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Abstract. In this work, based on an analogy with holographic confining geometries
and using complexified fields, we build a holographic toy model of third order photonic
exceptional points (EPs) of ternary coupled microrings with gain and loss, which makes
an open, non-Hermitian quantum system. In our model, we discuss the Ferrell-Glover-
Tinkham sum rule for various combinations of gain and loss systems, and numerically
find the behavior of spectra which matches with the experiments. We also discuss the
inhomogeneous case of a holographic lattice for three-site photonic EPs. Additionally,
we numerically find the behavior of phase rigidity and the Petermann factor around
EPs versus various parameters of the model. We also discuss the connections between
recent developments in complexified, time-dependent entanglement entropy and EPs,
and then, we connect EPs and the §-vacuum of QCD through topological structures,
partition functions, and winding numbers, and find a second-order EP in a perturbed
f-vacuum model. Finally, we examined a controlled non-Hermitian deformation of
f-vacuum toy model, by using the Lindblad formalism and Liouvillian eigenvalues.
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1 Introduction

There are interesting connections between quantum computing and quantum chromody-
namics (QCD) concepts that could be implemented in studying various problems in physics
such as deriving the phase diagrams of QCD, confinement, strong CP problem, calculat-
ing hadron properties, testing string theory in the lab, etc. For instance, the lattice gauge
theories can be used to study the properties of QCD on quantum computers [1] or on the
other hand, formulation of the problem for quantum simulations can lead to new perspec-
tives about the quantum structure of gauge theories. Similar other connections have been
studied in [2-17].

Using ideas from photonic quantum computing or optics, one could also gain novel in-
sights to simulate various QCD structures such as meson decays. In this work, we aim to
pursue such an unconventional approach. We aim to connect the non-Hermitian Hamilto-
nians and their corresponding exceptional points to Anti deSitter (AdS)/Condensed Matter
(CMT) and AdS/QCD-like models.

Exceptional points (EPs) [18], as shown in figure 1, are branch-point singularities in
the parameter space of a system where two or more eigenvalues and their corresponding
eigenvectors merge and become degenerate. They are the boundaries between regions of
unbroken P7T-symmetry, where a Hamiltonian H has all real eigenvalues, and regions of
broken PT-symmetry where H has at least one pair of complex conjugate eigenvalues.

EPs appear in many different physical problems, and they correspond to exceptional
topologies [19]. These points are also associated with symmetry breaking for P7-symmetric
Hamiltonians. Such symmetry-breaking effects have been observed in numerous experiments
in QCD, optics, atomic and molecular physics, as well as in quantum phase transitions and
quantum chaos.

In several confining holographic models, on the other hand, the transition from the free
phase to the confined phase has been modeled by a UV cut-off dubbed the “end-wall” in the
geometry, which significantly affects the system as one gets close to it.

Here, we make an analogy between exceptional points and exceptional lines with the end-
wall of holographic confining geometries, which can simulate the confinement/deconfinement
phase transitions [20]. We note that, as both EPs and the confining end-wall cause similar
phase transitions, induce chaos, and cause chiral symmetry breaking, each one could modeled
using the other one. Also, it has been suggested that at EPs, the metric ceases to exist [21],
similar to the effects of the end-wall in AdS/QCD models.

There are several other reasons which indicate such connections between AdS/QCD
models and EPs. First, is the behavior of the quantum measure “fidelity” In quantum
information, one could use fidelity to find the exceptional points and their orders, as they
only require ground-state calculations. The definition of fidelity is

F = [{@o(M)[o(A+ €) [, (1.1)

where € is small, and it can define the distance between the quantum states and detect
quantum phase transitions in the parameter space.
After series expansion,

F=1-xpre +0(), (1.2)
the fidelity susceptibility xr can also be defined, which diverges toward positive infinity as
the parameters get close to the quantum phase transition point, i.e., \ li)\m Rexp = o0,

—AQCP

while for the case of EPs, the real part of the fidelity susceptibility diverges toward negative
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Figure 1: The relationship between the real and imaginary parts of the eigenvalues versus
frequency f and the gain/loss parameter v is shown.

infinity, i.e., /\lilgl Rexrp = —oo. So its absolute value for both scenarios would diverge.
—AEP

Therefore, the holographic dual of exceptional points should be based on such models of
phase transitions.

Another reason is that the non-Hermitian Dirac operators in QCD can be modeled
by (higher-ordered) EPs. At finite quark chemical potential, the QCD Dirac operator,
D(u) = (9, + igA,) + uy° becomes non-Hermitian, as its eigenvalues become complex
and can exhibit spectral degeneracies. These degeneracies can coalesce and so the chiral
phase transition in QCD could be approached via a spectrum collapse similar to an EP.

The similar behavior of chaotic systems near exceptional points and around the confining
walls is another evidence for this analogy. In [22], the chaos in the scatterings of open strings
has been discussed, where they noticed that the bound-state creation in the process would
leave its signatures on the plots of the amplitude A4 versus the Mandelstam variable s.
They noted that the peaks in the plots are more pronounced at small s, but they fade away
at large s, which they interpreted as the effects of asymptotic freedom, where the gauge
coupling becomes weaker, and therefore the binding energy of the bound states becomes
smaller. This behavior can also be modeled by the non-Hermitian skin effect and its bound
states inside a loop [23,24]. Note that both in [22] and [23], a similar power-law decay has
been found, which only matches with the non-Hermitian behavior, as it would be invisible
for Hermitian baths.

Based on the above ideas and based on bottom-up holographic QCD, in this work, we
build a toy model which can simulate third order EPs. First, we explain the optical setup of
anti-P7T symmetry consisting of ternary coupled optical resonators and microrings. Based
on this system, we then build a holographic toy model to simulate EPs. We discuss various
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results coming from this model such as lasing spectra, eigenvalue trajectories, P7 phase
diagram, Ferrell-Glover-Tinkham (FGT) sum rule, transfer fraction to coherent peak and
holographic Petermann factor and phase rigidities.

Then, we discuss the connections between exceptional points and timelike entanglement
entropy and the behavior of Kirkwood-Dirac-type distribution in the presence of EPs.

Finally, we focus on QCD itself and first define a winding number for EPs based on the
winding number in QCD and then we look for EPs in #-vacuum QCD. We actually could
not find any EP in the pure case, however after adding a small angular coupling, we found
a second-order EP there. We finish with a brief conclusion.

So we should emphasize that in sections 3 and 4, we build a bottom-up phenomenological,
holographic-like toy model and present an approximate dictionary, while in section 5 we
construct an analogy based on comparing two matrices for two different open quantum
systems, where there is no holography argument in sections 5 and 6. Then, in section 7.1,
we look for EPs in a perturbed or open #-vacuum QCD model directly (without any use of
holography), first by a numerical search 7.1 and then analytically in 7.2.

2 Photonic setup of anti-P7 symmetry and higher-order
exceptional point

In [25,26], for single-mode operations and for ternary systems, the observation method of
anti-parity-time (APT) symmetry and higher-order exceptional point has been investigated.
Their experimental setup for different configurations of ternary systems synthesizing a third-
order exceptional point is shown in figure 2.

In the vicinity of a third-order exceptional point, and when the P7T symmetry is being

broken, as has been argued in [25], one can experimentally achieve a stable single-mode
laser, which could then be used for different applications.

Dissipative microring

K13 K12
3 1 2
w3 w w;
w4 "
K13 12
Laser Leaky Coupling Laser

Figure 2: A ternary system, consisting of three coupled microrings is shown. On the left, a
PT-symmetric and on the right, an anti-P7 -symmetric system with dissipative coupling are
depicted. This setup with single-mode operation could lead to various orders of exceptional
points.

For three coupled resonators, the energy exchanges between these optical resonators can
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be written as

id

% = —wia1 — i)\lal + rRaz,

i

% = —Ww9oag — i)\2a2 + Ray,

id

% = —w3az — i)\gag + Raq, (21)

where a,, are the energy amplitudes in the cavities, w,, is the resonance frequency, \,, is the
net gain/loss in microcavities, and « is the coupling factor between micro-resonators.
For the triple-coupled microring, the non-Hermitian 3 x 3 Hamiltonian is

wi + A1 + i€x K12 K13
Hpr + Hq = K921 wo + iAo +i€y ko3 =0 |, (22)
K31 R32 = 0 w3 + i)\g
w1 + 1A + i€y K12 1K13
Hypr+ He, = K21 wo + iAo + i€y ko3 =0 , (2.3)
K31 K3s =0 —w3 + A3

where w;_3 are the main resonance frequencies in three microrings, A;_3 are the net loss or
gain in each microring, and k12 = k21 = K, K13 = K31 are the coupling coefficients between
the microrings. Also, €, is the gain—loss difference caused by the perturbation.

The lasing spectra of symmetric and asymmetric gain-gain-gain and gain-loss-loss mi-
crorings, evenly pumped or partially pumped triple microrings, and unbroken or broken
parity-time symmetric coupled microring lasers are shown in [25]. Now our goal is to build
a holographic toy model to simulate their results and find a similar spectra, which we show
in the next section.

3 Holographic confining toy model of coupled ternary
resonators and EPs

In holographic QCD models, flavor branes are introduced to account for the presence of
quarks. Similarly, each microresonator in the optical system can be viewed as a flavor
brane, with its own dynamics influenced by the gain and loss perturbations. The coupling
coeflicients between the microresonators determine the interactions between the resonator
modes. In a bottom-up, phenomenological holographic toy model, these coupling coefficients
are related to bulk interactions between the flavor branes, affecting the meson spectrum
and dynamics. Exceptional points in the optical system correspond to singularities in the
eigenvalue spectrum, marking phase transitions between different symmetry phases. In a
holographic dual perspective, these exceptional points can be interpreted as critical points
or the end-wall in the bulk geometry, associated with phase transitions in the boundary side.

To construct a bottom-up, phenomenological holographic toy model, we can start with
a 5-dimensional AdS spacetime with a metric that incorporates the effects of the flavor
branes. The action governing the dynamics of the system includes terms for the bulk gauge
fields, the flavor branes, and the interactions between them. By solving the equations of
motion derived from this action, we can obtain the qualitative meson spectral and response
features observed in non-Hermitian photonic systems with exceptional points, and then we
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can study the phase transitions corresponding to the presence of exceptional points in the
optical system.
The (d + 1)-dimensional AdS metric can be written as

2
ds* = %(nwdx“dm” +d2?), wv=0,1,..d. (3.1)

The wave equation for a scalar particle of mass M in the bulk of AdS is

Yr(2) = 25 Jn_a(m2), (3.2)
where
d [ d?
A=— — + M?R? .
2 1 + M*“R?, (3.3)
and J, is the Bessel function. Here the spectrum of mass is m? = —k2. Note that in the

free AdS geometry, the system is gapless and the spectrum is continuous, while in QCD the
system is gapped and the spectrum is discrete, which is similar to the case near the EPs.

As for the boundary condition, one can assume that either the wave function vanishes
on the wall, i.e., ¥r(z9) = 0, or it becomes peaked at the wall, which lets us determine
the spectrum by zeroes of the appropriate Bessel function [22]. The choice of the boundary
condition affects the structure of the amplitude only at low energies. For M? = 0 and d = 4,
the wave function is

Yr(2) = 22T2(m2). (3.4)

However, in the hard-wall model, the excitation spectrum is not in the form of m2 ~ n, as
one would expect. To achieve such a spectrum, one can use the “soft-wall” model instead.
In the soft-wall model, the effective potential for a dilaton D = A\?22 is in the form of [22]

AP L? + k(K +2)

Veott (2) = Vaas(2) + dViore (2) = 2 +M22 4 (k= 1)202 (3.5)

Instead of using a hard wall model, the AdS horizon then could be cut softly with an
exponential function e~?. Then, the eigenvalues and eigenfunctions would be [22]

Yne(z) = 28 L, (A222), m2, = 2)2(2n + £ + 2). (3.6)

Here, L, ¢(z) are the Laguerre polynomials. One should note that at EPs the norm of these
wave functions vanishes and there is a square-root branch point in the interaction strength.
When at the EP, the norm of a wave function vanishes, the two resonances coalesce, and the
spectroscopic factors increase significantly. This effect has been used to model nuclei near
the drip line [27], which specifically is an open system. Here we use such soft-wall models
to construct our analogy.

Another interesting top-down holographic model which could be used in future works, is
Witten’s model with the metric

3 3
U\? y L\? [ dU?
ds® = <L) (nuwdatdz” + f(U)dz3) + (U> (f(U) + Udei) , (3.7)
where f(U) =1— g—’z, and U, is the position of the wall, and L? = mg,N.¢3. The coordinate
1/2
x4 has circular radius R = ;TL;*AS/Z, which sets the mass scale My, = 1/R. The spectrum,
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i.e., the wave functions of the first three scalar modes of this model, are shown in figure 1
of [22], where all modes peak at r = ry.

For this model, in [22], it has been shown that the spectra are not of a Regge form
but mostly in the form of a KK-like spectrum as m? ~ aN? + bN + ¢, again similar to
the N levels coalescing of an N-dimensional matrix, where for complex symmetric matrices,
(N?+N—2)/2 parameters are needed to enforce the coalescence of N levels [28]. So this point
again suggests a connection between EPs and the holographic end-walls, as both show similar
functional behaviors in N. This wall at U, also causes various phase transitions, drastic
changes in the entanglement entropy, mutual information, and other quantum information
quantities, and induces chaos.

Then, to include the flavor branes, we introduce a warp factor in a soft-wall model as

L2
ds* = Z—Ze*(b(z) (Nuvdztda” — dz?), (3.8)

where ¢(z) is a dilaton-like background simulating the effect of the microresonators’ gain/loss,
which is analogous to the flavor branes’ backreaction. For a “soft-wall” model, a common
choice is ¢(2) = k2?22, where & sets a scale that can be tuned to reflect coupling strengths or
exceptional points. The bulk action for a gauge field A4,, which simulate mode dynamics of
each resonator, and scalar X, simulating the symmetry-breaking effects, or the PT /anti-PT
transition, would be S = Spuk + Sgavor-

Here the bulk action is

Shulk = dz/=g Tr [FynFMN] + /d59€ V=g Tr [[DyX|? —mZ|X|?], (3.9)

1
492
where

Fyun = 0mAN — ONAr — i[Au, AN,

and m? is the 5D mass squared of the scalar field, which is related to the conformal dimension
A of the dual operator as mZL? = A(A — 4). Note that here the complex bulk parameters
are only computational devices.

Note that here, the complex bulk couplings and effective masses are used as calculational
devices to encode dissipative or gain-loss effects of the boundary theory. We are not claiming
the existence of a fundamental non-Hermitian bulk gravitational theory. Rather, physical
non-Hermiticity should be understood as entering through boundary conditions, external
sources, or effective open-system descriptions, in line with Schwinger-Keldysh or influence-
functional approaches.

Then, for the three flavor branes, which represent the ternary system, the action would
be

3
Stavor = —T3 Z/d4x dz \/—det (gMN + QWQ/FJ(\;)I\Z), (3.11)
i=1

where T3 is the brane tension, and F 1(\2)1\/ is the field strength on the i-th brane, each cor-
responding to a resonator. The coupling between branes, which represents the anti-P7T
symmetry and exceptional point interactions, can be included via off-diagonal terms in
Fy;n or interaction terms in X.
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Then, the gauge field equation is
1
V=g
which describes mode interactions between resonators in the bulk. The off-diagonal terms

in X or FMN capture exceptional point couplings.
Then, the scalar field equation is

e
V=5

which controls the symmetry-breaking pattern, mapping to PT /anti-P7 transitions.

Dy (v/—gFMN) —i[X, DV XT] = 0, (3.12)

Dy (vV—gDMX) —m2X =0, (3.13)

So, the 3-mode microresonators are related to the 3 flavor branes or gauge fields Ag\?, the
gain/loss is related to the background dilaton ¢(z), and the coupling/anti-P7 symmetry is
related to the off-diagonal components in Fj;n or X. The exceptional points are related to
the critical points in the bulk potential X (z) or interaction term. The single-mode lasing
would be related to the normalized lowest-energy mode in the bulk spectrum.

Then, the mode amplitudes along z, a;(z), would be

5 e—¢(z>a e—9(z) OB A
( - Zai(z))—&— . ;Mij(z)aj(z)_a (3.14)

where M(z) is the coupling matrix, representing gain/loss and anti-P7 symmetry. For the
anti-P7 symmetry with ternary resonators, it would be

1y Ki2 K13
M(Z) = K12 0 K23 5 (315)
K13 Koz —iY

where the explicit coupled equations are

e—%(2) e~z
0. ( . azal(z)> + . (iva1 + Ki2a2 + K13a3) = 0,

o= () e—(2)
82 ( Z 8za2(z)> —+ e (/<6120,1 + 0 . ag + 5230,3) = 0,

e~ ¢(2) e—?(2)
0. ( . 82a3(z)> + 2 (i7a1 + K13a1 + Ka3a2 — i'yag) =0. (316)

One should note that these bulk equations are along the holographic direction z, and the
off-diagonal couplings r;; generate interactions between the branes. The imaginary entries
iy encode the gain/loss, which realizes the anti-P7 symmetry in the bulk. In the UV
boundary, z — 0, the Dirichlet boundary condition leads to a;(0) = al(-o), which corresponds
to the driving/resonator amplitude input. In the IR boundary, z = z;g, the normalizable
solution 0,a;(zrr) = 0 selects the single-mode lasing.

