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Abstract. In this study, we have put the mechanism for a Friedmann equation of
modified f(G) gravity by solving it with numerical method in the view of matter with
pressure-less condition. This mechanism allows us to forecast the redshift action of
expansion rate of the Hubble. Here, in this paper, we have applied a Bayesian Markov
Chain Monte Carlo (MCMC) technique, which is applying late time cosmic observances
to put limitation on the model parameters of the Gauss Bonnet. Our understanding
results in the fact that the f(G) model can restore low redshift action of the standard
(A CDM) model. We have used Hubble (OHD), Pantheon and RSD for MCMC analysis
of the logarithmic model of f(G) and to constrain parameters including Q. and Ho.
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1 Introduction

Einstein developed general relativity (GR) in 1915 as a result of his works to recognize the
gravitational pull. Describing gravity as the space-time curvature produced about by the
presence of energy and mass [1]. Dark matter [2], dark energy (DE; [3]) and the accelerated
expansion of the Universe [4] are between the phenomena that GR finds difficult to fully
illustrate, in spite of having passed many experiments [5] and continuing to be the foundation
of concurrent gravitational physics. Several impotent premises of gravity have been proposed
in reaction to these tribulations [6].

The latest observational data, such as the Dark Energy Spectroscopic Instrument (DESI)
examinations [7], Type Ia supernovae (SNe Ia; [4,8]), the Wilkinson Microwave Anisotropy
Probe experiment (WMAP; [9]), the cosmic microwave background (CMB; [10], the Baryon
Oscillation Spectroscopic Survey (BOSS; [11], and the baryon acoustic oscillations (BAO)
data sets [12], have guided researchers to evolve and modify the elementary notions of
General Relativity. The new observational documentation is considered to be better accom-
modated and resolute by these optional ideas.

The f(R) is a gravity for which f denotes the arbitrary function of Ricci scalar R, known
as modest evolution of Einstein’s gravity [13]. For the metric tensor, the equations of
motion do not contain derivative terms larger than two according to these theories. The
Gauss Bonnet (GB) term only aids to the equations of motion when linked with form like
f(¢@G) containing scalar field ¢ [14], since denotes /—g G total derivative . This kind of
compile produced in the string theory’s low energy efficient action by a dilaton graviton
mixing term [15]. Constructing feasible f(R) models that satisfy local gravity and cosmic
constraints is difficult, clearly in this comparatively basic situation. This complexity results
from a strong relation among f(R) gravity which introduced non-relativistic matter and
Dark Energy (DE) in the Einstein frame [16-26]. f(G) gravity is one such premise that has
attracted a lot of attention. G which is a GB invariant give linear combination of terms
containing Ricci scalar R, the Ricci tensor R;;, and the Riemann tensor R;ji [17,27-30],
this theory changes the Einstein Hilbert action. Together with R, it is a member of the
Lovelock scalars, an infinite class of curvature invariants.

The potentiality of f(G) gravity to demonstrate the followed late-time cosmic accel-
eration in the Universe is what makes it interesting. Instead of an uncommon source of
matter with negative pressure, this acceleration might be due to a change in gravity [31].
To comprehend the nature of dark energy (DE), an excellent deal of study has been done
newly on modified gravity [32]. Because modified gravity models are more in line with local
gravity tests and cosmic observations than models rested on exotic matter sources, they are
particularly fascinating [33]. The Shift from deceleration to acceleration and the current
accelerated expansion of the Universe which are most interesting elements of late time cos-
mology [17,20,34,35], may be explained by this theory, which is notion to be able to pass
Solar System experiments [20,35].

One of the most demanding challenges in any modified theory of gravity is to reach
to a viable and physically consistent functional form of the gravity model. While certain
theoretical huddles such as the presence of Noether symmetries, the presence of Ghost and
the stability of perturbations can be analysed at theoretical level, these considerations alone
are not sufficient. It is advised that the proposed theory should be tested against different
observational data to assess its physical relevance and validity[36]. In this regard, many
observational works on solar system data [37] and on cosmological data [38—40], such as the
confrontation with supernovae type Ia data, cosmic microwave background (CMB), baryonic
acoustic oscillations (BAO) and Hubble data have been tried [36]. Some of the impressive
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works in this context have been published. One can mention the work presented in [41],
where the authors constrained cosmological physics by employing three sets of non-Planck
CMB data and obtained a more stringent constraint on the Hubble constant compared
to non-DESI-BAO data+non-Planck CMB data, as well as reducing the significance of the
Hubble tension. The work presented in [42] reevaluated the tension Hy with the joint analysis
of non-Planck CMB and DESI BAO and and the results found are in agreement with the
one published in [41]. The work presented in [43], discussed cosmological constraints on
dark-energy models using DEST BAO measurements, proving that combining these newly
late universe probes can significantly improve constraints on cosmological parameters. It
was argued that the present combination can effectively break parameter degeneracies.

