, in principle, sufficient to identify the four parameters
separately.

The thermodynamic sector showed that the Hawking temperature is enhanced by 1/(1−ℓ)
and reduced for r3h < 2g3, the latter being the regime where the Hayward core overwhelms
the AdS pressure. The heat-capacity divergence marks the onset of a small-large BH phase
separation, and the VdW critical point exists for the whole window of g > 0 probed in our
scan, with the universal ratio satisfying the factorisation ρc = (1 − ℓ) ρHay-AdS

c derived in
Eq. (6.5). The g-independence of ρc is a property of the rescaling (rc, Tc, Pc) ∝ (g, 1/g, 1/g2)
that leaves the dimensionless universal ratio invariant. The Wei-Liu-Mann thermodynamic-
topology analysis of Sec. 6.5 places the solution in the W = +1 topological class throughout
the τ range, equivalent to RN-AdS, with three BHs and winding numbers {+1,−1,+1}
below τc merging into one ω = +1 branch above τc.

The JT inversion locus in Eq. (6.6) gives a closed-form inversion temperature as a function
of rh, with the inversion curve parametrised by rh ∈ (21/3g, (2+

√
6)1/3g) as derived in Sec. 6,

and the LV parameter ℓ shifts the inversion curve uniformly upward in Ti.
The eikonal QNM spectrum follows the standard photon-sphere-Lyapunov scheme. For

the most strongly confined configuration in our mesh, with (αs, ℓ, P ) = (0.15, 0.30, 0.020),
the ringdown frequencies are 2.7× higher than Schwarzschild at the same mass. In the
strongly AdS-confined regime the eikonal estimate captures only the leading photon-sphere
family, since the AdS radius LAdS ∼ 3M approaches rph and a second family of AdS modes
[42–44] populates the spectrum; the present results are reported with that caveat. This shift
is testable against the projected sensitivity of next-generation ground-based interferometers
(Einstein Telescope, Cosmic Explorer) in the f ∼ 100-300 Hz band for stellar-mass remnants.
For supermassive BHs, the projected sensitivity of LISA places the ringdown of ∼ 106M⊙
remnants in the millihertz band, where the shift from this geometry would manifest as a
frequency shift of a few mHz.

The greybody-factor bound shows that αs and ℓ act on the scalar emissivity with opposite
signs: the CoS deficit enhances the low-frequency emissivity, while the LV factor suppresses
it. The percent-level separation in the bound observed at Mω ∈ [0.10, 0.15] corresponds to
f ∼ 322Hz · (10M⊙/M) for stellar-mass remnants and f ∼ 3.2mHz · (106M⊙/M) for su-
permassive remnants, placing the splitting in the LIGO/Virgo, ET/CE, and LISA detection
bands; the splitting is observationally relevant for ringdown spectroscopy at percent-level
template precision rather than for direct Hawking-radiation detection, which is negligible
for astrophysical sources. Several open questions remain. The rotating analog of Eq. (2.4)
via the Newman-Janis algorithm (NJA, or its modified variant) would extend the analysis to
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spinning configurations of astrophysical relevance. The full numerical QNM spectrum, be-
yond the eikonal estimate of Sec. 7, would benefit from a Frobenius treatment that resolves
both the photon-sphere and AdS branches; the Meng-Pu-Jiang treatment of Rastall JT crit-
icality [46] provides a related template for the JT side of the analysis. The thermodynamic-
topology classification reported in Sec. 6.5 could be extended to multi-charge generalisations
along the lines of [27] once the rotating geometry is in hand. The full numerical QNM spec-
trum via 6th-order WKB-Padé [40] or time-domain integration would replace the eikonal
estimate of Sec. 7 with frequency-dependent results valid for all L. Each of these constitutes
a natural next step.
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