Then, for a higher-order exceptional point, EP3, one can write

det(M — AI) =0, with triple root at A = Agp, (3.17)

which gives the constraints on v and k;; for which the three bulk modes coalesce in both
eigenvalues and eigenvectors. For example, for the symmetric couplings k12 = k23 = K13 = K,
an EP3 occurs at v = v/2k.
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K13
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Figure 3: Modeling EPs using flavor branes in the bulk, showing the couplings and where
the exceptional point occurs along z.

Therefore, starting from a 5d AdS metric with soft-wall, in the from of ds? = g—;e"‘zz2(
dz?), we can find numerically three coupled bulk equations for flavor brane gauge fields
a1(z),az2(z), z3(z), and the coupling matrix M(z) with gain/loss for anti-P7 symmetry.
We also can find the EP3 condition related to the triple degeneracy in M and also we can
find the boundary conditions which select the physical modes. It is important though to
mention that the complex bulk fields here are just computational devices we use to simulate
the spectral properties and they are not actually physical solutions.

The holographic diagram showing the three branes, the couplings, and where the excep-
tional point occurs along z is shown in Figure 3.

Note that in the UV boundary (z — 0), the fields map to sources or VEVs of the dual
operators, such as resonator amplitudes, and in the IR boundary (z = z;g) one can impose
normalizability or Dirichlet/Neumann condition, which corresponds to mode selection, such
as single-mode operation. The dictionary for our specific setup of three-coupled microres-
onators is shown in table 1.

Table 1: Mapping to Optical System

Optical System Holographic Dual

Microresonatores (3 modes) | 3 Flavor branes/ gauge fields Ag\?

Gain/Loss Background dilaton ¢(z)

Coupling/anti-PT symmetry | Off-diagonal components in Fy;y or X

Exceptional points Critical points in bulk potential X (z) or interaction term
Single-mode lasing Normalizable lowest-energy mode in bulk spectrum

3.1 The holographic lasing spectra of various pumping patterns

Now, based on our model of three coupled flavor-brane gauge modes a;(z), we can extend
the work of [26] and find analytical results for several symmetric cases which are gain-gain-
gain, gain-loss-loss, and gain-gain-loss patterns, with partially pumped or evenly pumped

Ny dxtdx” —
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structures, PT-symmetric gain-loss arrangements (unbroken to broken), and then we can
identify EP2/EP3.

Note that these results are based on the three coupled flavor-brane gauge modes a;(z)
obeying a Sturm-Liouville problem in the soft-wall AdS background, with a 3 x 3 non-
Hermitian coupling matrix M encoding gain/loss couplings.

If we assume the time dependence in the system is e~**, then we get the 5d profiles as

Aff)(:zc“7 2) = e a;(z)e” ™t (3.18)

If the 4D dispersion is encoded in w and the holographic transverse profile satisfies a standard
soft-wall Sturm-Liouville equation, a separation of variables leads to the scalar ODE as

e—9(2) J—
az( ' azw<z))+ Xi(z) =0, (3.19)

z

where ¢(z) = k222 is the soft-wall dilaton and v(z) is the radial profile. The algebraic part
is

M v =)v, (3.20)
where v = (vl,vg,vg)T is the eigenvector across the three branes in our setup and M is
the 3 x 3 non-Hermitian coupling matrix that encodes gain/loss and inter-brane couplings.
Thus, the full normal modes separate into radial profiles v, (z) with eigenvalues A, given by
the eigenvalues of M. Physically, one can then map A, to a complex frequency/growth rate
of the 4D mode, where modes with Im),, > 0 correspond to amplifying (lasing) channels in
the holographic mapping.

So, first we choose an appropriate M for a specific pumping pattern, and then we compute
its eigenvalues \,, and eigenvectors v,,. Next, for each \,, we solve the SL equation with
boundary conditions to determine whether a normalizable radial mode exists that selects
the physical discrete set, and then we can interpret Re),, and ImJ),, as the mode frequency
and growth rate.

For a physically motivated ansatz in the simplest bottom-up approach, we have

Y1 K12 K13
M= [Ki2 y2 K23, vi €R, kKi; €R, (3.21)
K13 K3 173

where iv; on the diagonal parts encodes gain (+i7) or loss (—i7y) on brane i, and the off-
diagonal x;; which are real coupling strengths between branes i and j.

For the case of uniform couplings k12 = Koz = K13 = K, and even pumping of gain-gain-
gain, 71 =72 = 73 =7, we get

M=iyls+ k(117 - 13), 1=(1,1,1)T. (3.22)

In the above matrix, the off-diagonal x;; are the real coupling strengths between branes
i and j, and #7; on the diagonal parts encodes gain (i) or loss (—iv) on brane i.

For even pumping (gain-gain-gain), we have v; = v = 3 = 7. For the partial
pumping/gain-loss-loss, we get y1 = 7, 72 = =7, 13 = =y, or 71 = 7, Y2 = 7, 73 = 0.
For the anti-P7T ternary system, we get v = -, 72 = 0 and 3 = —~. For the P7T pair plus
a spectator case, we get a P7T pair on modes 1 and 2, while the mode 3 is neutral or weakly
coupled. So we have v; =, 72 = —v, 73 = 0.
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Figure 4: Two runs for finding eigenvalue trajectories in the complex plane as -~ is varied for
the ternary coupled microcavity model (anti-P7T sweep). In the left N, = 20 (grid points
along holographic z) and in the right N, = 200.

Im A (growth rate)

-2

Growth rates vs y

Growth rates vs y

—— Mode 1
—— Mode 2
—— Mode 3

0.2 03 04
Y (non-Hermitian deformation)

im A (growth rate)

—e— Mode 1
—e— Mode 2
—e— Mode 3

S I
——i

0.0

0.2 0.3 0.4 0.6

Y (non-Hermitian deformation)

0.1

Figure 5: Two runs for finding imaginary parts versus v (growth rates of modes) for the
ternary coupled microcavity model (anti-P7 sweep). In the left N, = 20 (grid points along

holographic z) and in the right N, = 200.
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Dominant lasing mode at y=0.60

Dominant holographic mode radial profile at y=0.600
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Figure 6: Two runs for finding radial profiles of the dominant lasing eigenmode at the ~
where the growth is maximal for the ternary coupled microcavity model (anti-P7T sweep).
In the left N, = 20 (grid points along holographic z) and in the right N, = 200. One could
see that similar to confining models, most of the modes are accumulated close to the wall,
around z = 0.

The eigenvalue trajectories in the complex plane, the growth rates of the modes, and the
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Ol;’g Phase Diagram with Exceptional Point Boundary (Holographic mapping)
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Figure 7: Phase diagram distinguishing the unbroken P7 phase, where all eigenvalues are
real, to the broken P7T phase, where at least one eigenvalue is complex.

radial profiles of the dominant lasing eigenmode are shown in figures 4, 5, and 6.

In figure 7, a phase diagram heatmap is shown. In the blue region (0), there is an unbro-
ken PT phase where all eigenvalues are real, corresponding to symmetric lasing. In the red
region (1), the PT symmetry is broken, with complex-conjugate eigenvalue pairs indicat-
ing symmetry breaking. This illustrates where the exceptional points occur as transitions
between the phases are consistent with the physics of ternary microrings of [25].

3.2 Analytic eigenvalues for symmetric coupling

For even pumping corresponding to gain-gain-gain, where y; = y5 = y3 = -y, and for the non-
degenerate symmetric mode, we get (1,1,1) : Ay = iy + 2k, while for the doubly degenerate
orthogonal subspace with degeneracy 2, we have A\_ = iy — k.

So, for this case, all eigenvalues share the same imaginary part, -y, while increasing & lifts
the real parts and splits the symmetric and antisymmetric sets. The lasing growth rate is
determined by Im\ = iy, where all modes are amplified equally. Thus, the mode selection
must arise from the radial SL quantization.

For the fully symmetric anti-P7 diagonal pattern (iv,0, —i7y) and uniform x, the char-
acteristic cubic must be solved. In this case, the eigenvalues are generally distinct complex
numbers, and there is no triple root for nonzero x under fully symmetric conditions. There-
fore, one finds an approximately symmetric mode and two complex modes whose imaginary
parts determine which mode crosses the lasing threshold first.

From this model, we can also deduce that an EP3 is not generically reachable with
strictly uniform ;; = x and the diagonal pattern (i, 0, —iy). Since an EP3 requires satis-
fying multiple algebraic constraints, it typically demands adjusting at least two independent
parameters. Therefore, to realize an EP3 in a ternary non-Hermitian system, one must care-
fully tune asymmetries in the couplings and/or the diagonal terms. This result is consistent
with the literature, which confirms that achieving EP3 requires more precise engineering
than EP2.
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4 Soft-wall model of EPs and the Ferrell-Glover-Tinkham
sum rule

One could write the above action in a slightly different way to simulate EPs. To imitate
the photonic EPs by our holographical toy model more accurately, one should note that
the boundary encodes the non-Hermitian features through “complex sources” for operators,
while the bulk parameters capture the emergence of EPs via coalescence in the spectrum of
quasinormal modes (QNMs) or via phase transitions in the free energy, similar to confine-
ment/deconfinement as discussed above.

The gain and loss can be modeled in this setup by the imbalances in the inflow/outflow
of a conserved charge (such as a U(1) global symmetry on the boundary), which is dual to
a bulk gauge field. The PT symmetry can be imposed by ensuring that the sources and
their conjugates are complex mirrors (e.g., s and s*), which makes the boundary action
PT-invariant. Here, we introduce a minimal model to capture the core behavior of EPs
based on an AdS/QCD-inspired analogy. In this model, for a 4d boundary theory, we have
a probe backreacting scalar in AdSs, tunable to QCD-like scales via the bulk potential. The
theory has a U(1) global symmetry and a complex scalar operator O of dimension A = 3,
which, for instance, can mimic a mesonic operator in AdS/QCD.

The action here is

1
S = /d5m\/—g {R+ 12 — ZFMNFMN — |Dapo? = V(o)) |, (4.1)
where Dy;¢p = Vo —iAnd, Fryyy = O Ay — OnApyr, and the scalar potential is
A
V(gl) = m?|¢|* + §|¢I4, m® = —A(A - 4) = -3. (4.2)

This action is the standard dilaton-like potential in holographic QCD models, but here ¢
introduces non-Hermiticity in the system.
The equations of motion can be obtained by varying the action as

v
Og*’
Gauge: VMFyn +iq(¢*Dno — d(Dnog)*) =0,

Scalar: VM Dy =

Einstein: Ry — %QMNR + 69N =Tun,
where the stress tensor Ty comes from the matter fields.

Then, at the AdS boundary (z — 0, where z is the radial coordinate, with the UV at the
boundary and the IR deep in the bulk), we can impose Dirichlet boundary conditions for
sources as ¢(z, ") ~ s(z#) 22 +(0) 2472 + ..., and similarly for ¢* ~ s*(x#)22 + (OT) 244,

In order to have PT symmetry, we should take s(z*) real and keep it even under parity
(P: 2! — —z') and time-reversal (T : i — —i), making the boundary action [ sO + s*Of
invariant.

Non-Hermiticity enters via the “imbalance parameter”, x = ‘:jri* , which is real for PT
symmetry. The gain/loss can be modeled as |s| > 0, which drives the charge inflow/outflow.
The positive Im(s) acts as gain (particle creation), while negative Im(s) acts as loss or
absorption.

For the three-resonator system, one could make s(z!) piecewise constant across the
three spatial “sites”, (for instance s(z!) = sg for |z!| < a/3, and varying the couplings
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via gradients), which mimic a lattice. However, for simplicity, one could take s to be
homogeneous and constant.

For capturing the photonic EPs, we can then study different scales in the system. First,
for |s| < M ~ /3/A, which is the critical mass scale from the potential, we have the PT-
unbroken phase. In this case, real bulk solutions exist, where ¢ and the metric are real and
the null energy condition is satisfied. Also, the boundary spectrum (QNMs of ¢) has real
frequencies wy,, which are dual to stable photonic modes. The Dyson map which corresponds
to a complexified bulk U (1) gauge shift Ay; — A+ iadp logn maps it to a unitary theory.

Second, at the EP transition (|s| = M), the eigenvalues coalesce and the QNMs branch
into complex conjugates. In the bulk, the scalar decouples as there is no backreaction.
The metric remains real, but the Hessian of the free energy which has a zero eigenvalue,
corresponds to marginal stability. This is the holographic EP, where boundary eigenvectors
(operator modes) merge, analogous to the three-resonator coalescence at critical coupling.

Third, in the PT-broken phase (|s| > M), the complex bulk metric can be written as

ds® = —f(2)dt* + dz*/ f(2) + da?, (4.3)

where f is complex, and the NEC is violated. Additionally, the boundary free energy F ~
|s|* log |s| becomes complex with conjugate branches, where Im(F) signals dissipation. The
QNMs in this case have Im(w) # 0, with unstable modes growing or decaying exponentially
due to the amplified or suppressed photonic signals post-EP.

At finite temperature (where a black brane is added: f(z) = 1—(z/25)*), the EP persists
but shifts. In this case, the chemical potential u ~ A;(z = 0) tunes the EP, similar to the
frequency in photonics. For AdS/QCD flavor, where the chemical potential is coupled to
D7-branes to model chiral symmetry, the minimal scalar suffices.

Note that in this case, the 4D strongly coupled boundary CFT is local, while the 5D bulk
is non-local, as the gravitational degrees of freedom (metric gysn, scalar ¢, and gauge field
Apr) are described by a gauge theory where diffeomorphism invariance introduces non-local
effects. The non-Hermiticity (gain/loss) is dual to complex bulk-boundary conditions, and
the EP could correspond to a critical point in the bulk where QNMs coalesce, often tied to
non-local features such as horizon instabilities or complex metric solutions that violate the
NEC in the PT-broken phase. Thus, the non-locality which arises from gravitational gauge
redundancy and the radial smearing of interactions with the EP, would be an analogical
manifestation of a non-local critical point in the QNM spectrum.

Then, to numerically find the EP, one needs to discretize the radial Sturm-Liouville
operator and build a generalized eigen-problem. The radial equation can be written as

9 (p(2)0:1) + p(2) A = 0, (4.4)

or in the operator form, Loy + AL1¢ = 0, with L; = p(z) multiplication. Here, p(A) =
det(M — AI) is the characteristic polynomial.

Using our toy model, we then can build a “holographic-like” block operator H, which is
the effective non-Hermitian Hamiltonian for the ternary coupled microring system, and is
inspired by bottom-up AdS/QCD holography, and can be written as

LO + Z’}/Ll KLl /{13[/1
KLy Lo KLy , (4.5)
k13l kLy Lo —iyLy,

where Ly and L; are radial differential operators that come from discretizing the AdSs
wave equation with flavor brane embedding functions. So Ly and L; carry the physics in
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the engineered bulk geometries. Each block corresponds to one ring resonator embedded
as a boundary degree of freedom, dual to a bulk flavor brane. Off-diagonal terms (k, k13)
encode hopping/coupling between rings, which by the holographical analogy encode the
mixing between bulk fields on different branes. The diagonal terms include gain and loss
(xivL1), which holographically represent non-Hermitian boundary conditions, meaning in-
going/outgoing flux at the AdS boundary.

Note that in the language of optics, H is the effective coupled-mode Hamiltonian gov-
erning the ternary microring system, while in the holographic language, H is the block
operator which can encode the bulk-boundary dynamics of three coupled flavor branes. The
real parts of its eigenvalues give the resonant frequencies, while the imaginary parts give
the gain/loss rates. Exceptional points appear where two or more eigenvalues/eigenvectors
coalesce, which in the holographic picture means the bulk modes become degenerate under
the non-Hermitian boundary condition. Thus, H is the “bridge” between the holographic
bulk toy model and the non-Hermitian optical experiments, via Ly and L;, as it contains
the AdS radial structure, and via k, the microring coupling topology.

Then, in the sweeps and plots, one could define “minsep”, which is defined as the mini-
mum eigenvalue separation of the holographic block operator H as

minsep(y, k) = min;x;|A; — Ajl, (4.6)

where {)\;} are the complex eigenvalues of H. When minsep — 0, an exceptional point
occurs. When it is exactly zero, albeit up to numerical precision, we get higher-order EP or
degeneracy.

This model is solvable numerically (e.g., via the shooting method for EoMs) or pertur-
batively near the EP. It also predicts universal features, like the Ferrell-Glover-Tinkham
(FGT) sum rule, holding across phases, which is testable in photonic analogs via conductiv-
ity spectra.

4.1 Ferrell-Glover-Tinkham sum rule and EP in holography

Note that the FGT sum rule is a fundamental principle in condensed matter physics and
optics, particularly in the study of superconductors and other systems with collective exci-
tations. It relates the frequency-integrated optical conductivity to the superfluid density, or
to the missing spectral weight in a material transitioning to a condensed phase, such as a
superconductor.

In a superconductor, when the system transitions to the superconducting state below
its critical temperature, the optical conductivity o(w) = o1 (w) + io2(w) which is a complex
number, with real part o1 describing absorption and imaginary part oo related to the phase
response, exhibits a gap. The normal-state Drude peak which is centered at w = 0, would
collapse, and the spectral weight is transferred to a delta function at w = 0, representing
the infinite conductivity of the superfluid.