A number of researchers have explored modified Gauss-Bonnet gravity, written as f(G),
as a compelling extension of general relativity capable of accounting for different phase of
cosmic evolution. In Ref. [44], an f(G) model was reconstructed base on an exponential
scale factor demonstrating the realisation of a bouncing cosmology. Their asymptotic anal-
ysis further indicated compatibility with late-time cosmic acceleration. In a related study
[45], cosmological perturbations within the framework of f(G) gravity coupled to a scalar
field were analysed using the 143 covariant approach. The results showed that the evolution
of matter over-densities fluctuations differs markedly from the predictions of the standard
ACDM model, primarily due to additional effects introduced by the scalar field. Meanwhile,
Ref. [46] addressed the theoretical consistency of f(G) gravity, demonstrating that such
models can satisfy solar system constraints, while naturally describing the transition from a
decelerated to an accelerated expansion phase. In addition, [47] focused on reconstructing
observationally viable f(G) models, highlighting their agreement with cosmological dynam-
ics inferred from data. Collectively, these studies underscore the potential of f(G) gravity to
provide a comprehensive description of both the background expansion and the perturbative
structure formation of the universe beyond the framework of general relativity.

Motivated by the aforementioned studies, we intend to place constraints on the pa-
rameters of a modified Gauss-Bonnet gravity framework. For illustrative and pedagogical
purposes, we focus on a logarithmic form of the f(G) gravity model. After deriving the
corresponding modified Friedmann equation, our aim is to constrain the parameters of the
considered f(G) model through a Bayesian analysis using Hubble parameter measurements,
the Pantheon Plus and redshift space distortion (RSD) observations. To this end, we nu-
merically solve the modified Friedmann equation under the assumption that the universe
is dominated by pressure-less dust matter, characterized by a vanishing equation of state
parameter. Vibrant cosmological observations, such as Observational Hubble Data (OHD),
DESI BAO, Pantheon Type Ia Supernovae (SNela) and RSD, have been applied by using
the Markov Chain Monte Carlo (MCMC) method to constrain models of modified gravity
[69-67]. Subsequently, we employ Markov Chain Monte Carlo (MCMC) techniques to esti-
mate the model parameters within the f(G) context. As part of the analysis, we generate
corner (triangular) plots and report the mean values of the parameters constrained by indi-
vidual datasets, namely i) Hubble parameter measurements, ii) Pantheon Plus and iii) RSD
data. Furthermore, we extend our investigation by performing joint analysis using different
combinations of the aforementioned datasets.

Finally, we conduct a statistical model comparison to assess the performance of the
proposed f(G) gravity model relative to the standard ACDM cosmology. In this regard,
we employ the Akaike Information Criterion (AIC), Deviance Information Criterion (DIC)
and the Bayesian Information Criterion (BIC), which provide quantitative measures of the
model’s statistical viability. For completeness of the work, we provide a qualitative discussion
on the energy conditions of the proposed model. Furthermore, the stability of the model
will be examined through dynamical systems and the associated phase space.
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The rest of this paper is organized as follows: In Section 2, we present the mathematical
framework, where the cosmological equations are discussed in the context of f(G) gravity. In
Section 3, we describe the data and methodology employed to constrain the f(G) model pa-
rameters. This section also discusses the results. Sections 4 and 5 present energy conditions
and stability analysis, respectively whereas Section 6 is reserved for the conclusions.

2 Mathematical framework and Background equations
in the Context of f(G) gravity

In the present section, we modify the Einstein-Hilbert action for GR and discuss the field
equations in the context of f(G) gravity. We then present the formulation of logarithmic
function of f(G) to be used in constraining model parameters.

2.1 Hilbert action on f(G)

Einstein Hilbert action on f(G) function is given by
— | R 4
where k2> = Gn8m = 1, Gy is the constant of Newtonian and £,, denotes the matter
Lagrangian. The Gauss Bonnet term is defined as
G = R? —4R;;RY + R R7™. (2.2)
Varying the action over g;; [48], we get the following equation:

1 8 /1 ) 1 g
— _ R =i T 4 2 i _9 ij
0 5,2 ( RY + 59 R) + + 59 f(G)—2fcRR

+4fGRIRTT — 2fGRTTR!, — 4fGRT™' R,

+2(V'V o) R~ 267 (V3 fo)R — A(V"V' fo) R (23)
— 4(V"VI f)RL + A(V2 fG)RY + 49" (V,V, fo) R
— 4V, Vi fo) R
. . _df _ d*f
where consider the notations f¢ = 7= and fee = g5z
Metric for spatially flat FLRW universe is
ds® = —dt* + a(t)?[(dz")? + (dz?)* + (dz®)?], (2.4)

where a(t) is the scale factor at cosmological time ¢.
Ricci scalar R and Gauss Bonnet term G can be defined as functions of the Hubble
parameter as following:

R=6(H+2H),G =24 ([0 + H'), (2.5)
Metric (2.4) has the field equations, gives the FLRW equations in the form:

3H? = K*(pm + pr + pDE) = K> pefr- (2.6)
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(20 + 3H?) = — &> (% +ppB) = —F2par, (2.7)

where H denotes the Hubble parameter, p,, shows matter density, p, shows the radiation
density and ppg shows the Dark energy density. Also, dot signifies a derivative with respect
to cosmic time t. Moreover, the effective Dark Energy (DE) density and pressure is given
as follows:

pos = 5 [Gfa — F(G) ~ UGH foq) (2:8)
PDE = % [8H2f'g +16H(H + H*) fo + f — ch} : (2.9)

Distinctly these factors ensue their respective conservation laws p,, + 3Hp,, = 0 and p, +
4Hp, = 0. From Equations (2.6) and (2.7), the DE density and pressure standard evolution
equation can be written as follows:

ppE + 3H (ppE + ppe) = 0. (2.10)
Effective DE EoS parameter is defined as follows:

wpp = 2RE (2.11)

PDE

For the ACDM limit, the EoS parameter wpp = —1.

2.2 Formulisation of logarithmic function of f(G)

Given the numerous cosmic data analysis and experiments carried out within our solar
system, all of which support the tenets of general relativity. It can be inferred that any
deviations from conventional GR should be minimal. The logarithmic function of f(G) is

given by
(@)= @ In(vG). (2.12)

Consider the matter acts like a perfect fluid under the condition of pressure. The matter
density is defined as p,, = 3H3Qmo(1 + 2)3, where 2 is the cosmological redshift which is
defined as %0 = 1+ z and ag shows the scale factor at current and a indicates the scale
factor when the light emitted and §2,,,¢ is the matter density parameter’s current value.
As we know that
. dH ,

H=—-(1+z2)HH'

From Equation (2.5), we can write
G =—24(1+2)H33H'S — (1+ 2)HH"],
where,
S=H-H(@+z2).
Now we compute the values of f¢ and fag. So by using Equation (2.5), we get

V3

fG:m

[1 + % ln(vG)} 7 (2.13)
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fee = _86’% In(vG). (2.14)

From Equation (2.8), (2.13) and (2.14), and using value of p,,, Equation (2.6) becomes

W\/?C’,f? ((1 +2)HH' — HQ) [1 + %ln(vG)]

V3G 72V/3 , .
— In(6G) — S HO (14 2) [3H S—(1+2)HH }

+3HG Vo (1 + 2)°. (2.15)

3H? =

This is the second order differential equation for the function H(z) which can be solved
using boundary condition in which first initial condition is H(0) = Hy. For getting second
initial condition, at present, as the first derivative of Hubble parameter is coherent with
observational prophecies of A CDM model, which is given by following expansion law:

Hacopm = Hov/1 — Qo + Qo (1 + 2)3. (2.16)

We gets the second initial condition for Equation (2.15) by differentiating Equation (2.16)
3

)
with respect to z and which results into the H'(0) = §HoQmo.

3 Data analysis and Discussion of the Results

In this section, we have placed observational constraints on the f(G) gravity model which
referred to Model I. Also, comprehensive statistical investigation is performed by comparing
theoretical predictions of the f(G) gravity models in association with cosmological observa-
tions. Particularly, parameters (£2,,,, h) of the model are constrained by using cosmological
observations through the Markov Chain Monte Carlo mechanism [49].It have to be noted
that the parameter h is associated to the current Hubble rate by h = H/100 kms~—* Mpc~*.
The observational data sets such as Pantheon Plus [50], Hubble parameter measurements
[61] and redshift space distortion (RSD) data have employed to constrain the model of f(G)
gravity. For the observational dataset, we have considered combinations as:

« Dataset I: PP4+CC.
« Dataset II: PP+RSD.

e Dataset III: CC+RSD.

3.1 Statistical analysis

In the current years, cosmological models have been put out using different types of ob-
servational dataset. To compare these models with cosmological observations is the only
route to see which are promoted by documentation. To get with suitable manner, we need
to use comprehensive statistical method. Usually cosmology depends on Bayesian meth-
ods, estimation of parameter is generally done by using Bayesian diagnosis. In this case,
the chi-square function (x?) and the likelihood function (£) are connected according to the
relation

X2(0) = —21n L(6). (3.1)
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Also we have used both the corrected Akaike Information Criterion (AIC.) [52] and the
Bayesian Information Criterion (BIC) [53], which are defined below as:

2¢ (K¢ + 1)

AICC:xfnin—i-QICf—i—N e
t — Ivf

(3.2)

and
BIC = x2i, + Kf In(Ny), (3.3)

Where, x2;, denotes the minimum chi-square value, \; is the total number of data points
and Ky represents the number of free parameters. The model which has lowest AIC. and
BIC values is recognized by the data and is selected as the reference model. We have also
introduced more influential selection criterion called Deviance Information Criterion (DIC)
is defined as [54]-[55]

DIC = D(6) +2Pp, (3.4)

where Pp = D(#) — D(A) and D(A) = £2,,,(9) + K, where 6 is the vector parameters, K is
a constant depending on the data and D(0) is the deviance of the likelihood. The over-bars
denote the average taken over the posterior distribution. To quantify the performance of

other models relative to the reference, we compute the differences:

AAICC = AICc,model — AICC7ACDM7 (35)
ABIC = BICo4el — BICAcDM, (3.6)
ADIC = DICmodel — DICAcDM (3.7)

The interpretation of AAIC, (and analogously ABIC and ADIC) is as follows: AIC < 21
indicates substantial observational support for the fitted data, 2 < AIC < 6 indicates
moderate support, 6 < AIC < 10 indicates weak support, and AIC' > 10 signifies no
observational support.

3.2 Hubble data

To estimate the Hubble parameter H (z) [56,57], we have use differential age (cosmic chronome-
ter) mechanism. We have used 30 observational data points of H(z) which has a range of
redshift 0.07 < z < 1.965. The x? formula is given by

30 2
(H h — Hobs)
=5 B How)” 59
=1 ¢

where o (.,) represents standard error, Hy, represents the theoretical prediction of the
Hubble parameter and H,s represents the observed value of the Hubble parameter which
we have taken into account.