The FGT sum rule states that the integrated real part of the optical conductivity over
all frequencies is conserved, so we get

o'} 2
/ o1(w)dw = EE,
0

2 m

where n is the electron density, e is the electron charge, and m is the electron mass. In the
superconducting state, the missing spectral weight from the gapped region would be

00 2
/ [U?ormal(w) _ U;uper(w)] dw — E nse ’
0
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where ng is the superfluid density. This “missing” weight is actually transferred to the delta
function at w = 0, reflecting the perfect conductivity of the superfluid.

In our photonic exceptional point system with a non-Hermitian Hamiltonian, the FGT
sum rule can be applied analogously as in the holographic dual, in AdS/CFT or in AdS/QCD
toy models. The boundary optical conductivity, derived from the bulk gauge field Ay, can
mimic the dissipative dynamics of the strongly coupled QFT which are dual to the photonic
system. The sum rule holds across the P7T-symmetry-breaking transition, ensuring that the
total spectral weight of o1 (w) remains conserved, even as modes coalesce and eigenvalues
become complex.

In the PT-unbroken phase (|s| < M), the conductivity has a real spectrum, akin to
a normal metal. At the EP (|s| = M), the conductivity shows a critical redistribution
of spectral weight, with modes merging. In the PT-broken phase (|s| > M), complex
eigenvalues lead to amplified or damped modes, and the sum rule ensures that the integrated
weight remains fixed, with contributions shifting to low frequencies, which is mimicking
superfluid-like behavior due to gain/loss. In the analogical holographic toy model, this is
computed via the retarded Green’s function of the U(1) current, G;;(w) ~ o(w), from the
bulk gauge field’s boundary response.

When one applies the FGT sum rule, the resonance positions are then set by the real
parts of the eigenvalues of the analogical holographic block operator H.

Now, in the above holographic model, one can run a parameter sweep by gradually
increasing pumping and then produce a phase diagram showing how spectral weight transfers
into the narrow, coherent peak and where EPs appear. This is shown in figures 9 and 11.
These results come from the holographic block operator H, where the real parts of H’s
eigenvalues locate the resonances, while the imaginary parts are interpreted as gain/loss
which drive the oscillator strengths, and the eigenvectors’ IR localization is used to modulate
oscillator strength. Here, we also defined a transfer fraction, T'(+y), which is a heuristic
fraction of the total spectral area moved into a narrow coherent peak at the dominant mode
frequency. It is simply defined by the relation 7' = min(1.8 x max(ImA,,0),0.9).

In the upper part of figure 9, one can see that at small v : 0 — 0.10, the transfer fraction
T is effectively zero, as there is no coherent peak. Around v = 0.11, a threshold is crossed,
and T'(y) rises quickly as the system starts to move spectral weight into coherent/narrow
peak. Then, T'(7y) grows and saturates around =~ 0.85 — 0.9 for larger -, which means that
when the gain becomes large enough, a dominant mode collects most of the spectral weight
and the system becomes single-mode lasing.

In the bottom panel of figure 9, the minimal eigenvalue separation shows a clear minimum
at v = 0, which is zero, and this corresponds to the analytic EP2 at v = 0. Away from zero,
the minsep is finite, and there is a tiny bump in the condition-number curve near v ~ 0.12,
where the transfer fraction first grows. This indicates mode hybridization/competition in
the region where lasing starts to pick a single mode.

Then, in figure 10, the transfer fraction of spectral weight into the coherent lasing peak
as a function of coupling x and pumping v is shown. One could see an EP-like bifurcation
structure. Also, as one would expect, by increasing gain/loss, the system is pushing toward
the coherent supermode, while larger coupling x would delay the onset, so the threshold line
slopes upward.

In figure 11, the behavior of spectra at an EP is shown. To get this result, we use the
holographic model, where we find the eigenvalues and eigenvectors of the full holographic
block operator H. One could see that the general and qualitative behavior match the
experimental results of [25]. This shows that holographic models based on AdS/QCD-
inspired are capable of correctly simulating the general properties of open quantum systems
and photonic structures, which could be used to architect better quantum information setups
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Figure 8: Ferrell-Glover-Tinkham sum rule for coupled ternary microcavities. This is a
numerical demonstration of an FGT-style spectral-weight check for three toy pumping sce-
narios which are even gain-gain-gain, gain-loss-loss, and anti-P7T .

with applications in quantum computers.

So, the holographic model reproduces the qualitative FGT picture as there is a transfer
of finite-frequency spectral weight into a narrow, coherent peak, as pumping increases past
the threshold.

The lasing threshold, where the transfer fraction rises is not identical to the analytic
EP2 at v = 0. In the case of asymmetric couplings and the full radial structure, lasing onset
occurs at some nonzero v where a particular mode gains dominance. The exceptional points
then occur at special parameter values, like v = 0, which would give EP2 in the symmetric
case. In the full holographic block operator, they manifest as near-degeneracies, with very
small minsep and large eigenvector’s condition numbers.
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Figure 9: A 1d parameter sweep in the gain/loss (pumping) parameter -, with coupling
fixed. Here k13 = ko3 = 0.15, k13 = 0.06 and v : 0 — 0.6, N, = 20.
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Figure 10: A coarse 2D parameter sweep (31 x 31) in the left. This figure shows the transfer
fraction of spectral weight into the coherent lasing peak as a function of the coupling x and

pumping ~.

4.2 Inhomogeneous case: holographic lattice for three-site photonic
EP

For deeper lattices with three sites, one could extend this model to inhomogeneous s(z!),
and with RG flows to a PT-symmetric IR fixed point, where non-Hermitian “cooling” which
is the decrease in entropy, occurs via the horizon shrinkage.

For extending the homogeneous case to the inhomogeneous boundary condition, which
can capture the multi-site structure like a three-resonator system, one can make a spatial
variation in the sources, which then can mimic the discrete lattice sites with inter-site
couplings. In the photonic analog, the three resonators have position-dependent gain/loss
(T (x) for site j = 1,2,3) and nearest-neighbor coupling g, leading to an EP at critical g.
where modes coalesce in the band structure w(k). This structure can actually holographically
map to spatially modulated boundary sources s(z'), dual to a bulk scalar ¢(z,z) that
develops a lattice-like profile via RG flow. The strong coupling in the bulk would smear
the discrete sites into a continuous modulated geometry, while the EP would emerge as a
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Figure 11: Example spectra at an EP candidate. This is the plot of o;(w), normal and
lasing, at the v that gives the minimal eigenvalue separation. This matches the behavior in
[25], showing the capability of holography to simulate photonic systems.

momentum-dependent branch point in the quasinormal mode spectrum, w,(k), where k is
the Bloch wavevector.

The PT-symmetry here can be preserved by making s(x) real and even under parity
x — —x, with gain/loss imbalance parameterized locally as x(z) = %

The action in this case is the same as in relation 4.1, but now the fields depend on
r=2a' eg, ¢ = d(z,2,t), Ayy = Ap(z,2,t). To keep the translation invariance in other
directions (22,23,t), one can assume the plane-wave ansatz e~ *!+t*L-ZL hHyut one should
focus on k = k, along the modulation direction.

The scalar EoM then simplifies to a 2D, (z,z) problem as

ov

w

2
—0.(f(2)0:9) + f(2)02¢ + m¢ —iqA0: + ... = Py (4.7)
where at the boundary z — 0, we have
b(2,2) ~ 5(2)2° + (O@)z + ..,
¢ (z,2) ~ 5% ()23 + (O ()2 + .... (4.8)

Here, s(z) is piecewise constant for three sites, e.g., the period is a = 3¢, with

s1 O0<zxz<d,
alz)=1Q s2 <z <2,
s3 22U <x<3l,

and satisfies the relation s(x 4+ a) = s(x). In order to keep the PT symmetry, we can take
s1 = s3 = y+iI'/2 (symmetric gain/loss on outer sites), s = v—iI" (lossy central site), with
~v and I' to be real. The couplings then emerge from the bulk diffusion with the hopping
scale of ~ 1/¢. The imbalance I' tunes the EP, while -y sets the overall scale.

This specific boundary condition breaks the translation invariance along z, where the
solutions are Bloch waves: ¢(z,2) = e*®¢(z,z), with k quantized in the Brillouin zone
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[-7/a,7/a]. Then, the boundary operator (O(z)) has a Fourier expansion, dual to the
photonic mode amplitude on the sites.

Now, to capture the three-site photonic EP, one should determine the effective lattice
coupling. In the bulk, the scalar’s Laplacian 92¢ can generate the hopping between “sites.”
The effective coupling is

/(2 2
g~ [azro 0, (4.9

where

H(z,2) =D dn(2)em™/", (4.10)

Then, in the PT-unbroken phase, where the gain/loss satisfies the inequality I' < I'.(k),
and by photonic analogy I'. ~ ¢v/3, the QNMs wy (k) are real for each band, and the
dispersion is w(k) = wp + 2gcos(kf). The bulk profile ¢(z,z) is a smooth modulation
with no instabilities. The boundary Green’s function G(z,7’;w) = (O(z)OT(z')) decays
exponentially for |z — 2’| > ¢, which mimics the localized resonator modes.

At the EP transition, where I' = I'.(k) and at specific k = ;, which is the zone edge,
coalescence in the band structure would happen. The two QNMs, w4 (k), touch at w. = g\/?;,
where w(k) — we ~ vk — k. In the bulk, the radial flow develops a logarithmic divergence
in 0,¢, signaling marginal stability, as the Hessian of the on-shell action has a zero mode
at k.. This is the holographic EP, where the eigenvectors (Fourier modes of (O)) coalesce,
which is dual to photonic eigenvector degeneracy.

Then, in the PT-broken phase, I' > I'., the complex conjugate branches are w4 (k) =
wr (k) £ iw; (k), with w; > 0 for amplification, where we have gain-dominated bands. In the
bulk, we get instability via the complex field ¢(z, x), which has growing modes along x with
Petrov-type shifts. Considering the full backreaction, the metric warps into a striped geom-
etry where g, (2,2) ~ 1+ ¢ cos(2nz/a), and the NEC is broken locally, akin to holographic
superconductors with modulated order.

In this case, the FGT sum rule extends to a momentum-dependent form as

/000 o1(w, k)dw = zn(k)eQ’ (4.11)

2 m

where n(k) is the k-dependent density. Right after the EP is formed and at low k, the weight
transfers to d(w), while n(k) is conserved across the transition.

This inhomogeneous model can predict topological features that were absent in the homo-
geneous case, like EP-protected edge states in finite lattices, or unidirectional amplification
in the broken phase.

The eigenvalue trajectories with the progression of gain/loss parameter v in the AdS/QCD-
inspired ternary model have been shown in figure 12. It can be seen that with bigger coupling
the trajectory is larger and with bigger weight for higher values of v as most of the trajectory
would get yellower color.

In other interesting works such as [29], the phase structure and phase diagram of non-
Hermitian P7T-symmetric holographic model, based on stability and P7T-symmetry has been
constructed. We could extend our work here in the same way as well and consider stability
in our phase diagram to find a richer phase structure. In addition, similar to them, the
square of condensate and AC conductivity for these phases could be calculated, and then
we can go to the next step and check the FGT sum rule for all of these phases.
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Figure 12: Eigenvalue trajectories with the progression of gain/loss parameter v in the
AdS/QCD-inspired ternary model. In the left, up g2 = 0.3,¢g25 = 0.35, in the right,
up gi2 = 0.25,g93 = 0.2, in the left, down, g12 = 0.25,g93 = 0.25, in the right, down,
g12 = 0.65, ga3 = 0.65.

4.3 Effects of exceptional points versus confining end-wall on chaos

We proposed here that there could be an analogy between exceptional points in non-
Hermitian photonics and the end-wall (hard-wall /IR brane) in holographic confining geome-
tries. As the hard-wall imposes boundary conditions, the wavefunctions vanish at z = zyg,
and this enforces a discrete spectrum of normal modes like hadron resonances. The EP also
enforces a coalescence condition in parameter space, which leads to lasing threshold selec-
tion and symmetry breaking. In the confining case, the obstruction that truncates the bulk
geometry would force “level crowding” near the wall, and the nonlinear effects near the wall
can induce chaotic behavior in classical string trajectories and in the quantum spectrum,
leading to random matrix statistics. In the EP case, the spectra reorganize drastically
at EPs, phase rigidity breaks, modes hybridize, and level-spacing statistics can move to-
ward chaotic, non-Hermitian random matrix behavior. Mathematically, in holography, the
hard-wall condition turns the Sturm-Liouville operator into a non-self-adjoint operator when
dissipation or complex dilaton backgrounds are included. In photonics, the non-Hermitian
coupling matrix M is exactly such an operator, with an effective boundary in parameter
space where solutions coalesce. So the EP in photonics plays the same role as the IR wall in
AdS/QCD. It is actually a geometric boundary that reorganizes the spectrum and can act
as a source of chaotic dynamics.

In [30], it has been shown that if a regular Hamiltonian is perturbed by a term which
produces chaos, the onset of chaos shifts toward larger values of the perturbation parameter
if the unperturbed spectrum is degenerate. This point can also be seen using AdS/QCD
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and the onset of chaos there.

One can check the statistical behavior of the eigenvalues, which both follow a S-ensemble
similar to the Random Matrix Theories (RMTs). These connections can be studied further
by exploring the intrinsic properties of the quantum mechanical operators.

Noting in a more rigorous way, in [31-33], a method to diagnose chaos in Hamiltonian
systems has been introduced, which is now commonly used. The random observables are
the spacings between the energy levels,

611 = Lp41 — En, (412)

or the ratios of successive spacings

T = _ = . (4.13)

In chaotic systems, the level spacings match the spacings of the eigenvalues of random
matrices in Random Matrix Theory (RMT) and its S-ensemble, where for N x N matrices,
the eigenvalues have the probability density function (PDF) in the form

N
i=1

1<i<j<N

where for the case of a continuous 3, this defines the so-called S-ensemble. This statistical
behavior can also be used to model EPs. Note that, in general, EPs occur in all eigenvalue
problems that depend on a system parameter.

In [22], the authors showed that the branch points in open string scattering amplitudes
in confining backgrounds follow such a S-ensemble, and in [13], we showed that the branch
cut singularities in mutual information, or its corresponding critical distance D.., also follow
such behavior in various confining models. Therefore, we can show how chaos emerges in
these confining setups.

Then, in [34], the authors showed that the eigenphase-space distribution of the scatter-
ing of photons, gravitons, and tachyons on highly excited bosonic strings consists of both
regular/Poisson and chaotic Wigner-Dyson processes, and so they are weakly chaotic. The
interesting point is that for special values of momenta and scattering angles in the case of
photons, they found strong chaotic behaviors in the form of random-matrix type. In fact,
these specific momenta and angles are directly related to the exceptional points of the sys-
tem. Another interesting result is that at these points, there is a crossover between the two
regimes of scattering, one dominated by the short and the other by the long partitions of the
total occupation number of the highly excited string. Also, the information entropy of the
S-matrix becomes maximized, which again is a typical behavior at the EPs, as one would
expect.

Based on the appearance of the periodic structures in these functions, which arise due to
the boundary condition and the presence of the wall at the end of the geometry in confining
backgrounds, one could imagine that similar structures could appear in the presence of
exceptional points as well, since these points cause instabilities and discontinuities in the
Hamiltonian and modular Hamiltonian, spectral singularities, and dramatic effects in the
wave functions and scattering processes in the system. They also induce chaos. The strength
of chaos then depends on the density of these EPs in the system, which can be modeled by
either the hard-wall or soft-wall confining backgrounds in the holographic QCD models.

In [18,35], it has been shown that the onset of chaos becomes more apparent where there
is a high density of EPs, while for mild perturbations and smaller numbers of EPs, the system
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remains robust. Thus, a high density of EPs is associated with a hard-wall or a clear phase
transition, while low-density EPs could be associated with free AdS or soft-wall geometries.
The changes in the light-propagating modes of the quark-gluon plasma versus the confined
phase, i.e., gain or loss regions, can also be considered to strengthen this connection. The
Berry phase shift in AdS/QCD has been briefly discussed in our previous work [9], which
could then be extended. The applications of EPs could also be studied in the context of
the fluid/gravity correspondence, as it has been connected to instabilities in the Reynolds
number [36].

Another important factor is that exceptional points can enhance the sensitivity by in-
creasing the eigenfrequency splitting. This bifurcation effect has been used in studying
cavity QED (cQED), strong-field QED, and QCD. In [37], it has been shown that collisions
in a QED plasma can produce pairs whose frequency becomes large as they slow down or
reverse direction. This is similar to the behavior of frequency shifting around EPs, where
the sensitivity enhances as Awgpn o (k/€)?/N or Aw ~ €'/N. Thus, if we find that the
eigenfrequency splitting in the QCD models increases by the order of the exceptional point,
we can support our conjecture. Another important piece of evidence for the connection is
the existence of topological chirality in both photonic EPs and QCD structures, as well as
in specific setups of cQEDs and microcavity lasers.

Therefore, we get hints to relate the spectral degeneracies of QCD with the exceptional
points of PT-symmetric systems, and we can then check if the real and imaginary parts,
as well as the associated eigenvectors, coincide. Thus, exceptional points can act as new
“tools” in AdS/CFT dictionaries.

Also, note that the specific dual structures of EPs in holographic models could be con-
structed by going one dimension higher. The dual of such particles moving on the boundary
CFT would be strings hanging in the bulk, so one could expect that the dual of these excep-
tional points in the boundary quantum system would be “exceptional lines,” or exceptional
Wilson lines, in the higher-dimensional bulk system.

In addition, the resolvent, or the Green’s function, for the Sturm—Liouville operator
G(\) = (£ —X)7L, near A & ), where )\, is a simple eigenvalue, would be

) (i)

Gy ~

simple pole, (4.15)

where |1/),SR)> and (z/;,(LL)| are distinct right/left eigenfunctions. On the other hand, at an
EP of order m, the resolvent for the system would develop a higher-order pole as G(\) ~
Yo, (/\_‘j\‘#)k, which has a nontrivial Jordan structure yielding nonanalytic and strongly
enhanced responses. So both the IR wall and the EP are singularities of G.

All in all, the end-wall of confining geometries has interesting connections to exceptional
points, and new holographic correspondences could be imagined using them.

4.4 Holographic phase rigidity and Petermann factors around EPs

An important concept in designing qubits in topological and photonic quantum computers
is the Petermann factor, which is especially useful for studying the “imperfect” exceptional
points in experiments [38], and therefore, by the relations that we built in the previous
section, we could bring it to the study of QCD and specifically to the experimental QCD
research.

In non-Hermitian systems where [ﬁ ,f[ f] # 0, which are also non-normal, the right
eigenstates |R;) should be distinguished from the left eigenstates |L;), and their difference
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quantifies the strength of the non-normal effect, which can be measured by the Petermann
factor between a pair of eigenstates as
(R |Ri) (Ly | L)
Kl = 5 Kl > 1. 4.16
(LR P g (410

This factor, which has also been called the excess-noise factor, quantifies the linewidth
broadening, which, for instance, could come from the quantum excess noise in lasers.

The phase rigidity then can be defined as

(L [Ri) | 5
T = s 0< ry = 1/ Kl < 1, (417)
VAR [Ri) (L | L)
which quantifies the complexness of the wave functions in P7T -broken symmetry systems.
Note that around an EP, the Petermann factor diverges and the phase rigidities vanish. Also,
around the EPs, as the vector space becomes severely skewed, we have a losing dimensionality
effect, which is related to the divergence of the Petermann factor.

So the Petermann factor can be used in studying QCD phase diagrams and the search for
the critical points. In the Quark-Gluon-Plasma (QGP) phase, there are resonant states and
unstable quasi-particles which have complex eigenvalues. Near the chiral phase transition,
deconfinement transition, or around the critical point, the Petermann factor sould increase
sharply as there is an enhanced sensitivity.

At an EP of order n, the spectral response strength can be written as

&= |Gnlla, (4.18)
where the Green’s function near the exceptional points is expanded as [39],
A 1 GQ Gn
G(F) = + + ...+ . 4.19
(E) E—FEgp (E— Egp)? (E — Egp)" ( )
For the soft-wall AdS/QCD model, the Green’s function can be written as
- Pn(2)Pn(2)
N _

The similar behavior of this Green’s function, and also Green’s functions in other holographic
confining models could further strengthen our duality.

For the above holographic model that we built in section 3, we can find the Petermann
factor and phase rigidities near the exceptional points based on the parameters of the metric
or action, such as the coupling or dilaton field. The Petermann factors and phase rigidities
near exceptional points are defined in [38].

From figure 28, one can see that, for small g, modes are weakly coupled and we have
r=1and K ~ 1. As g increases, eigenmodes start coalescing. Then, near the exceptional
point ¢ = g., r — 0 and K — oo, which reproduces the mode condensation or chaotic
transition observed in holographic models. The mode depicted by orange shows a dip around
g ~ 0.4 — 0.5, which is a hallmark of an EP. Note that the “coupling” g can correspond to
boundary deformation strength, brane-brane coupling, or IR wall transparency. The EP
then marks a transition between confined and quasi-open modes, akin to resonant mode
merging at the AdS hard wall. Divergent K and vanishing r can thus signal non-Hermitian
mixing between bulk normal modes or complexified quasinormal frequencies.

Next, in figure 14, the Petermann factor and phase rigidities as a function of gain/loss
~ are shown while other parameters are fixed. Here the “dip-spike” structure around ~ ~
0.8 — 1.0 is where the EP occurs. The minseps which are the dashed black curve, reaches a
minimum indicates coalescing eigenvalues and phase rigidity r,, varies strongly near the EP.
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Per-mode Phase Rigidity vs coupling g
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Figure 13: Petermann factor and phase rigidities as a function of the coupling g, while
other parameters are fixed, for the holographic model based on AdS/QCD constructed in
our section 3.

5 EPs, photonic molecules and quark bound states

An interesting model that one can use is the picture of the bound states for a ternary, parity-
time-symmetric photonic laser molecule. For instance, mesons, which consist of a quark-
antiquark pair, can model the EP2 structures, and baryons, which consist of three color
quarks, can be associated with EP3. However, note that this section is only an “analogy”
and unlike previous section, we don’t make any holography argument here and only are
building a toy model.

So as noted in [25], by using the ternary systems and then breaking the PT symmetry
and perturbing the anti-PT symmetry, a pure single-mode spectrum can be achieved. This
is similar to the confinement/deconfinement phase transition. So by an analogy, we can
relate these two matrices as

4 + + ;
\7}5 + 7% 7r K M — 1Y /2 InK Grn
o=| 7 I 4L K| e H= Girke mr —x/2 gKg
K- KO -2 Iy Jicn My — iy /2
(5.1)

The H matrix on the left is non-Hermitian, and the mesons are considered to be unstable
and decay. For instance, pions decay into leptons or Kaons into pions. Here, m; denote
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Per-mode Phase Rigidity vs gain/loss y
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Figure 14: Petermann factor and phase rigidities as a function of gain/loss ~y, while other
parameters are fixed, for the holographic model based on AdS/QCD constructed in our
section 3.

the masses, y; are the decay widths, and g;; are the interaction strengths between mesons.
Therefore, considering the Kaon decay as an open non-Hermitian quantum system, another
way of connecting the behavior of exceptional points and QCD dynamics could be envisioned,
which we will discuss in section 5.

First, note that the flavor SU(3) current in terms of the vector currents of u-, d-, and
s-quarks can be written as [40]

em 2— 1 - =
Jom = Ut~ g[d’yud + 57y,5], (5.2)
which can then be rewritten as [40]
1 1 1
— @
J" = —Jﬁ(f) +——=J - g9 (5.3)

V2

Here, p is related to the neutral p’-meson.

3\/5“ 3/1'
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The decay of the vector meson into the eTe™ pair can be described by the matrix elements
of

em m\2/ (V)
<0|JH |V> :_976# 5 (54)

where my denotes the vector meson mass, eLV) is a polarization vector, and gy is the vector
meson coupling, which is related to the eTe™ decay widths [40]. This meson coupling (g)
can be related to the couplings between the resonators in the photonic molecule, i.e., k, of
the coupled cavity system [41].

The three-flavor QCD in the presence of a nonzero #-angle can be written in terms of
the chiral Lagrangian as

F2 o, F? I i )
L= ITr{VHZV”Z 4+ TGTI{ME + MY} — = 0 — §Tr{log2 —logX'})
(5.5)

where F is the pion decay constant, F2G corresponds to the chiral condensate at zero
O-angle, F2a/2 is the topological susceptibility of the underlying Yang-Mills theory, and
M = diag(my, mg, ms) is the quark mass matrix.

The matrix field ¥ € U(3) can be written as

1P S
—, & =T11T" + —, 5.6
7ir.) V3 >0)
where ¥y maximizes the static Lagrangian and T% are the SU(3) generators. Here, ¥
describes the pseudo-scalar meson octet

Y =UXU, U:exp(

x4 + +
Bt T K
7T = T stk K| (5.7)
- 0 2y
K K 2

For n = 0, the effective chiral Lagrangian in the flavor SU(3) sector, which includes the w,
d, and s quarks, can be written as

0

o + +
s Ko

mr*=v2({Kk- o0 K°|. (5.8)
- 0 —70

and the singlet field S is related to the physical i’ state.

The matrix I1°7T* should be compared with the Hamiltonian of a scanning electron
micrograph (SEM) structure of [41]. Then, similar to [41], one can find the modal field
evolution which satisfies i,dV /dt = HV, where V = (a,b,c)? is the modal column vector,
and a, b, and ¢ are the field amplitudes in the amplifying, neutral, and lossy cavities,
correspondingly.

The non-Hermitian Hamiltonian is

ig+e K O
H= K 0 w |. (5.9)
0 K —ig
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So if the pion fields 7 and 7~ are taken to be zero, the Kaon field can be associated with
the coupling &, and 7° corresponds to the gain g. Then we can build the duality.

Note that the structures are 7% : ud, 7° : (vt — dd)/v/2, 7~ : da, Kt : u3, K° : d5, K~ :
sti. Therefore, from this observation, we can deduce that having the strange quark is
directly connected to having an EP in the QCD system. Note that the strange
quark has isospin I3 = 0, while the up and down quarks have isospin values of +% and
—%, respectively. So we can speculate that the presence of isospin might prevent the
formation of an exceptional point. The presence of the strange quark also increases
the lifetime of particles because, due to the Cabibbo angle, the window for the decay of the
strange quark into the up quark is very small, which causes similar effects on the structures
of EPs as well. In the s5 pairs that hadronize into A and A hyperon pairs, all the spin is
also carried by the strange quark.

Note also that pions are unstable, so it makes sense to simulate them with the gain ig
and loss —ig sectors. Kaons, however, are more stable and can therefore be modeled by
the sectors containing the coupling x and the eigenstate splittings in the Hamiltonian of the
open quantum system.

With zero disturbance (e = 0), the modal field V should have a harmonic dependence
of the form e~*=t. Then, by solving the matrix equation, the evolution of eigenfrequencies
for quark bound states and the behavior of the system around exceptional points can be
studied. Assuming all the K fields equal k, and using the relation det(Hy — w,I) = 0, we
get

wd — (4K + 73 +2n T ) w, —2v2 (77 + 1) k2 =0, (5.10)
which has three solutions as
4/3K2% + /3 (ﬂ'g + 27r77r+)

wo — —
32/3 i/é \/5832 (m= +7)% k4 — 108 (4K2 + 72 + 27~ 7+) 3 — 9v/2 (1~ + 7F) K2

+

(é\/5832 (7= +7t)? k4 — 108 (4k2 + 72 + 27~ 7+)3 — 9V2 (n~ + 71) /<a2> 2/3

+

i

32/3 \3/}5\/5832 (7= 4+ 7+)? k4 — 108 (4K2 4 72 + 27~ 7+) 3 — 9V/2 (= + 7+) K2
V-3 (4> + 73+ 2m 7T

w1 —
32/3 f/; \/5832 (7= 4+ 7+)? k4 — 108 (4K2 4+ 72 + 27~ 7+) 3 — 9V/2 (= + 7+) K2

+

(1-iVv3) (é\/5832 (7= +7t)? k4 — 108 (4k2 + 72 + 27~ 7 H)3 — 9v2 (n~ + 7) ,‘12> 2/3

)

2 32/3 i/é\/5832 (m= + 7+)% k% — 108 (4K2 + 7+ 27w T)3 — 92 (m + 7)) K2

(14iv3) (é\/5832 (7= +7t)? k4 — 108 (4k2 + 72 + 27~ 7+)3 — 9V2 (4 71) HQ) 2/3
wW_1 —

_|_

2 32/3 i/é \/5832 (m= +7+)% k4 — 108 (4K2 + 72 + 21— 7+) 3 — 9V/2 (m— + ) K2

(45° + 78 + 27~ 7F) Root [#1° + 24&, 2, 0] (5.11)

2 32/3 \3/(15\/5832 (7= +7t)? k4 — 108 (4k2 + 72 + 27~ 1) 3 — 9V2 (1= + 7+) K2
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One of these solutions is real, while the other two are imaginary. Each of these fields
could then be perturbed separately to produce novel behaviors and phase structures. The
perturbation of each field above corresponds to perturbing (i) the gain cavity, (ii) the neutral
cavity, or (iii) the gain and neutral cavities, as in [41]. Thus, in this more general case, the
bifurcations in the eigenvalues can be obtained in a similar way.

If we now assume 7T = 7~ = 0, we get

wo = 0, wy = —\/4K% + 7, w_1 — \/4K? + 7E, (5.12)

which is similar to the result of [41].

We can then study these solutions (relation 5.11) further, as their behaviors are shown
in figure 15. The case of 7+ = 7~ = 1 is shown in figure 16, and the case of 7+ = 7~ = 100
is shown in figure 17

Figure 15: The eigenfrequency solutions of (5.11) for the case of 7+ =7~ = 0.

First, one can note that increasing the coupling x clearly distinguishes the frequencies,
as can be seen by comparing the behaviors of wy and wy. This is similar to the result of [41],
where, for instance, in a two-ring system, the sensitivity enhancement follows the square
root of the coupling factor. On the other hand, these results could point to new methods of
measuring fields or couplings in QCD experiments using the frequency splittings.

It can be seen that by turning on the fields 77 or 7~ and increasing them, the behaviors
of all the eigenfrequencies, especially wy, become smoother. In the limit of very large values
of 71 and 7~ relative to the couplings x and the field 7y, which acts as gain here, the eigen-
frequencies become very smooth; yet the conclusion that increasing the gain distinguishes
the eigenfrequencies remains valid.

To further study the bifurcation properties in our QCD system, we can perturb the
Hamiltonian by modifying the gain cavity €1, the neutral cavity ey, and the loss cavity es.
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Figure 17: The eigenfrequency solutions of (5.11) for the case of 7™ = 7~ = 100.

Therefore, the determinant of the following matrix should be set to zero.

—wntrer+mo 1 o+
2K K
det 1 ez 1 =0, (5.13)
s 1 —WwntKeEz—To

K V2k
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which leads to the equation

w3 —wlk(er + ea 4 €3) + wp (H26162 + K2e1€3 + Kleges — moker + Tokes — 7r§ + 27r_7r+) +

K> (—ege3€1 — 2¢1 + 2¢e3) + K2 (7T06162 — mgeg€ez — 4o + 221~ + 2\/§7T+) + Keo (7r(2) — 271'*71'*) =0.
(5.14)

Note that in this case the fields 77 and 7~ are still present, which can make the behavior a
bit more complicated. Similar to [41], we can neglect higher-order perturbations. Then, for
the case of perturbing only the gain cavity, we assume ¢; = ¢, e = €3 = 0, and by taking
W~ crel/3 4 coe?/ 3, we obtain the following three solutions

/o _1)2/37T0
W~ 3 —2/@61/3 _ (—62/3
! 392
wo ~ —V2Rel /3 — TO_2/3

J— 3’\3/56 5
1 1
w1~ =1 Bl 4 2 = (5.15)

Again, it can be seen that by increasing the coupling &, the splitting between the real parts
of w_; and wq increases, as shown in figure 18. However, this is not the case for the real
parts of w_; and wy.

i

Figure 18: The eigenfrequency solutions of 5.15 for the case ¢ = 0.01.

In the case of perturbing only the neutral cavity, similar to [41], we should set e; = €
and €1 = eg = 0, for which relation 5.14 leads to

3 — kew? + (271'77rJr — 71'8) Wn, + Teke — 21w Ke + 2 (\/5 (71'7 + 7r+) — 271'0) k2 =0.

(5.16)

W

Taking w ~ c1€'/3 4 c9€2/3, we then get

—dmor® +2V21 T K + 2V2R% T, + (27w ey — mieo) €7 + (2n ey — mien) + Vet
€ (Ci’ + 7r§n; — 27r’7r+;<;) + 30?0264/3 + /3 (30163 _ C%/i) + 2 (cg _ 20102/4) B 63“7/3 —0.
(5.17)

which, due to the presence of the 7 fields and unlike the case of [41], has more complicated
solutions. These fields change the behavior around exceptional points significantly. The
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case where the perturbations of both the gain and neutral cavities are turned on would be
a combination of the two previous scenarios.
Now, for the sake of comparison with [41], if we assume from the beginning the equation

—wn '\'F/’ifl +o 1 ot
2K K
det 1 ez 1 =0, (5.18)
T 1 —Wn+KE3—T0
K \/im

and then, by taking 7+ = 7~ = 0, we can find some equations that are more similar to the
results of [41]. Here, we assume & = w, /(v/2w,,), but for simplicity we can again replace @,
with w,. So we get

wi — kw (€1 + €2 + €3) — wn(—mokes + moker + mg +2) + K (Thea + 1 +e3) = 0. (5.19)

Then, for the case of perturbing the gain cavity, we take ¢; = € and €3 = €3 = 0, and we
then find

eq, wi — kew? — wy, (Toke + mg + 2) + ke = 0. (5.20)
Next, using a Newton-Puiseux series and taking wy, = c1€'/3 + ¢2¢2/3, we get
/s (3cier — moc1k) + 53 (¢} (k) — mocak + 3c5c1) + (—c3) ke'/3 — (75 +2) o€/ P4
€ (5 — 2c1c0k) + € (¢} + k) + (75 +2) (—e1) Ve =0, (5.21)

where again the presence of my changes the behavior significantly, as the lower powers are
related to this field and not to the higher-order perturbation terms.

To study the equation eq, further, we can plot its behavior, which is shown in figure 19.
One can see that increasing x and e can have a detuning effect.

-50000
-100000

Figure 19: The behavior of eq, versus w, and my when perturbing the gain cavity only.
Here, we set € = 0.01 and x = 1 on the left and ¢ = 0.5 and £ = 500 on the right. One can
see that increasing x and € makes this plot smoother. The increase in x has a bigger effect.