The combined allocations of the model parameter €2,,0, Hy, and v developed using a
MCMC inspection using (OHD) dataset are shown by the corner plot in Figure 1. The
one-dimensional marginalization probability allocations for each parameter are shown in
diagonal panels simultaneously, with their 68% confidence intervals. The two-dimensional
relationship contours between couples of parameters are described in off diagonal panels;
The plot denotes two confidence levels contours analogous to 1o confidence level and 2o
confidence level, where the inner blue area shows the 1o uncertainty and outer light blue
shaded region shows 20 uncertainty. Due to Gaussian distributions, the parameters are

IN.B. AIC represents both AAIC and ABIC.
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Posterior (f(G) ODE) — Hubble Only

Qmo = 0.3392+38787

Ho = 69.5825*33379

Ho

y = 12.5591*33782

6 %

[

Figure 1: Confidence contours and marginalized posterior distributions for the parameters
Qumo, Ho, and v obtained from the Hubble (OHD) dataset.

highlight to be fine limitation, indicating true convergence and accurately evaluated. The
model selection statistics shows that AIC,,04e1 = 18.5165 and BIC,,0qe1 = 22.7201 and
DICmodcl = 14.7835 with AAICmOdCl = 2.4740 and ABICmOdCl = 3.8752 and ADICmOdCl =
2.7410 . An awesome consent between the model and the observational data is implicit by
the reduced chi-square x2 4 = 0.4636, which has the associated chi-square value at the MAP
point, x? = 12.5165. Applying observational H(z) data and associated error bases, Figure 2
compares the conventional A CDM cosmology with the rebuilt Hubble parameter H(z) from
the maximum a posteriori (MAP) model. The black dash curve shows the A CDM fit. The
blue curve denotes the best fit prophecy of the MAP model, while the white dots indicate
the observed Hubble parameter values at different redshifts. The MAP model indicates a
barely larger expansion rate at higher redshifts, but it nearly matches the observational data
and remains coherent with the A CDM. This consistency inside observational errors rises
the indicated model’s symmetry with current cosmological observations by showing that it
works for a reliable and precise account of the cosmic expansion history.

3.3 RSD dataset

In the view of general relativity actions, the growth rate of cosmological perturbations is
well defined by a following parametrization,



10 Mohit Thakre et al.

250 q == Best-fit H(z) (f(G) ODE)
== ACDM (posterior mean)
¢ CCH(2) R
200 A
i)
o
=
a 150 A
€
=
o)
T 100
50 A

0.0 0.5 1.0 1.5 2.0

Figure 2: Comparison of the reconstructed Hubble function H(z)(blue curve) with observa-
tional H(z) data (blue lines with circular dots) and the ACDM prediction (black dashed

curve).

QOm
Q =
) = Sz
In £(a)
Pla) = InQy,(a)’
Here, we have considered ACDM cosmology.
Take a parametrization of the form [58]
Q0 (2))7
= )\ _—
fU8(Z) 08 (1 + Z)oc )
where,
QOm(Z + 1)3

Q =
m(Z) Qom(Z —+ ].)3 + ]. — QOm

x? function for RSD is

2
0;

N obs(,.\ _ th(.. 2
XQRSD _ Z [fas (zi) — fog (Zz)} '
=1

The combined allocations of the model parameter €2,,,0, Hy, v and og developed using a
MCMC inspection using (RSD) dataset are shown by the corner plot in Figure 3. The one-
dimensional marginalization probability allocations for each parameter are shown in diagonal
panels simultaneously, with their 68% confidence intervals. The two-dimensional relationship
contours between couples of parameters are described in off diagonal panels; The plot denotes
two confidence levels contours analogous to lo confidence level and 20 confidence level,
where the inner blue area shows the 1o uncertainty and outer light blue shaded region
shows 20 uncertainty. Due to Gaussian distributions, the parameters are highlight to be
fine limitation, indicating true convergence and accurately evaluated. The model selection
statistics shows that AICoqe1 = 54.7288 and BIC,,04e1 = 63.3014 and DIC,oqe1 = 48.9108
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Posterior (f(G) ODE) — RSD-only

Qmo = 02129330227

Ho = 61.7727+§%3%3

]
A2

[

,,)Q
y = 13.693328792

Y
Yo o0 Yo o v

CICE

N

0g = 0.8064+3:3442

® @

Osg
% 25 % 99

© O X & S © & O O O O O H © A B2 O
B} Q’_L N Q’} ) O © A o A% R ) Q Q Q Q
Qmo Ho Y Og

Figure 3: Confidence contours and marginalized posterior distributions for the parameters
Qmo, Ho, 7 and og obtained from the Hubble (RSD) dataset.

with AAIC oqe1 = 5.3474 and ABIC 0qa = 9.6337 and ADIC 10461 = 3.5294. An awesome
consent between the model and the observational data is implicit by the reduced chi-square
x%,4 = 0.7920, which has the associated chi-square value at the MAP point, y? = 46.7288.

The figure 4 relates the sigma function fog(z) (blue curve) with observational RSD data
(blue lines with circular dots). For visual analogy, the average A CDM model is illustrated
by the black dashed curve. Above the whole redshift range (0.0010 < z < 1.9440), the
rebuilt model and the observational data overlap nearly, indicating a good match and high
degree of consistency with observational measurements, showing that the indicated model
successfully emulates the observed cosmic acceleration while keeping compliance with the
mainstream cosmological framework.

3.4 Pantheon dataset

Distance moduli for the Pantheon dataset is shown as follows:
pw=m— Mp =>5log,,(Dr) + o,

where M shows the absolute magnitude and m shows the apparent magnitude and the
nuisance parameter is given as o = 5log (Hy 1y Mpc) + 25 [59].
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— Best-fit f(G)
-=- ACDM
® RSD Data

0.7 A

0.6 1

0.5 1

0.4 1

fog(z)

0.3 1

0.2

0.1

0.0 1

0.00 0.25 0.50 0.75 1.00 125 1.50 175 2.00
z

Figure 4: Comparison of the reconstructed sigma function fog(z) (blue curve) with obser-
vational RSD data (blue lines with circular dots) and the ACDM prediction (black dashed

curve).

The luminosity distance (Dr,(z)) is defined as

1+2z) [* dz*
Ho Jo E(z%)

Dr(z) = at

For the Pantheon (SNIa) datasets, the x? function is given by
X2SN ((,ZSZ) = /J’SCS_,clovMZ'

The combined allocations of the model parameter §2,,9, Hg, and v developed using a
MCMC inspection using (Pantheon) datasets are shown by the corner plot in Figure 5. The
one-dimensional marginalization probability allocations for each parameter are shown in
diagonal panels simultaneously, with their 68% confidence intervals. The two-dimensional
relationship contours between couples of parameters are described in off diagonal panels;
The plot denotes two confidence levels contours analogous to 1o confidence level and 20
confidence level, where the inner blue area shows the 1o uncertainty and outer light blue
shaded region shows 20 uncertainty. Due to Gaussian distributions, the parameters are
highlight to be fine limitation, indicating true convergence and accurately evaluated. The
model selection statistics shows that AIC,,0qe1 = 866.9189 and BIC,oqc1 = 881.7800 and
DICmodel = 862.5687 with AAICmOdel = 4.8475 and ABICmOdel =9.8011 and ADICmOdel =
4.4972. An awesome consent among the model and the observational dataset is inferred by
the reduced chi-square X?ed = 0.8246, which has the associated chi-square value at the MAP
point, x2 = 860.9189.

The figure 6 compares the observational data and Pantheon Type la Supernovae ( blue
points with error bars ) with the theoretical distance modulus pu(z) read by the rebuilt
cosmological model ( Solid red line ). For sighted analogy, the average A CDM model is
illustrated by the black dashed curve. Above the whole redshift range which is 0 < z < 2.5,
the rebuilt model and the observational data overlap nearly, indicating a good match and
high degree of consistency with observational measurements, showing that the indicated
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Pantheon f(G) Posterior — Corner Plot

Qmo = 0.2977+3-33%¢

Ho = 65.5346+3233%8

Ho

y = 5.957113.358

Figure 5: Confidence contours and marginalized posterior distributions for the parameters
Qmo, Ho and ~ obtained from the (Pantheon) dataset.

model successfully emulates the observed cosmic acceleration while keeping compliance with
the mainstream cosmological framework.

3.5 Mix datasets

The combined allocations of the model parameter €,,9, Hg, osand v developed using a
MCMC inspection obtained from the (Hubble+RSD) dataset. are shown by the corner plot
in Figure 7. The one-dimensional marginalization probability allocations for each parameter
are shown in diagonal panels simultaneously, with their 68% confidence intervals. The two-
dimensional relationship contours between couples of parameters are described in off diagonal
panels; The plot denotes two confidence levels contours analogous to 1o confidence level and
20 confidence level, where the inner dark blue area shows the 1o uncertainty and outer light
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304 ™ Best-fit f(G) model
== ACDM (aligned)
¢ Pantheon Data
v L I
25 *
20 A
N
3
15 A
10 A
5 T T T T
0.0 0.5 1.0 1.5 2.0

Figure 6: Comparison between the theoretical distance modulus p(z) predicted by the re-
constructed model (solid red line) and the Pantheon Supernova observations (blue data with
error bars).

blue shaded region shows 20 uncertainty. Due to Gaussian distributions, the parameters
are highlight to be fine limitation, indicating true convergence and accurately evaluated.
The model selection statistics show that AIC,,oqe1 = 75.9400 and BIC,,0q¢1 = 86.0704 and
DICmodcl = 71.9335 with AAICmOdCl = —3.225 and ABICmOdCl = —0.692 and ADICmOdCl =
—1.231. An awesome consent among the model and the observational data is implicit by
the reduced chi-square X?ed = 0.7634, which has the associated chi-square value at the MAP
point, x2 = 67.9400.

The combined allocations of the model parameter €2,,9, Hy, os, 7 and Mp developed
using a MCMC inspection using (RSD+Pantheon) dataset, are shown by the corner plot in
Figure 8. The one-dimensional marginalization probability allocations for each parameter
are shown in diagonal panels simultaneously, with their 68% confidence intervals. The
two-dimensional relationship contours between couples of parameters are described in off
diagonal panels; The plot denotes two confidence levels contours analogous to 1o confidence
level and 20 confidence level, where the inner dark blue area shows the 1o uncertainty and
outer light blue shaded region shows 20 uncertainty. Due to Gaussian distributions, the
parameters are highlight to be fine limitation, indicating true convergence and accurately
evaluated. The model selection statistics shows that AIC,0qe1 = 791.1113 and BIC, o4 =
816.1718 and DICy0qe1 = 786.8364 with AAIC0qe1 = —5.305 and ABIC04q00 = —0.293
and ADIC,,04e1 = —1.580. An awesome consent among the model and the observational
data is implicit by the reduced chi-square Xfed = 0.7069, which has the associated chi-square
value at the MAP point, x? = 781.1113.