Then, in the case of neutral cavity perturbation, where €2 = € and €; = €3 = 0, equation
5.19 becomes

eq, ws — (7§ +2) wy, — Kewy, + mke = 0. (5.22)

Comparing figures 19 and 21, one can see that for small € and &, the behavior is very
similar, but increasing these two parameters makes the behavior distinct. When increasing
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Figure 20: The behavior of eq,, versus w,, and 7 in the case of perturbing the neutral cavity
only. Here, we set € = 0.01 and x = 1 on the left and ¢ = 0.5 and x = 500 on the right. One
can see that increasing x and e makes this plot smoother. The increase of x has a bigger
effect here as well.

the perturbation € and coupling x in the gain-cavity case, the tuning setups become more
intricate, but it remains easy in the neutral-cavity case, as there is still a minimum there.
This, of course, matches our intuition as well.

In the case of perturbing both the gain and neutral cavities, where ¢; = € and €2 = e
(a < 1), the equation 5.19 becomes

eq, , 1 ws — wy (ake + Ke) — wy (Toke + 5 + 2) + ke + Tgake = 0. (5.23)

Note that this is similar to the argument of [42], which mentions that the quantum gravity
fluctuations of the bulk extremal AdSs are the source of confinement in super-Yang-Mills
theory.

One can see that increasing a makes the behavior of the system closer to the case of
perturbing the neutral cavity, while decreasing it makes the behavior more similar to the
gain cavity case, which makes sense since € here corresponds to perturbing the neutral
cavity. The same procedure can be applied to the neutral cavity and to the neutral + gain
cavities, yielding results comparable to [41]. For instance, the presence of es also reduces
the sensitivity.

So, the gain and loss processes in photonic molecules can be modeled by the Lagrangian of
the weak interaction and QCD models. Insights from exceptional points can provide further
interesting information about the eigenfrequencies of quark-bound states and suggest new
ways of studying fundamental particles.

In some cases, the coupling x can play the role of a virtual loss [43]. It would be
interesting to investigate further why the corresponding Kaon could play such a role as well.
Our proposition is that Kaons have a distinguished role in CP violation and parity-symmetry
breaking, and the presence of a strange quark in their bound state can cause exotic effects,
such as neutral particle oscillations. Also, they have two weak eigenstates: one long-lived
neutral Kaon (K1), which decays into three pions, and one short-lived neutral Kaon (Kg),
which decays into two pions. Due to oscillation and the time dependence of the decay,
there is a mass splitting between Kg and K, which corresponds to eigenstate frequency
splitting around EPs.

It is worth noting that the Einstein-Podolsky-Rosen [44] experimental setup has been
constructed using Kaons and photons. The test of entanglement has been performed both
with photons, using time-energy correlations through optical fibers, and with massive K-
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Figure 21: The behavior of eq, ,, versus wy, and o, in perturbing the neutral cavity only, is
shown for ¢ = 0.01, @ = 0.1, and k = 1 on the left; ¢ = 0.5, « = 0.1, and x = 500 in the
middle; and € = 0.5, & = 0.9, and x = 500 on the right. One can see that increasing x and
€ makes the plot smoother, with x having the larger effect.

mesons, using strangeness correlations. The similarities and differences between these two
setups were discussed in [45]. Actually, in [45], it was shown specifically that there are
similarities between the decays related to Kaons and the polarization-dependent losses in
optical fibers. They showed that both the strangeness mixing in neutral Kaons and the
birefringence in the optical fibers cause rotations of Poincaré vectors of the quantum states of
Kaons and photons, similar to the behaviors around EPs. Therefore, they also demonstrated
the similarities between these two systems. In optical fibers, polarization-dependent losses
(PDL), and, on the other hand, Kaon decay, both produce similar stretches of the state
space [45].
The PDL can be formulated using the evolution operator T as [45]

VI 0\ _ (=5 0
T == = Qmin % B 5.24
( 0 V' Tin 0 e 2 ( )

as the transmission coefficients (for the intensity) are related to the fiber length z.
On the other hand, the time evolution operator U(t) for Kaons can be written as

—(ims+5)t 0 mg+m mg—m Vst/2 0
e 2 o —stMmLy _jMSTML g, (&
Ut) = ( 0 e—(z‘mﬁ—”})t) —e 3 e 2 3.( 0 e'YLt/2)’

(5.25)

where mp, (mg) is the mass of the long (short) eigenstate, and 7y, (vg) is the width of the
long (short) eigenstate. In the above relation, the first term is just a global phase factor, the
second term represents the strangeness mixing, which corresponds to birefringence in optics,
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and the third term is related to the decay of unstable Kaons, where Kg decays faster than
Kp,. Thus, on a Poincaré sphere, the precession would be toward K, as it remains longer.

Therefore, one could imagine that, in addition to photons, Kaons can also be imple-
mented in quantum computers, as they are massive and can be detected and controlled
more easily. The problem with experiments involving Kaons, however, is their intrinsic
decay, which the experimenter cannot control, while the PDL in photon systems can be
controlled. However, the strangeness mixing of Kaons, which is again intrinsic and analo-
gous to optical birefringence, has the advantage that it allows the experimenter to effectively
rotate the analyzer just by delaying the measurement [45]. This effect can also be useful in
designing quantum computers.

Also, in a recent interesting work from the STAR collaboration [46], using the Relativistic
Heavy-Ton Collider (RHIC) and spin entanglement, QCD confinement has been probed.
Their strange quark-antiquark pairs are initially spin-entangled and then undergo quark
confinement to form A hyperons. When the angles between the hyperon pairs increase—
which, due to decoherence of the quantum system, could actually prevent the formation of
exceptional points—the correlation vanishes. Before transitioning from quark confinement to
final-state hadrons, the quark condensate contains similar numbers of virtual up (u), down
(d), and strange (s) quark pairs, leading to degeneracy and the formation of exceptional
points in the system. Also, the quantum number here is JF¢ = 0**, making the spins
of the pairs all parallel and keeping them in spin-triplet states, again consistent with the
formation of EPs.

The fact that they could introduce a method using the spin correlation of AA hyperon
pairs and observe the degree of (de)coherence of the entangled ss pairs transitioning into
hadrons-showing that entanglement entropy can probe confinement and QCD processes-
again confirms our conjecture about the interplay between entanglement patterns, excep-
tional points in open quantum systems, and QCD. It would then be interesting to classify
EPs based on each model of confining geometries, i.e., hard-wall, soft-wall, AdS-soliton,
Sakai-Sugimoto, Witten model, etc.

Also, another specific and interesting regime of QCD is the “lasing regime.” The holo-
graphic dual of this regime in the AdS/QCD setup could also be constructed. For instance,
soft-wall models with a background dilaton field and linear instability (Im > 0), mode
selection, gain saturation, and then mapping to the microring toy model could simulate
such behaviors for us, including enhanced coherence or collective excitations [47]. The pion
dynamics with chiral symmetry breaking could also describe collective behavior in lasing
regimes [48]. The spectral evolution of the transitions between the lasing and non-lasing
regimes, which can be tracked by spectrometers, can then be compared with each other.

6 Exceptional point and timelike entanglement entropy

Recently, there has been significant interest in defining and using entanglement measures in
time [49-51], which quantifies quantum correlations across timelike boundaries. In particu-
lar, [52] defined mutual information in time, [53] and [13] used it for holographic confining
geometries, [54] used it for probing the interior of black holes, [55] applied it in quantum
energy teleportation, among other works.

The new timelike entanglement entropy (TEE), being complex-valued, can serve as a
powerful tool to probe exceptional points in non-Hermitian systems such as our photonic
setup. Additionally, the imaginary part of pseudo-entropy is linked to the emergence of the
time coordinate in holography and cosmology.

TEE is defined via the modular Hamiltonian or replica trick on a timelike interval [t1, ¢2]
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in the boundary theory, often yielding a complex value
Sy = —Tr(prlogpr) = SE +iSk, (6.1)

where pr is the reduced density matrix for the timelike subsystem. The real part, SIE, cap-
tures the “entanglement-like” temporal correlations, while the imaginary part, S, is related
to commutators of twist operators or emergent time structures, signaling dissipation or out-
of-time-order correlations in open quantum systems. In holography, TEE is computed via
the Ryu-Takayanagi prescription generalized to timelike strips. There, the extremal surfaces
in the bulk are anchored to a timelike boundary interval, often requiring analytic continua-
tion to complex coordinates for well-defined saddles. Recent works [49,51,56,57] show that
multiple such surfaces exist, with the physical one selected by dominance principles, and the
imaginary part tied to bulk horizon effects or pseudo-entropies.

As noted EPs mark a transition where the non-Hermitian Hamiltonian’s spectrum shifts
from real PT-unbroken and stable modes to complex conjugate pairs with P7T -broken and
amplification or decay. This manifests in temporal dynamics as exponential growth or decay,
which TEE is uniquely suited to capture. Note that in the P7T-broken phase, our photonic
system’s modes have Im # 0, leading to non-unitary time evolution. The imaginary part of
TEE, which can probe these temporal commutators, is given by

Sh o / dt ([A(t), BO)]). (6.2)

where A and B are local operators and SZ is sensitive to dissipation and non-Hermitian
effects.

Then, at I' = T'., TEE exhibits a branch point or cusp, where the real part shows a
temporal area-law behavior, while the imaginary part branches into complex conjugates,
which mirrors the coalescence of eigenvalues. Unlike the FGT sum rule or OTOCs, TEE is
local in time and complex from the start, making it ideal for open quantum systems. For
AdSg441, the extremal surface satisfies the relation,

d f(2)7' () _
dz ( 1- f(z)x’(z)2> - ©3)

where by continuing into the complex time direction, the solutions of this equation would
merge or bifurcate, as for instance, two complex saddles could coalesce. The coalescence
condition is

aSeﬂ“ -0 aQSeff o
0z, 022

(6.4)

It is the exceptional point condition for the effective potential Seg. Thus, the branch point
in the complex extremal surface manifold corresponds to an EP in the spectral problem.

In photonics, it can be measured via interferometric setups tracking temporal correlations
in coupled resonators. For instance, in works such as [58], to experimentally witness and
control entanglement in light-driven quantum materials via ultrafast spectroscopic measure-
ments using inelastic X-ray scattering, a systematic approach to quantify the time-dependent
quantum Fisher information has been proposed.

In the holographic model we discussed (AdSs with complex scalar ¢ sourced by s for
gain/loss), TEE for a timelike strip [tz,tr] can be computed as

Blog 3

€2

Sy =SE4ist, sk~ , St~ B Imwgnm ~ BT —T.0( —T,), (6.5)
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where 8 = tp — t, is the boundary length, s = v + i [ is the source, € is a UV cutoff, and
O is the step function signaling P7 breaking. So when I' < T, S% ~ 0, as there would be
no dissipation in this case. At I' =T, we get an EP, as there is coalescence where multiple
bulk surfaces compete and S develops a /I' — ', branch point. When I' > T'., we get
a PT-broken phase where S}, # 0 ~ [Im(w)|f, where for positive imaginary part there is
amplification and for negative part there is decay. There is a discontinuity in the imaginary
part which signals the transition.

For an inhomogeneous lattice with the scalar field ¢(z,x) = e““é(z,m), with periodic
source s(x + 3¢) = s(z), TEE is

Sp(k) ~ P ljfﬂ +iBy/T2 — g24(k) ©(T = gen(k)), (6.6)

where gesr = 29 cos(kf) and the dispersion relation at the EP is

w(k) ~ wo + 2g cos(kl) + iy /T2 — g%4(k), (6.7)

with coalescence at k, = 7/(2¢) and ', = gv/3.

This interesting connection could then be extended. In [50], a matrix called T4 g, which
is the analogue of the density matrix, is defined. The trace over a certain Hilbert space,
ie., TrT% g, and the analytical continuation of Tr(p% ), can be used to compute time-
separated correlation functions of twist operators. We can assume that this T4 g defines an
open quantum matrix with gain and loss, similar to the non-Hermitian systems, and the
singularities discussed in [50] would correspond to the exceptional points of this matrix.

Here A and B define the entire system before and after the evolution and can be written
as

Tap=J(p®1p), (6.8)

where the operator ordering is important, making this matrix non-Hermitian.
The matrix T4 p, when contracted with the operators O4 and Opg, builds the Wightman
correlation function as

Tr(Tap(Oa ®1B)(1a ® Op)) = (0a(0)O5(t)), (6.9)
and le g produces the opposite ordering as
Te(Th 304 ® Op) = (O5(1)04(0)). (6.10)

In [50], it has been shown that, similar to conventional density matrices which do not have
eigenvalues larger than one, the singular values of the matrix T4 are no larger than one,
and all eigenvalues lie inside the unit disk:

| TaBll < 1. (6.11)

Therefore, in this scenario, the probability of having many exceptional points is very high.
Additionally, it has been shown that Tr(74 BTL p) is very sensitive to lattice effects, similar
to the case of higher-order exceptional points. Also, as pointed out in [50], the lattice value of
Tr(TapT) ) is much larger than Tr(T% 5) by a factor of ~ !/, which becomes exponentially
large as the lattice spacing a becomes very small. This is similar to the bifurcation properties
discussed in [41], where the sensitivity is enhanced at higher-order exceptional points, as

Wy = e—iEnFDT/3,2/31/3 %ei(2n+l)ﬂ/3ml/3€2/3’ ne {101},

Awgps = 3:Y3/€/2. (6.12)
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In addition, in [50], it has been suggested that the entanglement p-imagitivity, ||Ta B—TZ‘ sll2,
should obey the Lieb-Robinson bounds, where the precise formulation of the bound depends
on locality. In the language of exceptional points, this actually would be related to e.
Also, the lattice connectivity [59,60] would correspond to the coupling constant x in the
EP terms. Therefore, it can be seen that photonic setups for studying EPs could also be
useful in exploring spacetime entanglement and quantum correlations. Other phenomena,
such as dichroism, Dirac points, or photonic crystals, could have interesting relations with
entanglement in time. Additionally, as mentioned in [50], the tensor T4p could be viewed
as a kind of Kirkwood-Dirac distribution, Q(z,p), which is a quasiprobability distribution
and can be written as

Q(,p) = = (2] plp) (plz). (6.13)

2mh
The biorthogonal density matrix, pi[J{D = <q§ﬂp\¢f), is actually a Kirkwood-Dirac—type
distribution.
In general, this Q(a,b) is complex and can be used to define the complex timelike entan-
glement entropy as

S=-> Q(a,b)logQ(a,b). (6.14)

a,b

On the other hand, in non-Hermitian systems, such as our microrings, the eigenmodes are
biorthogonal, i.e., <¢ﬂ¢f> = 0,5, and the density or the correlation between left and right
eigenstates is complex, similar to the KD distribution. At exceptional points, left and right
eigenvectors coalesce, and the KD distribution becomes singular or highly non-classical.
Thus, the KD distribution can be seen as a natural analytic tool to describe EPs. Through
the KD distribution, we can also see the connections between EPs and TEE.

For a three-coupled ternary system of microrings, the behavior of the imaginary and real
parts of the KD distribution is shown in figure 22. The EP occurs at v = 0, and the increase
in KD magnitude versus v and the separation of modes are apparent.

In [50], the following inequality has been proposed,

[Tap = T{gllz < dimM4CJA|[Ble A8 (1~ 1), (6.15)

where |[Tap — Tj‘ pll2 is the 2-imagitivity, and C, v, and p only depend on the structure
of the lattice and the Hamiltonian. The corresponding figure 2 of [50] for the Ising chain
would be related to Fig. 4b of [41], as the intensity is related to |{[Y7, Yg])|, where the Pauli
operator Y acts on the first and sixth qubits at different times. The peaks in both cases are
related to the exceptional points.

Also, based on Lieb-Robinson bounds, both the commutator and ||T — T7||s of [50],
and the intensity in [41], start increasing from zero after a long elapsed “time” in a similar
pattern. In addition, as the correlators of examples such as free fermions obey Wick’s
theorem, the reduced density matrices are Gaussian. Similarly, T is a Gaussian operator
since the time-separated correlation functions also obey Wick’s theorem. This is also true
in the case of a ternary parity-time-symmetric system at a third-order exceptional point, as
shown in figure 4b of [41]. Furthermore, in the microcavities, the above inequality implies
that imagitivity decays exponentially with spatial separation, but in the parameter space
(n, x), and tuning toward EPs would increase imagitivity.

The microscopic definition of T can be extracted from the two-point correlation functions.
In [61], the time-asymmetric loop around an exceptional point has been studied and in [62],
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Figure 22: The behavior of the KD distribution versus the gain/loss parameter v in a coupled
ternary system of microrings.

the revealing of the missing dimension of the Hilbert space, known as the Jordan vector, at
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the exceptional point has been studied. There, the radiation field becomes fully decoupled
from the eigenstates of the environment with opposite chirality compared to the coalesced
eigenstate, which leads to vortex emissions in the far field and anomalous wave-matter
interactions. This is similar to probing inside of a black hole or hitting the end-wall of
confining geometries in the holographic dual of timelike entanglement entropy.

As pointed out in [50], the singular values related to matrix product operators (MPOs)
and the matrix 7', which is the analogue of a density matrix for timelike intervals, can
be examined by partitioning the system into halves. By increasing the number of time-
separated intervals while keeping each interval small to the point of a single qubit, one can
characterize the singular values via the time-separated correlations and analyze the bond
dimension y. The photonic exceptional points then can be used to measure the strength of
time-separated correlations.