The combined allocations of the model parameter €,,0, Hp, 7 and Mp developed using
a MCMC inspection using (Hubble+Pantheon) dataset are shown by the corner plot in
Figure 9. The one-dimensional marginalization probability allocations for each parameter
are shown in diagonal panels simultaneously, with their 68% confidence intervals. The
two-dimensional relationship contours between couples of parameters are described in off
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Figure 7: Confidence contours and marginalized posterior distributions for the parameters
Qmo, Ho, osand « obtained from the (Hubble+RSD) dataset.

diagonal panels; The plot denotes two confidence levels contours analogous to 1o confidence
level and 20 confidence level, where the inner dark blue area shows the 1o uncertainty and
outer light blue shaded region shows 20 uncertainty. Due to Gaussian distributions, the
parameters are highlight to be fine limitation, indicating true convergence and accurately
evaluated. The model selection statistics shows that AICoqe1 = 744.4765 and BIC 041 =
764.4042 and DIC 0401 = 742.1116 with AAIC04e1 = 5.878 and ABIC,04e1 = 10.860 and
ADICp04e1 = 9.514. An awesome consent among the model and the observational data is
implicit by the reduced chi-square xfed = 0.6864, which has the associated chi-square value
at the MAP point, x? = 736.4765.

Figure 10 gives corner plot demonstrating the joint posterior allocations and marginal-
ized one-dimensional probability densities for the model having parameters $2,,,0, Hg and
obtained from the Hubble only, RSD only and (Hubble+RSD) combined datasets. The best-
fit values over with their analogous 1o confidence level and 20 confidence level uncertainties
are obtained as Q,,0 = 0.30170:925  H, = 70.000701% and v = 0.999975-912. The internal,
darker contours show the 1o confidence area, while the outer, lighter contours correspond to
the 20 confidence credible areas, indicating the extended spread of the parameter space. It
can be followed that the combined (Hubble + RSD) dataset submits more rigorous and well-
disciplined contours connected to the individual datasets, expertly reducing the parameter
degradations and improving the general precision of the model constraints. This denotes the
collaborative nature of Hubble and RSD observations in compelling cosmological parameters
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Figure 8: Confidence contours and marginalized posterior distributions for the parameters
Qmo, Ho, os, v and Mp obtained from the (RSD+Pantheon) dataset.

within the adopted theoretical framework.

Figure 11 indicates the two dimensional RSD only A CDM constraints in the plane
of (Qom, 0g). The blue shaded area indicates the 68%, 95%, 99.7%, and 99.994% confi-
dence levels attained by fitting the fog(z) measurements which yields a best fit value of
Qom = 0.3222 and og = 0.6646, shown by the green mark. The Pantheon Type Ia super-
nova data and Hubble data are displayed only for analogy in ¢,,, with their associated
data point placed at RSD best fit value of og. The Pantheon Type Ia supernova prefer
comparatively high matter density, g, ~ 0.50, indicated by red mark, which lies outside
the confidence region of RSD, showing major tension between background expansion of Su-
pernovae and growth rate dimensions inside ACDM for fixed Hy. In diverse, the Hubble
data privilege Qq,, ~ 0.29, indicated by orange mark, which is in significant consensus with
RSD constraints. Overall, plot shows that RSD and Hubble data are jointly compatible,
but the Pantheon dataset displays distinguished tension in associated with growth based
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Figure 9: Confidence contours and marginalized posterior distributions for the parameters
Qumo, Ho, v and Mp obtained from the (Hubble+Pantheon) dataset.

constraints in the standard ACDM model equation (2.16).

After constraining model parameters, we need to verify energy conditions and stability
analysis for completeness of the work in the next sections.

4 Energy conditions of the model

By using Equations (2.5),(2.6),(2.7),(2.8) and (2.9), we get the effective density and pressure
as follows

1 . . ) B}
peff =p+—5 |24H*(H* + H) fa — f(G) — 576H*(4H*H + 2H” + HH)fGG}, (4.1)
K
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Figure 10: Confidence Mix overlay contours and marginalized posterior distributions for the
parameters Qp,0, Ho and «y obtained from the Hubble only, RSD only and (Hubble+RSD)
combined datasets.

Pesf =p+ —5 | [(G) = 24H*(H? + H) fo + 192H*(12H*H* + 4H*H + 2H® + 6H HH
K

+ H2H) fa + (4)78H2H? + HH + 4H*H)* foac)

(4.2)
We also show the following expression
192H? - o 9 1o 3 e
Peff +Deff =p+p+ e [(2H +6HHH+6H“H*+ H°H — 12H*H+ (43)

H ) fa + 24H2(2H? + B + 4H*H)* fa |
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Table 1: Best-fit values of parameters for used model

Data used Parameters | Best fit values
Qo o.3392t8;§%%%u
Hubble H, 69.5825%;%%&
y 12.5591,4;9523
Qo 0'2129%5’19%%9
H, 61772775
RSD —8.3748
y 13.69337 02415
o3 0.806470 0565
Qo 0.297710:0509
Pantheon H, 65.5346 75 2008
:
Q. 0.23970028
H 72.919F1-8%>
Hubble+RSD oy T 1147000
v
Qi 0.27270021
H, 72.15§;:;§§;
RSD+Pantheon og 1,050_0;0 il
y 12.2685;37?“
Mg —19.299701%
Qn 0.29770053
H, 72.028 F1-0UT
Hubble+Pantheon -1.005
~ 9.557 25014
Mg —19.29175 050

The energy conditions in the view of modified gravity, are given as [68]
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Table 2: Statistical results for different datasets.

Data used X2 Reduced y? AIC BIC DIC AAIC | ABIC | ADIC
Hubble 12.5165 0.4636 18.5165 22.7201 14.7835 2.4740 | 3.8752 | 2.7410

RSD 46.7288 0.7920 54.7288 63.3014 48.9108 5.3474 | 9.6337 | 3.5294
Pantheon 860.9189 0.8246 866.9189 | 881.7800 | 862.5687 | 4.8475 | 9.8011 | 4.4972
Hubble+RSD 67.9400 0.7634 75.9400 86.0704 71.9335 -3.225 -0.692 -1.231
RSD+Pantheon 781.1113 0.7069 791.1113 | 816.1718 | 786.8364 | -5.305 -0.293 -1.580
Hubble+Pantheon | 736.4765 0.6864 744.4765 | 764.4042 | 742.1116 | 5.878 10.860 9.514

i) Null Energy Condition (NEC)

Peff +Pefs = 0. (4.4)

ii) Weak Energy Condition (WEC)
pefs >0 and  pegs+pesyr > 0. (4.5)

iii) Strong Energy Condition (SEC)
Petf +3Desr >0 and  pegr+pesr > 0. (4.6)

Now, in usual process, initial four time derivatives of position are stated as velocity, accel-
eration, jerk and snap. In a cosmological framework, additionally with the Hubble factor
H = 2, the deceleration, jerk and snap variables is defined as [68]

1 a . 1 a 1 ‘a
=g T M ss gy (4.7)
respectively.
Use the relations as given by [68]
H=—-H*1+q) (4.8)
H=H*(j+3q¢+2) (4.9)
H =H*s—2j—5q—3) (4.10)

By using Equations (4.8),(4.9), (4.10) in the Equations (4.1) and (4.3) then we get the
following expressions

1 .
peis = p+ — | = 24H'qfc — F(G) = 5T6H™(2¢* + 3¢ + ) fec . (4.11)
192H8 . .
Peff +Deff =p+p+—— {(—2q3 — 18¢* — 14q — 6¢j — 7j + s + 3) fac
K (4.12)
+ 241 (2" + 3¢ + ) foca)
For these 3D plots, we have used numerical values for deceleration parameter (¢ = —0.64),

for jerk parameter (j = 1.02) and for snap parameter (s = —0.39)[69]. Figure 12 shows that
whole geometric surface is located above the zero for p.rs. No area of geometric surface
drops into the negative values. So from the Figure 12, p.sy > 0 for (0 < v < 5) and
(0.5 < H < 1). So, the initial condition of WEC satisfied. Now, Figure 13 indicates that
(Pefs + pers) stays positive for 0 < v < 3.5 and gives negative values for v > 3.5. Hence
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NEC satisfied for 0 < v < 3.5 and violated for v 2 3.5. As, WEC needs both p.sy > 0 and
Peft + Defr > 0. So, WEC depends overall on the comdition pess + peys > 0. Hence, the
WEC gets satisfied for 0 < v < 3.5 and violated for v 2 3.5. From the Figure 14, it is clear

that quantity (pefs + 3pess) becomes negative just after v ~ 1.2. So the SEC gets violated
for v 2 1.2.



22 Mohit Thakre et al.

5 Stability assessment through dynamical system

For a general f(G) model, consider the following variables [48]

: H
z = Hfa, = =Hfq, T3 = T3 51)
5.1
Ty — —f e — K2 pr
YT 6H2 T 3H?
Density parameters are
H2Pm 2/)r ﬁzPDE
Q, = 3H2 ' Qr:x5:3?7 DE = 3H2 ’ (52)
Q +Q,. +Qpr = 1. (5.3)
As, N =In(a)
d
% = 20123 + @3 (5.4)
dx 6xy — 2x3 — x5 — 3
dT\? = zox3 + (371 — 222)(1 + 23) + e Z : )’ (5-5)
‘ZVS = - 222, (5.6)
d(E4 2
N —dxy(dxs + 225 + A) — 2z423, (5.7)
dx
d—]\? = —225(2 + 23). (5.8)
Logarithmic f(G) model is
V3G
7(0) = Lm0,
Consider zg = In(vQ)
V3G
7@ =Y,
d(EG 1 dG
AN~ GdN (59)
As, G = 24HA(1 + x3)
dG - 4 dl‘3
T =2 [4za(1+ 25) + d—N} (5.10)
dG 1 dxs
aG _ axs 11
AN G[4”33+1+x3 dN}’ (5.11)
dzg A — 223
— =4z , 5.12
dN ST s (5.12)
€Ty = —4.731(1 —|—JJ3) 6 (513)
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Ty = 74931(1 + I3)¢(I6), (514)
dp _ 4
o = 00) = g (5.15)

from Equation (5.14)

d
% = —4|(1+z3)(2z123 +22)P +21(\—223) P+ da1w3(1 +23)¢" + 21 (A —223) ¢ |. (5.16)

To get the expression for A = %, we have to equate Equations (5.7) and (5.16), then we
get

(1 + 23)(2z123 + 22)p + 2z123(1 + 23)p + 41 23(1 + 23)¢’ — 1 (423 + 223) — 22125 (P + @)