One would therefore expect that, similar to entanglement in time and timelike pseu-
doentropy, the dynamics around exceptional points could also be written in terms of the
correlation functions of time-separated twist operators. This is indeed related to two twist
operators with the “topological defect lines” attach to them. These topological defect lines
connect different replica copies, similar to the EPs, as shown in figure 23.

Figure 23: The Schwinger-Keldysh (SK) representation of p(t) := tr A p(t) is shown on the
left [63], and the SK representation of T'a g is shown on the right. Using the KD distribution,
we connect them to EPs and TEE.

When the subsystems A; are causally disconnected, the reduced density transition opera-
tor T'ayA,...A;... Ay, 15 Hermitian, and so it reduces to the usual density matrices. However,
if any two subsystems A; and A; are causally connected, then the reduced spacetime density
matric Taya, .. A;.. Ay_, is non-Hermitian and the spectrum is complex-valued. One should
note that, similar to the case of EPs, the form of T4 4,...4,...45_, depends on the choice of
subsystems as well as the Hamiltonian or evolution operator.

As for the experimental setup, for a ring cavity that operates at an exceptional point
with PT-symmetric refractive index modulation [62],

n(p) = no + ong cos(2lp) — idny sin(2lp), (6.16)

where ng is the background refractive index, and dng and dn; are the real and imaginary
parts of the refractive index modulation, respectively. The coupled-mode equations of the
system can be written as

d W —
“ acw — w Vtot . Xab acw =iH acw ) (617)
dt \accw Xab W — Vot ) \ACCW accw
The clockwise and anticlockwise amplitudes, acw and accw are complex. Also, w is the
resonant frequency, and 7ot is the total decay rate of the unperturbed counterpropagating
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whispering-gallery mode (WGM) in the non-Hermitian Hamiltonian . Using this setup, one
could design boundary-region-like partitions—such as temporal gratings, time-like windows,
or transition matrices between states—to probe pseudo-entropy in these open systems and
test how these complex information measures have measurable signatures in EP systems. In
both cases, analytic continuation, branch-cut topology, and complex-valued observables are
employed. Moreover, the “missing dimension” in wave radiation at an EP is analogous to
TEE producing an imaginary (timelike) component, which can be interpreted as an emergent
time direction from entanglement/pseudo-entropy.

Then, in [51,64], it has been proposed that the timelike entanglement entropy can be
uniquely determined by a linear combination of the spacelike entanglement entropy and
its first-order temporal derivative. The imaginary component of the timelike entanglement
entropy is supposed to be derived from the non-commutativity between the twist operator
and its first-order temporal derivative, as

1
S(ta Z; t/a x/) = Z (S(Oa —uj; 07 _u/) =+ 5(07 —U; 0; U/) + S(Ov v; Oa —U/) =+ 5(07 C Oa UI))
1 v —/ 1 v —/ 4
+Z x’@trS(O,—u;O,x)—i—Z dz'0pS(0,v;0,z")

1 " 1 ("
+ 1 dz0;S(0,7;0, —u') + 1 dz9;5(0,7;0,0")

—Uu

1 v 1)/ 'U/
+—/ di/ dic’/ dz' 0,04 5(0,7;0,7").
4 —u —u’ —u’

For an interval between (¢, x) and (¢',2’) in Minkowski spacetime, where the two points are
timelike separated, the timelike Rényi entropy is

S (t I't/ ZL'/) o logtr(po’A)n"l’—>it+e,7”—>it’+e’
n\% Ly &y L

1-n
2
= }_Lnl log |:AS2 +2i(e — €)(t — t/)} )
As? = —(t —t") + (z — )2 (6.18)

The imaginary part of this entanglement acts like a phase around the exceptional points,
where, as the time difference (¢ — t') increases, this phase also increases. The universal
imaginary part of the timelike entanglement entropy is a constant, “TTC, whose significance
with respect to exceptional points could be studied further.

In figure 24, the real and imaginary parts of timelike entanglement entropy are shown.
One can see that decreasing (3, or increasing temperature, increases the real part of the
entanglement entropy to the point that it can diverge, as expected. The imaginary part
of the entanglement, although much smaller, behaves in the opposite way. This makes the
encircling of the exceptional point easier, which is important for quantum computation. Note
that the imaginary part encodes contextuality and non-commutativity, which can manifest at
lower temperatures. It also reflects non-unitarity, phase coherence, and analytic continuation
effects, precisely the kinds of behavior that appear near exceptional points. Moreover, it
acts as a holographic order parameter for the degree of non-orthogonality of eigenmodes and
diverges near an EP.

This behavior is also consistent with the results of [65], where multiple EPs were gener-
ated in two-level systems using strong imaginary coupling in a non-Hermitian Hamiltonian.
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Figure 24: The real and imaginary parts of the timelike entanglement entropy, compared in
magnitude relative to each other.

By encircling these multiple EPs, their topological structures were examined. There, it was
shown that the imaginary parts of eigenvalues bifurcate around two critical points.

In figures 4 and 5 of [65], the behavior of eigenvalue trajectories for double EPs is
shown. Due to strong imaginary coupling g, a new form of topological structure, f(z) =

(z — 21)(2 — 2z2), was found for double EPs. There, the real parts of eigenvalues show
avoided crossing while the imaginary parts show mode crossing. Consequently, the branch
cuts for real and imaginary parts differ as the real part has a single branch cut connecting
the two EPs, while the imaginary part has two branch cuts extending outward to infinity.
Similarly, the real part of TEE typically has a finite branch cut related to the replica
singularities or the “turning point” between two analytic sheets, while its imaginary part
may have semi-infinite branch cuts connected to the Wick-rotated, timelike regions of the
correlation function, extending to infinity in complex time.

For entanglement in time [50], and in holographic scenarios, when choosing between
various extremal surfaces between two intervals in time, one can select the minimal real
part. This approach seems to work when the endpoints of A and B are close to null sepa-
ration. However, in more complicated situations, for instance, in QCD models or at finite
temperature, non-physical results might arise, requiring a microscopic analysis of timelike
entanglement entropy. We propose that the topological branch cuts in photonic exceptional
points in optics and quantum information could offer a path to examine these structures
further.

One can treat the “past” interval AB as the input matrix legs and the “future” subsystem
CD as the output legs. In [50], it is mentioned that from the MPO representation, only 2y
singular values would be nonzero. They also found that, similar to our results in [10,13],
the singular values follow an exponential decay, as T' can be represented by an MPO.

In [50], they used the notion of 2-imagitivity, which captures the quantum correlations
that propagate through time, unlike standard mutual information. For this measure, [50]
found the following inequalities,

{[04(0), O(®)])]
10ll2]|OBl2

< ||Tup — Tizlle, (6.19)

and

[([04(0), Op(1)])]
10all2[|OB|2

where O4 and Op are bosonic operators. Based on the connections we found, and since
2-imagitivity is a measure of the non-Hermitian character of the spacetime density matrix,

1Tan = Thpll2 < (6.20)

dimH 4
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these two inequalities could also place constraints on the distances between branch cuts
of EPs, similar to those in [65]. Near EPs, commutators are amplified. For example,
in optomechanical sensors, EPs detect deformed commutators with quantum-noise-limited
bounds. The distance A between double EPs must be large enough to allow measurable
commutator growth but small enough to avoid exponential suppression. For instance, if
imagitivity scales as 1/ VA near EPs which is due to square-root branching, the inequalities
constrain A to values where commutators remain finite but detectable, e.g., A 2> 1/(dim H 4 -
).

Finally, in this regard, there could be interesting connections between the timelike tube
theorem [66] and EPs. The timelike envelope E(U) includes all points that one can reach
by starting with a timelike curve in U and slightly deforming it while keeping endpoints
fixed, so A(U) = A(E(U)), where A(U) is the algebra of observables for a region U. For
this specific theorem to hold, the system should be Hermitian and real-analytic, so that the
spacetime geometry could be extended to complex numbers in a smooth way. Interestingly,
behaviors like those in PT-symmetric theories suggest that timelike tubes could exhibit
“encircling” effects as traversing parameters around an EP might switch system branches,
altering causality or entanglement in E(U), similar to how EPs enable chiral transport or
enhanced sensing. Then, E(U) is built from deforming timelike curves with fixed endpoints.

In the timelike tube case, Fig. 25, one considers the analytic continuation of field solutions
in the complexified spacetime and the consequent uniqueness of continuation from U to
E(U). For EPs, analytic continuation of eigenvalues and eigenvectors of a non-Hermitian
operator in complex parameter space shows that branch points (EPs) are singularities of this
analytic continuation. Both are controlled by the same type of object which is a determinant,
a boundary-value functional, or equivalently the poles or zeros of the resolvent or Green’s
function. This suggests a mathematical mapping that is worth studying further.

In a non-Hermitian setup with EPs, the effective dynamics like wave equations or prop-
agators could become non-unitary or exhibit amplified or divergent behaviors near the EP.
This might shrink or distort E(U), as deformations could encounter branch points where
uniqueness breaks, for instance, multiple “branches” of solutions emerge, or the envelope
boundaries become ill-defined beyond null geodesics. In extreme cases, F(U) could fragment
or fail to form a connected region, especially if EPs introduce instabilities in high-energy
modes. Thus, introducing EPs would likely invalidate or require major modifications to the
timelike tube theorem, as the core assumptions of analyticity and Hermitian structure break
down. The envelopes E(U) would become non-unique, distorted, or limited in extent.

Figure 25: Schematic of the timelike tube E(U). Introducing EPs and non-Hermiticity into
the system could shrink or distort E(U), cause multiple “branches” of solutions to emerge,
or make the envelope boundaries ill-defined beyond null geodesics.
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Another interesting point worths to mention here is the recent consideration of an “ob-
server” in a form of a clock [67,68], a charged black hole in de Sitter space [69], or two coupled
SYK systems [70,71], which can mimic the properties of an open quantum system and to
explain properties such as complex phase space in the one-loop gravitational path integral.
These observers, by continuous monitoring can enhance chaos in the systems similar to EPs
and can cancel the complex phases.

7 EPs, f-vacuum of QCD and winding numbers

In this section, we further study the connections between EPs and various other structures
in QCD. Specifically, based on the winding number in QCD, we define a winding number for
EPs and compare their structures. We also study the connections between the “functional
renormalisation” (fRG) method and the emergence of different topological sectors based on
the Chern-Simons number, EPs, and complexified time-dependent entanglement entropy.

The topological structures and EP encircling can be related to the QCD instantons. The
EPs exhibit nontrivial topology in parameter space, such as Riemann surfaces or branch
cuts. QCD, on the other hand, also has topologically nontrivial vacua, such as instantons
or non-perturbative tunneling and #-vacuum structures. So EP encircling can simulate such
topological phase changes, which is the aim of this section.

In [72], the system is analyzed using the adiabatic Born-Oppenheimer approximation
where fast fermion modes are “integrated out” first, yielding an effective potential U(a) for
slow gauge variables a,. EPs occur where pairs of fermion energy levels, where one is left-
handed and one is right-handed, cross zero energy, e.g., at gLa = 27 (n+ %) for SU(2), where
g is the coupling, L the spatial size, and n an integer. These points divide the configuration
space into sectors with different fermion occupations in the Dirac sea. At EPs, the adiabatic
approximation breaks down because the Dirac sea restructures, causing spectral flow, which
is a topological shift in fermion modes, and then non-adiabatic transitions occur in the
system.

The 6-angle parameterizes superpositions of these vacua with n the topological charge.
EPs mark boundaries between topological sectors, enabling tunneling between wells via
instanton-like paths. This resolves vacuum selection and generates condensates. EPs en-
hance tunneling between vacua which have overlap ~ exp(f7r3/ 2gL), boosting condensates
and explaining why adjoint fermions break continuous axial symmetry while preserving dis-
crete Zy, conflicting with topology to yield the #-structure. So EPs mathematically bridge
non-Hermitian spectral singularities to QCD topology, as they mark sector boundaries, in-
duce spectral flow via anomalies and index theorems, shape multi-well potentials, and enable
the #-superposition through instanton-like tunneling.

In [73], the f-angle physics of QCD under pressure, with its strange and isospin phase
diagrams, has been discussed. There, it was shown that for degenerate quark masses, one
could induce a superfluid transition by varying 6 while keeping the isospin p; and strangeness
ws fixed. This is actually related to our work here, which connects exceptional points with
degeneracy to QCD phase transitions. Around 6 = 7, there is a novel parity-preserving
superfluid phase. At # = 0, there are two different superfluid phases, namely the Pion
and Kaon phases, whose emergence can be characterized by the onset of Pion and Kaon
condensation, and also by the emergence of exceptional points in the system. The transition
between the Pion and Kaon phases does not depend on the 6 angle except in the limit of
degenerate quark masses. This behavior as a function of § and the divergence around 6 = 7
is shown in figure 26.

As in [74], the f-vacuum of Quantum Chromodynamics, in terms of the winding number,
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can be defined as
Lhep = —0w(x), (7.1)
where here

9

= 163 Tr[G ., GH] (7.2)

w(x)
is the winding number density, and its integral [ d*rw(z) = v is the winding number of the
field configuration. Here, G, is the QCD field strength tensor, and G;w = %GWMGP" is
its dual. The vacuum structure of QCD then depends on the winding number. If we have a
complex source for the f-term or the quark chemical potentials, a non-Hermitian AdS/QCD
system could be modeled.

For the case of EPs, one can also define the winding number as in [75], where, for instance,
in the case of EP3, the winding number Wj is

cigkl
W3 = 92 /dgpfijklv fijri = n;01n;0anyO3ny, (7.3)
Here, n = R/vR - R, where R is the radius of a three-dimensional sphere surrounding the
EP3 and p = (p1,p2,p3)T is a point on this sphere. So, eijklfijkl = eijklnialnjagnkagnl
corresponds to Tr[G,, GM].
For EPn in n — 1 dimensions, we have

1.l —1
Wi—o = GAT/dnfzpfu...in_“ firoin_1 = My O1M4y 02Ny ...On—2M, (7.4)
This can then be extended to the case of QCD.

To consider the interplay between Abelian and non-Abelian topology and for further
extensions, as in [75], it has been proposed that non-Abelian contributions are expected to
emerge when additional bands are added, i.e., EP,, in m-band models with m > n. For these
classification schemes, the braiding of complex eigenvalues around EP,, should be accounted
for. Note that if symmetries are present and symmetry-protected EP,, exist, the effective
dimension reduces from 2n — 2 to n — 1.
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The Euclidean action of QCD with the #-term over the spacetime volume V is
1
Sp = /V dz <2Tr[GWGW] —ibw(z) + g(—iv, D, + M)q)
= Sqg — v + / d'z 4(=iv, Dy + M) q, (7.5)
v

where ¢ is the quark field, D, is the QCD gauge covariant derivative, M is the quark mass
matrix and

1
Se = / e 2 TH G G, (7.6)
v 2

is the gluon action.
Next, one could postulate a corresponding Euclidean action for photonic systems with
exceptional points which for the case of EP3 in 3-dimensions we propose the following terms

Se(EPs) = Sceps — 10W;3 + /d3p Tr[e=AHP)],

1
ScEPs = /d3p§’I‘r[ni81nj82nk83nz],
1 g
W3 = 52 d3pe”klni81nj83nl. (7.7)

This action could help to better understand the interplay between topologies and the
emergence of exceptional points. Then, one could connect the topological susceptibility in
QCD with the topological structures of non-Hermitian EPs.

As in [74], using the Euclidean action with the 6-term in QCD, one can write the partition
function as

+oo
Z(0) = /[DAM] exp(—Sg + i0v) det(—iv, D, + M) = Z ez, (7.8)

v=—00

which is a path integral over the gauge-field configurations characterized by the winding
number v. Similarly, for the case of exceptional points in 3D, one can define

Zw, = /dgp exp(—iSgEps) TrB[e*ﬁH(p)], (7.9)
where Trp here denotes the biorthogonal trace
Trp0] =) (wrl O, (7.10)
n
and then similar to the case of QCD, one can have a probabilistic interpretation for

Zw,
= = 7.11
which is the probability to find an exceptional point with winding number W3. Then, by
considering the n'' derivative of Z(6) at § = 0, one gets

. 1 oz
(W3 )o=o = 20 =0) {59"}9_07 (7.12)
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and similarly here Z could be regarded as the moment-generating function of the distribution
of the winding number W3 for the exceptional points. Next, the topological susceptibility
for EPns can be defined as

Xtop = <m‘//'§>. (7.13)

This quantity is important in studying the topological effects of the emergence of EPs
in various systems. For instance, in [76], it was shown that non-Hermiticity enhances the
properties of Majorana zero modes and the edge states of topological superconductors. In
fact, in [73], it has been shown that by considering the strange quark mass heavier than the
degenerate up and down quark masses, the properties of QCD at 6 ~ 7 can be derived. In
this region, two vacuum states coexist and become degenerate at § = w. So the point at
0 = 7 is an exceptional point for this system, and it causes the amplification of CP-violating
effects near 6 ~ 7, which is the “dash line” where vacua destabilize. In works such as [77],
the CP-odd sector and 6 dynamics in holographic QCD have been studied.

Also, in [78], the #-vacuum from “functional renormalisation” (fRG) has been studied.
There, the topological properties of a quantum mechanical system with a U(1) symmetry
(quantum rotor model), such as vacuum energy structure and topological susceptibility,
have been analyzed. The 6-term in this model creates topological effects, like splitting
the vacuum into “sectors” based on Chern-Simons numbers, which then lead to interesting
behavior in the system, such as changes in the energy and effective potential based on
the parameter 6. Specifically, they used the complexification of the flow equation and the
symmetry (U(1) — C), because the “spinning” in the model can only be described by a
complex field, which has both magnitude and direction.

The action of their model could be written as

m.,.. 0 .. X
Sle] =/ S — (e =9 ) + V(e )|, (7.14)
12 4
which for a complex field ¢ = re’” would lead to
_ m. .o 2'27-&2‘ 9,2 132
S/T{Q(T + r9°) 127T7'19+4(r 1)] (7.15)

For the case of g — o0, the ‘@’-term becomes topological and has the value 10v, where v is
a winding number and v € Z.
The energy level then depends on 6 as

1 0

and the ground-state energy is periodic in 6, indicating the topological nature of the model.
The zero-point energy here would be proportional to /g as

EO©(g) = %7 (7.17)

where g is the coupling parameter in the potential

9

Lo = 1)% (7.18)

V(e p) =
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So the stronger the coupling and potential wall, the larger the zero-point energy would be.
Also, for the radial mean-field value r = 7, the energy levels are

1 07\°

So, one would expect that for 6 = 273—2", there would be exceptional angles and exceptional

lines.

In [78], the non-analytic structures correspond to level crossings between different topo-
logical sectors, which are indexed by winding number v and are given explicitly by 6r2 =
(2n — 1)m. This leads to cusp-like and non-differentiable behavior in the vacuum en-
ergy. The full potential can then be constructed by taking the minimum over a set of
sector-wise potentials V,,(r2,6), where each corresponds to a fixed winding number n, as
V(r2,0) = min,V,(r2,0). This structure is the source of non-analyticities, as different
branches dominate in different regions of parameter space.

Their method, which involves computing sector potentials with fixed winding number
and recombining, is mathematically similar to building a multi-sheeted analytic continuation
or choosing branch representatives per sector and gluing them. This is the correct procedure
if one wants to reveal branch points or EPs that lie between sectors. These cusps and non-
analyticities as a function of 6, and the transitions between sectors (branch switches), are
reminiscent of the topology around EPs and also could reflect how energy levels behave
near an EP. Again, the summation over topological sectors is related to the coalescence of
eigenvalues and eigenvectors.

Furthermore, based on this work and others such as [79], the case of § = 7 is often a
critical value where the vacuum structure changes dramatically. For example, it can lead
to degenerate vacua, spontaneous symmetry breaking (e.g., CP or time-reversal symme-
try), phase transitions, time-reversal anomalies, vanishing mass gaps, or level degeneracies.
The partition function in this model, and also the effective potential, have 6-dependences.
Specifically, this shows that the effective potential exhibits non-analytic structures originat-
ing from its semi-topological properties, similar to the effects of the end-wall in confining
geometries as in [10,13].

Also, the piecewise-defined minimal and multi-sector potential and the resulting mul-
tivaluedness are directly analogous to the Riemann-surface picture around EPs. This is
related to the non-Hermitian transition operator Tr(,ogBB)” and time-like entanglement en-
tropy, as in [80], where it has been shown that the reflected entropy for timelike intervals
is twice the timelike entanglement wedge cross section. This supports our picture of EPs
and the #-vacuum as the summation of topological sectors and the coalescence of eigenval-
ues/eigenvectors.

Moreover, [80] stresses that some flow setups such as flow with a simple complex fre-
quency or without topological resummation fail to capture the ground-state level crossing.
In non-Hermitian parameter space, a true EP is where two levels coalesce rather than cross
trivially. Capturing this requires the correct analytic continuation as if the regulator or
truncation distorts the analytic continuation, the EP or branch structure may be missed or
misrepresented.

However, there are also differences as the non-analyticity in the §-vacuum arises from the
topological summation over sectors, whereas EPs arise from the coalescence of eigenmodes
in non-Hermitian parameter space. Nevertheless, under suitable mappings (e.g., synthetic
gauge fields or complexified parameters), photonic analogues of @-vacuum cusps could be
constructed, mimicking topological transitions as EPs or EP lines. Thus, level crossings in
the f-vacuum could manifest as photonic EP-like transitions.
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7.1 Numerical investigation of EPs in f-vacuum QCD model

For the U(1)-symmetric quantum system, the partition function can be written as [78]
Zeldi) = [ Dpe-Stvasatiief, 53" (7.20)
where here the cutoff term AS [QAS] is quadratic in the field that is coupled to the source,

ASi6] =5 [ al-PIRE@n(o). (7.21)

where Ry (p) is the momentum-dependent mass term, and this affects the dispersion of the
field ¢.

The flow equation for the effective action, which is the Legendre transform of log Zy[Jy],
can be written as

(—p,p) R (p), (7.22)

1 1
8trk[¢] = § [MD lr§2) [qb] t R,

and I‘ff?lb (p, q) is the full two-point function which can be written as

ba

2
(2) 0°I's
r'® (pg) = ——5 7.23
P9 = S ) (72
When the theory flows towards the UV, the bare action is
I'asoc[d] = Slel¢l] + Aluv[g]. (7.24)

which can be the result of a cutoff term, such as the gluon mass term in QCD.

An interesting phenomenon is the ‘topological freezing’ on the lattice, which its relation
to EPs and T4 could be studied. In the functional renormalization setup which, instead of
summing over topological sectors, we have a 6-term in the effective action, the flow equation
develops a pole and the RG flow breaks down at intermediate scales, as the computation
terminates around 6 ~ 27, and another EP similar to the confining end-wall would form
there. The flow equation would be

12 m k*(mk? + 2V} + 2r2V))

OV = — . 7.25
R T E T (mk? 2V + 4r2V) (7.25)

In order to investigate this phenomenon, the integro-differential form of the Cartesian field
o could be written as

2 .
T Zlimg o 3 / D@e_s[w Flrasiea e (7.26)

where ¢ has non-trivial windings, in the limit of 5 — oo where the regulator term would
diverge.

This failure is named topological freezing, where the RG regulator and the chosen setup
suppress the fluctuations that change a topological sector, so the flow cannot tunnel between
sectors and in this method “freezes” the topology during the flow. This method has been
contrasted with complexifying frequencies and performing a topological resummation which
avoids that particular breakdown.
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Figure 27: The result of a numerical simulation of the Schrédinger eigenproblem that
searches the complex #-plane for EPs for g = 30. The crossing (no coalescence) is around
Ocana =~ 3.6416 — 3.27 x 10774, and Ey ~ 3.4794107 and E; ~ 3.8785131 + 3.08 x 10~4i.

In this model, if strictly one solves the Schrodinger equation, no real EP could be found
as the crossing of Ey and F; is decoupled, as one could see in figure 27.

However, by adding a small angular coupling eV (r) cos ¢ which mixes sectors, one
can build the full block Hamiltonian and scan the complex 6. Then, after a coarse scan near
0 ~ m, we could find a real second-order EP and check the behavior of monodromy plots for
various radii which is the size of the circular path we draw around the suspected EP in the
complex-parameter plane, as shown in figure 28.

With r = 0.03, we find a real second-order EP around

Opp ~ 4.21986 + 1.4 x 1075 (7.27)

where 0(®) = 0pp +re’®, 0 < ¢ < 2.

For bigger r, we actually enclose other singularities or regions where the eigenvalue
surfaces are already well separated. So the results for » = 0.03 would be enough for our
case, and only after one loop do we have monodromy permutation and eigenvalues swap.

The authors of [80] also noted that the Litim regulator deforms the analytic structure
in frequency space while a Callan-Symanzik (CS) regulator preserves it better. So regulator
choice can also change whether the flow sees the analytic structure that would host EPs or
not. In EP language, one could say that a badly chosen deformation or truncation can move
branch cuts or eliminate the correct multi-sheet connection, hiding EPs.

7.2 Controlled non-Hermitian deformation of #-vacuum toy model

In the #-vacuum model, we know that at 8 ~ 7, the effective theory has two nearly degenerate
topological branches.

From the action 7.14, the second term, which is the #-term becomes a topological term
as

B
% ; dr ("¢ — @*p) =10 v, (7.28)

where v is the winding number and v € Z.
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Figure 28: Monodromy plots for various . From top-left to bottom-right, » = 0.01, » = 0.03,
r =3, r =10, and r = 20. The results came from a numerical simulation of the Schrédinger
eigenproblem of [78], with small coupling eV (r) cos ¢ and searching for exceptional points.

Also, from the action, the extended Hamiltonian would be

1 1 0+ ic 2 g
H=—II My — ——7r? ) +=(r* = 1) 2
2m T+2mr2< v 2 T) +4(T )% (7.29)
where the canonical momenta are
. 0
I, = mr, Iy = mr?d + 2—7"2. (7.30)
T

Then, we can make 6 complex as  — 6 + ie, and then similar to works such as [70,71],
we can study Liouvillian, dissipative gap and the spectrum of the deformed operator as a
function of e.
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At low energy, r is localized near r = 1, so T% — 1, and the radial excitations decouple,
and the angular energy levels would be

En(e) = — <n _0 ”6> . (7.31)

2m 2

Near # = 7w, we have degeneracy, and can expand around it by defining 60 = 6 — 7.
Then, the effective Hamiltonian would be

Hos— Eol (a 52 + ine . gge_ wﬁ) (7.32)
where o ~ ﬁ, and -, k are real constants fixed by the angular sector.
In fact, if we consider the exact deformed Hamiltonian, we could write
(n| H(e) [n) = B +iey, + O(%), (7.33)
which
e (- ). o

So 7 is the rate at which the energy of each angular sector moves into the complex plane.
Also, k is a second order induced non-Hermitian mixing, coming from the projection onto
finite subspace, integrating out higher angular modes or radial excitations, or allowing weak
environmental coupling. So we can write

€ Z (0| Ly — /27 |a) {a| Ty — /27 |1)
2mrin Ey— E, ’

~

(7.35)

This parameter actually comes from virtual transitions through eliminated states and is zero
if the system is closed. Note that in low energy and in subspace r — 1.
The eigenvalues of the Hamiltonian are

At = Eg 4 /a2602 — (k2 — 42)€2 + 20 aydf e, (7.36)
which for the EP, gives the condition of
a?50% = (k% — 7?)é?, (7.37)

where 06, and € are real. At these points, the eigenvalues and eigenvectors coalesce, the
Hamiltonian becomes non-diagonalizable and the spectrum exhibits a square-root branch
point.

The Liouvillian, ‘;—’t’ = L(p), using the Lindblad formalism would be

L=—i[Hyp +Z( oLl — LT Lu,p}> (7.38)

Recently, in [81], the operator size growth in Lindbladian SYK model has also been studied.
For our #-term model, as the angular degree of freedom is the main structure, a minimal,
controlled choice for L would be

L=z (Hﬁ - 297r> . (7.39)
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The dissipative gap then would be

€ 0\ >
Agiss = 3 (1 - ) ; (7.40)

which closes near 6 = 7.
If we define A =1y — 0/27, the Liouvillian could be written as

1
Lo = ~iltnpl + | 494~ 31420} (r.a1)
and in the angular momentum eigenbasis we have
Aln) =apnn), a,=n—40/2m. (7.42)

Then, for n # m, we have

dprm
dt

= {71(En —En) — g(an — am)ﬂ Prm; (7.43)

and therefore, the Liouvillian eigenvalues are

Anm = _g(an a am)2 ~ Z(En - Em)- (744)

The retarded Greens function then would be

R w+ (A —igdy)o, + iekoy
= .4
e Sy N g pvm (7.45)

where its poles are at

wi = £/ (A —igdy)? — (er)2. (7.46)
Based on the Liouvillian eigenvalues, one can decompose the Green’s function as
|[nm) (nm)|

)= 2 T o 0P 4B F)

(7.47)

where |nm) = |n) (m| are coherence modes which diagonalizes the Liouvillian superoperator,
and a, =n — % is the f-shifted angular momentum eigenvalue.
From this Green’s function, the closest pole to the origin would be

2
e minS(a, —a2=S(1-?
Adlss - 7173&171711 2(an am) — 2 (1 71') 3 (748)

where it becomes long-lived at 6 = 7, and signals dissipative criticality there.

8 Conclusion

In this note, based on the behavior of fidelity susceptibility, chiral symmetry breaking, and
the number of spectra and coalescing levels, we proposed the holographic dual of optical
exceptional points to be the end-wall in holographic confining geometries, and based on the
order of EPs and their numbers in the system, we connected them with the hard-wall or
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soft-wall models. We also discussed the effects of both the EPs and end-wall on the chaos.
Specifically, for different patterns of gain and loss we discussed the holographic spectra and
showed that they match the behaviors coming from optical experiments. For symmetric
pumping pattern in the ternary coupled microcavity model like the anti-P7T sweep, we built
the eigenvalue trajectories, radial profiles of the dominant lasing eigenmode, and also showed
the behavior of growth rates of modes. We also built the phase diagram distinguishing
unbroken P7 versus broken P7 phase.

Then, we specifically discussed a “soft-wall” holographic model of EPs and applied the
Ferrell-Glover-Tinkham (FGT) sum rule for different patterns of pumping. In those systems,
we swept the parameter space and studied the transfer fraction of spectral weight into the
coherent lasing peak as a function of coupling and pumping gain/loss. Then, we extended the
model into the inhomogeneous case of a lattice with three sites and studied the behavior of
EPs and the FGT sum rule. We also showed how, by analyzing the behaviors of eigenvalues
and eigenvectors, we could draw an analogy between the effects of the confining end-wall
and EPs on the chaos in the system and showed they behaved similarly. There, we also
studied the phase rigidity and Petermann factor numerically, using the holographic model
we built based on AdS/QCD. By changing coupling g or gain/loss v for each case, we found
an exceptional point for each scenario.

Next, we studied the connections between timelike entanglement entropy and photonic
exceptional points. Specifically, for this connection, we used the Kirkwood-Dirac-type dis-
tribution, which we used to describe both EPs and timelike entanglement entropy. We also
sketched the real and imaginary parts of the KD distribution for different + (gain/loss), and
then we went through the details of the connections between EP and TEE.

Finally, in our last section, we studied the connections between EPs and the #-vacuum of
QCD. For both cases, we studied the winding number and connected those terms together.
Then, in a #-vacuum model which has been studied by “functional renormalisation” (fRG),
which has different topological sectors based on Chern-Simons number, we searched for
exceptional points which we could not find. Then, we perturbed the system by a small
angular coupling and again searched for EPs, where we found a real 2nd-order EP. For
this model, we also presented the monodromy plots for various radii around the exceptional
point.

This work can be extended and continued in many directions. For instance, these EPs
could be found in various other models of QCD and condensed matter. Exceptional points
could be applied in studying various other decay processes in QCD and quantum field theory.
The numerical results from our holographic model could be compared to other experimental
results. Different patterns of pumping could be constructed holographically and numerically,
and the best setup for experiments and applications could be proposed. The connections
between various recent measures of chaos and EPs could be built more rigorously. The
timelike entanglement entropy, through EPs, could be applied to probe various quantum
and optical systems, and the connections between neglectons and EPs could be constructed
more firmly. We plan to address some of these problems in our future works.

Data Availability

The manuscript has no associated data or the data will not be deposited.



56 Mahdis Ghodrati

Conflicts of Interest

The author declares that there is no conflict of interest.

Ethical Considerations

The author has diligently addressed ethical concerns, such as informed consent, plagiarism,
data fabrication, misconduct, falsification, double publication, redundancy, submission, and
other related matters.

Funding

This research did not receive any grant from funding agencies in the public, commercial, or
non-profit sectors.

Acknowledgment

I would like to thank Shahin Rouhani, Jun Nian, Wu-zhong Guo, Aireza Manavi, Mostafa
Mohajeri, and the Quantonix startup group for useful and interesting discussions. ChatGPT
has been used for developing Python codes and editing.

References

[1] M. Ghodrati, "Schwinger effect and entanglement entropy in confining geometries”,
Phys. Rev. D 92(6), 065015 (2015). DOI: 10.1103/PhysRevD.92.065015.

[2] M. Ghodrati, "Hyperscaling violating solution in coupled dilaton-squared curvature
gravity”, Phys. Rev. D 90(4), 044055 (2014). DOI: 10.1103/PhysRevD.90.044055.

[3] M. Ghodrati, "Beyond ads space-times, new holographic correspondences and applica-
tions”, other thesis (2016). arXiv:1609.04168.

[4] M. Ghodrati, ”Complexity growth in massive gravity theories, the effects of chirality,
and more”, Phys. Rev. D 96(10), 106020 (2017). DOI: 10.1103/PhysRevD.96.106020.

[5] M. Ghodrati, ”Complexity growth rate during phase transitions”, Phys. Rev. D 98(10),
106011 (2018). DOI: 10.1103/PhysRevD.98.106011.

[6] M. Ghodrati, X.-M. Kuang, B. Wang, C.-Y. Zhang, and Y.-T. Zhou, "The connection
between holographic entanglement and complexity of purification”, JHEP 09, 009
(2019). DOI: 10.1007/JHEP092019009.

[7] Y.-T. Zhou, M. Ghodrati, X.-M. Kuang, and J.-P. Wu, "Evolutions of entanglement and
complexity after a thermal quench in massive gravity theory”, Phys. Rev. D 100(6),
066003 (2019). DOI: 10.1103/PhysRevD.100.066003.

[8] M. Ghodrati, ?Complexity and emergence of warped ads3 space-time from chiral liou-
ville action”, JHEP 02, 052 (2020). DOI: 10.1007/JHEP022020052.



[9]

Photonic Exceptional Points in Holography and QCD 57

M. Ghodrati, "Entanglement wedge reconstruction and correlation measures in mixed
states: Modular flows versus quantum recovery channels”, Phys. Rev. D 104(4), 046004
(2021). DOI: 10.1103/PhysRevD.104.046004.

M. Ghodrati, ”Correlations of mixed systems in confining backgrounds”, Eur. Phys. J.
C 82(6), 531 (2022). DOI: 10.1140/epjc/s10052-022-10481-z.

M. Ghodrati, "Critical distance and crofton form in confining geometries”, J. Korean
Phys. Soc. 81(2), 77 (2022). DOI: 10.1007/s40042-022-00523-w.

M. Ghodrati, "Encoded information of mixed correlations: The views from one dimen-
sion higher”, JHEP 08, 059 (2023). DOI: 10.1007/JHEP082023059.

M. Ghodrati, ”String scattering amplitudes and mutual information in confining
backgrounds: The partonic behavior”, Phys. Rev. D 112(4), 046011 (2025). DOI:
10.1103/PhysRevD.112.046011.

M. Ghodrati and D. Gregoris, "On the curvature invariants of the massive banados-
teitelboim-zanelli black holes and their holographic pictures”, Int. J. Mod. Phys. A
37(34), 2250202 (2022). DOT: 10.1142/S0217751X22502025.

M. Ghodrati and A. Naseh, "Phase transitions in bergshoeff-hohm-townsend massive
gravity”, Class. Quant. Grav. 34(7), 075009 (2017). DOI: 10.1088/1361-6382/aa634f.

M. Ghodrati, K. Hajian, and M. R. Setare, "Revisiting conserved charges in higher
curvature gravitational theories”,  Eur. Phys. J. C 76(12), 701 (2016). DOLI:
10.1140/epjc/s10052-016-4550-6.

M. Ghodrati, ”Chaos, phase transitions and curvature invariants of (rotating,
warped, massive) btz black holes”, AIP Conf. Proc. 2874(1), 020012 (2024). DOI:
10.1063/5.0216490.

W. D. Heiss, "The physics of exceptional points”, Journal of Physics A: Mathematical
and Theoretical 45, 444016 (2012). DOI: 10.1088/1751-8113/45/44/444016.

E. J. Bergholtz, J. C. Budich, and F. K. Kunst, ”"Exceptional topology of non-
hermitian systems”, Rev. Mod. Phys. 93(1), 015005 (2021). DOI: 10.1103/RevMod-
Phys.93.015005.

A. Fatemiabhari and C. Nunez, "From conformal to confining field theories using holog-
raphy”, JHEP 03, 160 (2024). DOI: 10.1007/JHEP032024160.

H. Geyer, W. Heiss, and F. Scholtz, "The physical interpretation of non-hermitian
hamiltonians and other observables”, Canadian Journal of Physics 86, 1195 (2008).
DOLI: 10.1139/p08-060.

M. Bianchi, M. Firrotta, J. Sonnenschein, and D. Weissman, "Partonic behavior of
string scattering amplitudes from holographic ged models”, JHEP 05, 058 (2022).
DOI: 10.1007/JHEP052022058.

Z. Gong, M. Bello, D. Malz, and F. K. Kunst, ”Anomalous behaviors of quantum
emitters in non-hermitian baths”, Phys. Rev. Lett. 129(22), 223601 (2022). DOI:
10.1103/PhysRevLett.129.223601.



58

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

Mahdis Ghodrati

Z. Gong, M. Bello, D. Malz, and F. K. Kunst, "Bound states and photon emis-
sion in non-hermitian nanophotonics”, Phys. Rev. A 106(5), 053517 (2022). DOI:
10.1103/PhysRevA.106.053517.

M. Jahangiri, G.-M. Parsanasab, and L. Hajshahvaladi, ”"Observation of anti-pt-
symmetry and higher-order exceptional point pt-symmetry in ternary systems for single-
mode operation”, Scientific Reports 15(1), 4823 (2025). DOI: 10.1038/s41598-025-
85623-w.

M.-A. Miri and A. Alu, "Exceptional points in optics and photonics”, Science 363,
(2019). DOI: 10.1126/science.aar7709.

N. Michel, W. Nazarewicz, J. Okolowicz, and M. Ploszajczak, "Open problems in the
theory of nuclear open quantum systems”, Journal of Physics G: Nuclear and Particle
Physics 37, 064042 (2010). DOI: 10.1088,/0954-3899/37/6/064042.

W. D. Heiss, ”Chirality of wavefunctions for three coalescing levels”, Journal of
Physics A: Mathematical and Theoretical 41, 244010 (2008). DOI: 10.1088/1751-
8113/41/24/244010.

Z.-Y. Xian, D. Rodriguez Fernandez, Z. Chen, Y. Liu, and R. Meyer, ”Electric
conductivity in non-hermitian holography”, SciPost Phys. 16(1), 004 (2024). DOI:
10.21468/SciPostPhys.16.1.004.

W. D. Heiss and S. Radu, "Quantum chaos, degeneracies, and exceptional points”,
Phys. Rev. E 52, 4762 (1995). DOI: 10.1103/PhysRevE.52.4762.

M. V. Berry and M. Tabor, "Level clustering in the regular spectrum”, Proceedings of
the Royal Society of London Series A 356, 375 (1977). DOI: 10.1098/rspa.1977.0140.

M. Bianchi, M. Firrotta, J. Sonnenschein, and D. Weissman, "Measure for chaotic
scattering amplitudes”, Phys. Rev. Lett. 129(26), 261601 (2022). DOI: 10.1103/Phys-
RevLett.129.261601.

M. Bianchi, M. Firrotta, J. Sonnenschein, and D. Weissman, "Measuring chaos in
string scattering processes”, Phys. Rev. D 108(6), 066006 (2023). DOI: 10.1103/Phys-
RevD.108.066006.

N. Savic and M. Cubrovic, "Weak chaos and mixed dynamics in the string s-matrix”,
JHEP 03, 101 (2024). DOIL: 10.1007/JHEP032024101.

W. D. Heiss and A. L. Sannino, ”"Transitional regions of finite fermi systems and quan-
tum chaos”, Phys. Rev. A 43, 4159 (1991). DOI: 10.1103/PhysRevA.43.4159.

M. Golubitsky and W. Langford, "Pattern formation and bistability in flow between
counterrotating cylinders”, Physica D: Nonlinear Phenomena 32(3), 362 (1988). DOI:
10.1016/0167-2789(88)90063-2.

K. Qu, S. Meuren, and N. J. Fisch, "Creating pair plasmas with observable collective
effects”, Plasma Physics and Controlled Fusion 65, 034007 (2023). DOI: 10.1088/1361-
6587 /acb080.

J. Wiersig, "Petermann factors and phase rigidities near exceptional points”, Phys.
Rev. Res. 5(3), 033042 (2023). DOIL: 10.1103/PhysRevResearch.5.033042.



[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

Photonic Exceptional Points in Holography and QCD 59

W. D. Heiss, "Repulsion of resonance states and exceptional points”, Phys. Rev. E 61,
929 (2000). DOI: 10.1103/PhysRevE.61.929.

F. Klingl, N. Kaiser, and W. Weise, 7Effective lagrangian approach to vector
mesons, their structure and decays”, Z. Phys. A 356(2), 193 (1996). DOLI:
10.1007/s002180050167.

H. Hodaei, A. U. Hassan, S. Wittek, H. Garcia-Gracia, R. El-Ganainy, D. N.
Christodoulides, and M. Khajavikhan, "Enhanced sensitivity at higher-order excep-
tional points”, Nature 548(7666), 187 (2017). DOI: 10.1038/nature23280.

X.-L. Liu, C.-Y. Yue, J. Nian, and W. Zheng, "Quantum-corrected holographic wilson
loop correlators and confinement”, arXiv:2412.11107.

H. Hodaei, M.-A. Miri, M. Heinrich, D. N. Christodoulides, and M. Khajavikhan,
"Parity-time symmetric microring lasers”, Science 346(6212), 1258480 (2014). DOI:
10.1126/science.1258480.

A. Einstein, B. Podolsky, and N. Rosen, "Can quantum-mechanical description of phys-
ical reality be considered complete?”, Phys. Rev. 47, 777 (1935). DOI: 10.1103/Phys-
Rev.47.777.

N. Gisin and A. Go, "Epr test with photons and kaons: Analogies”, American Journal
of Physics 69, 264 (2001). DOI: 10.1119/1.1326080.

STAR Collaboration, B. E. Aboona et al., "Measuring spin correlation between quarks
during qcd confinement”, Nature 650(8100), 65 (2026). DOI: 10.1038/s41586-025-
09920-0.

X. Cao, M. Baggioli, H. Liu, and D. Li, "Pion dynamics in a soft-wall ads-qcd model”,
Journal of High Energy Physics 2022, 113 (2022). DOI: 10.1007/JHEP122022113.

K. Debnath, Y. Zhang, and K. Molmer, ”"Lasing in the superradiant crossover regime”,
Phys. Rev. A 98, 063837 (2018). DOI: 10.1103/PhysRevA.98.063837.

K. Doi, J. Harper, A. Mollabashi, T. Takayanagi, and Y. Taki, "Timelike entanglement
entropy”, JHEP 05, 052 (2023). DOI: 10.1007/JHEP052023052.

A. Milekhin, Z. Adamska, and J. Preskill, "Observable and computable entanglement
in time”, arXiv:2502.12240.

J. Xu and W.-z. Guo, "Imaginary part of timelike entanglement entropy”, JHEP 02,
094 (2025). DOI: 10.1007/JHEP022025094.

P. Glorioso, X.-L. Qi, and Z. Yang, "Space-time generalization of mutual information”,
JHEP 05, 338 (2024). DOI: 10.1007/JHEP052024338.

C. Nunez and D. Roychowdhury, "Timelike entanglement entropy: A top-down ap-
proach”, Phys. Rev. D 112(2), 026030 (2025). DOI: 10.1103/PhysRevD.112.026030.

W.-z. Guo and J. Xu, "Duality of ryu-takayanagi surfaces inside and outside the hori-
zon”, Phys. Rev. D 112(10), L101901 (2025). DOI: 10.1103/PhysRevD.112.1.101901.

K. Tkeda, "Timelike quantum energy teleportation”, arXiv:2504.05353.



60

[56]

[57]

[58]

[59]

[60]

[62]

[63]

[64]

[65]

[66]

[67]
[68]

[69]

[70]

[71]

Mahdis Ghodrati

K. Narayan and H. K. Saini, "Notes on time entanglement and pseudo-entropy”, Eur.
Phys. J. C 84(5), 499 (2024). DOIL: 10.1140/epjc/s10052-024-12855-x.

C. Nunez and D. Roychowdhury, "Interpolating between spacelike and timelike entan-
glement via holography”, Phys. Rev. D 112(8), L081902 (2025). DOI: 10.1103/Phys-
RevD.112.1L081902.

J. Hales, U. Bajpai, T. Liu, D. R. Baykusheva, M. Li, M. Mitrano, and Y. Wang, "Wit-
nessing light-driven entanglement using time-resolved resonant inelastic x-ray scatter-
ing”, Nature Communications 14(1), 3512 (2023). DOI: 10.1038/s41467-023-38540-3.

M. B. Hastings and T. Koma, "Spectral gap and exponential decay of correlations”,
Commun. Math. Phys. 265, 781 (2006). DOI: 10.1007/s00220-006-0030-4.

B. Nachtergaele, Y. Ogata, and R. Sims, "Propagation of correlations in quantum lattice
systems”, Journal of Statistical Physics 124, 1 (2006). DOI: 10.1007/s10955-006-9143-
6.

J. W. Yoon, Y. Choi, C. Hahn, G. Kim, S. H. Song, K.-Y. Yang, J. Y. Lee, Y. Kim,
C. S. Lee, J. K. Shin, H.-S. Lee, and P. Berini, "Time-asymmetric loop around an
exceptional point over the full optical communications band”, Nature 562(7725), 86
(2018). DOI: 10.1038/s41586-018-0523-2.

H.-Z. Chen, T. Liu, H.-Y. Luan, R.-J. Liu, X.-Y. Wang, X.-F. Zhu, Y.-B. Li, Z.-M. Gu,
S.-J. Liang, H. Gao, L. Lu, L. Ge, S. Zhang, J. Zhu, and R.-M. Ma, "Revealing the
missing dimension at an exceptional point”, Nature Physics 16(5), 571 (2020). DOLI:
10.1038/s41567-020-0807-y.

X. Dong, A. Lewkowycz, and M. Rangamani, ”"Deriving covariant holographic entan-
glement”, JHEP 11, 028 (2016). DOI: 10.1007/JHEP112016028.

W.-z. Guo, S. He, and Y.-X. Zhang, "Relation between time- and spacelike entanglement
entropy”, Phys. Rev. D 112(8), 086020 (2025). DOI: 10.1103/PhysRevD.112.086020.

K.-W. Park, J. Kim, and K. Jeong, "Double exceptional points generated by the
strong imaginary coupling of a non-hermitian hamiltonian in an optical microcavity”,

arXiv:2208.06860.

A. Strohmaier and E. Witten, "The timelike tube theorem in curved spacetime”, Com-
mun. Math. Phys. 405(7), 153 (2024). DOI: 10.1007/s00220-024-05009-3.

J. Maldacena, "Real observers solving imaginary problems”, arXiv:2412.14014.

Z. Yang, Y. Zhang, and W. Zheng, "Comments on the de sitter double cone”,
arXiv:2505.08647.

Y. Chen, D. Stanford, H. Tang, and Z. Yang, "On the phase of the de sitter density of
states”, arXiv:2511.01400.

J.-p. Zheng, J. Dukelsky, R. A. Molina, and A. M. Garcia-Garcia, "Role of exceptional
points in the dynamics of the lindblad sachdev-ye-kitaev model”, arXiv:2510.15793.

X. Liu, J.-p. Zheng, and A. M. Garca-Garca, "Inducing, and enhancing, many-body
quantum chaos by continuous monitoring”, arXiv:2602.02750.



[72]

(78]

[79]

[30]

[81]

Photonic Exceptional Points in Holography and QCD 61

F. Lenz, M. A. Shifman, and M. Thies, "Quantum mechanics of the vacuum state
in two-dimensional qed with adjoint fermions”, Phys. Rev. D 51, 7060 (1995). DOLI:
10.1103/PhysRevD.51.7060.

J. Bersini, A. D’Alise, C. Gambardella, and F. Sannino, "On the theta-angle physics of
gcd under pressure: The strange and isospin phase diagram”, JHEP 07, 252 (2025).
DOI: 10.1007/JHEP072025252.

T. Vonk, F.-K. Guo, and U. G. Meissner, ”Aspects of the qcd theta-vacuum”, JHEP
06, 106 (2019). DOI: 10.1007/JHEP062019106.

T. Yoshida, J. L. K. Konig, L. Rodland, E. J. Bergholtz, and M. Stalhammar, "Winding
topology of multifold exceptional points”, Phys. Rev. Res. 7(1), L012021 (2025). DOI:
10.1103/PhysRevResearch.7.1.012021.

R. Arouca, J. Cayao, and A. M. Black-Schaffer, "Topological superconductivity
enhanced by exceptional points”, Phys. Rev. B 108(6), L060506 (2023). DOLI:
10.1103/PhysRevB.108.L060506.

D. Arean, I. Tatrakis, M. Jarvinen, and E. Kiritsis, "Cp-odd sector and theta dynam-
ics in holographic qecd”, Phys. Rev. D 96(2), 026001 (2017). DOI: 10.1103/Phys-
RevD.96.026001.

Y. Guan, J. M. Pawlowski, and M. Yamada, "Theta-vacuum from functional renormal-
ization”, Phys. Rev. D 113(2), 025003 (2026). DOI: 10.1103/PhysRevD.113.025003.

D. Gaiotto, A. Kapustin, Z. Komargodski, and N. Seiberg, "Theta, time reversal, and
temperature”, JHEP 05, 091 (2017). DOIL: 10.1007/JHEP052017091.

X. Gong, W.-z. Guo, and J. Xu, "Entanglement measures for causally connected sub-
regions and holography”, arXiv:2508.05158.

J. Liu, R. Meyer, and Z.-Y. Xian, "Operator size growth in lindbladian syk”, JHEP
08, 092 (2024). DOI: 10.1007/JHEP082024092.



	Introduction
	Photonic setup of anti-PT symmetry and higher-order exceptional point
	Holographic confining toy model of coupled ternary resonators and EPs
	The holographic lasing spectra of various pumping patterns
	Analytic eigenvalues for symmetric coupling

	Soft-wall model of EPs and the Ferrell-Glover-Tinkham sum rule
	Ferrell-Glover-Tinkham sum rule and EP in holography
	Inhomogeneous case: holographic lattice for three-site photonic EP
	Effects of exceptional points versus confining end-wall on chaos
	Holographic phase rigidity and Petermann factors around EPs

	EPs, photonic molecules and quark bound states
	Exceptional point and timelike entanglement entropy
	EPs, -vacuum of QCD and winding numbers
	Numerical investigation of EPs in -vacuum QCD model
	Controlled non-Hermitian deformation of -vacuum toy model

	Conclusion
	References