)\ =
z1(l—¢—¢)
(5.17)
Derivatives of dynamical system variables for critical points are as follows
d
% = 2x123 + X9, (5'18)
@—Sxx + 3wy — xox3 — 22 —3$(1+£L‘)¢—E—E—§ (5.19)
N oTiEs 1 273 2 1 3 1 s & .
dl‘g
TN AT 222, (5.20)
dz
dT\? = —225(2 + 23). (5.21)
For critical point examination
dxq dxo dzs dxs
—L 22 ek =0. 5.22
dN 0 dN 0 dN 0 dN 0 (5.22)
Eigen values gets
)\1 = —4371,
and
A2 = —2(2 4 x3).
5.1 Stability associated with critical points using Eigen value
Critical points are
Point: 1
- 4 '8 = _9 =4/Z =0. 5.23
T 9 T+ 33+ ag)p 2 B BT\ 06 (5.23)
Point: 2

Ty = % * % To = —2$1.’173 T3 = —\/X Ty = 0. (524)
223 + 723 + 3 — 3(1 + 23)¢’ ’ 2’
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Point: 3 1
3] 2(6—1)’ T2 T1, X3 ,  Ts (5.25)
Point: 4 1
Ty —
1 24(¢)_1)7 T2 L1, T3 9 Ts5 (5 26)

Table 3: Stability domain of critical points

Critical point Stability Remark
P1 Stable satisfies the eigen values
Po Unstable for negative 3 = —\/g,—4$3 >0
Ps Unstable for Ay =8>0,X=0
Py Unstable for A1 =8>0,X =0

5.2 Stability associated with critical points using phase space dia-
gram

Figure 15 shows the two-dimensional phase space plot for the dynamical system variables
x1 and zo. Plots (a), (b), (c), and (d) are associated with the critical points Py, P2, Ps,
and P, respectively. Stability nature of the critical points can be analysed on the basis of
phase space curves given in the Figure 15. For the point P;, curves approach the point over
particular directions but deviates along others. So, point P; attains saddle type character,
which indicating the instability on the basis of phase space. As, point Ps indicates stable
point (curves attractor) nature, as all locally around curves converges monotonically towards
the point from vibrant directions which confirming asymptotic stability. Point Ps acts like
a attracting spiral point where curves rotate while moving toward the point, highlighting
decaying oscillatory stability. Point P, also illustrates a saddle point nature, with phase
curves deviating away over one region and converging over another region which leading to
unstable nature. Overall, points Py and Ps are stable, while points P; and P, are unstable
saddle points.

6 Conclusion

The cosmological action of a complex modified Gauss-Bonnet (GB) gravity model gets ex-
amined in this work. As a fundamental terms in cosmological era i.e Ricci scalar and Gauss
Bonnet invariant, were initially covered. Next, we attained the point-like Lagrangian theo-
ries and associated equations of motions under the view of flat FLRW cosmic background.
In this work, we focused on a specific logarithmic function given by f(G) = ?\/@ In(vG),
which directs General Relativity theory and where real constant a gets tends to zero. Our
analysis is especially fascinating as a possible substitute for the conventional A CDM model
because it does not explicitly assemble to the cosmological constant condition. This model
prevents the conceptual problems associated to A while demonstrating the ability to propa-
gate dark energy (DE) actions. We have demonstrated that the right-hand side of modified
Friedmann equations can be interpreted as effective energy density and pressure generated
about by curvature. We looked for cosmological attributes of f(G) model when matter fields
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Figure 15: 2D-Phase space plot for the dynamical system variable x; and x4

were encompassed. We despised the radiation fluid’s late-time contribution and assumed
non-relativistic pressure-less matter. We were able to learn the Hubble parameter’s redshift
behavior by numerically solving the modified Friedmann equation. We have worked for the
ACDM model to determine the suitable inception conditions for Hubble parameter as a func-
tion of redshift z i.e H(z) and its derivatives. In particular, we have used Bayesian statistical
method which is based on Markov Chain Monte Carlo (MCMC) approach. In association
with MCMC, we have used Hubble dataset, RSD and Pantheon+ dataset. We attained
restrictions on the model’s free parameters at the 1o and 20 confidence levels by assuming
uniform prior distributions. This permitted us to recreate the cosmic evolution of the total
effective equation of state (EoS) parameter and the Hubble expansion rate. According to
our research, the f(G) model decently explained the current acceleration of the Universe in
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absent with the necessity for a cosmological constant A. Our investigation reveals a major
difference between the Hy values derived from the Hubble dataset, Pantheon+ dataset and
RSD analysis underscoring the persistent Hy tension in cosmology. This finding highlights
the need for additional investigation into potential systemic flaws or novel physics to address
this problem.

From Figure 12, 13 and 14, we have illustrated the Energy conditions of model in Sec-
tion 4. According to this examination, NEC satisfied for 0 < v < 3.5 and violated for
~v 2 3.5. Also, the WEC gets satisfied for 0 < v < 3.5 and violated for v 2 3.5.And the
SEC gets violated for v 2 1.2. In the Section 5, we have discussed the stability of model on
the basis of dynamical system mechanism. In which, stability is attained for Critical point
P1 and gets unstability for critical points P2, P3 and P4 as shown in Table 3. From the
Figure 15, we have examined the stability through the phase space curves in association with
critical points Py, Po, P3, and P4 in the section 5.2. From this, we have illustrated that the
points P> and P3 are stable, while points P; and P, are unstable saddle points. Improving
our comprehension of the universe’s expanding rate requires resolving these disparities. To
beyond test the feasibility of the proposed model in the f(G) gravity, we decide to extend
our investigation by incorporating additional observational data, like Redshift Space Dis-
tortion (RSD) measurement, DESI data and the Union3 supernova compilation. We also
aim to examine the perturbative rule of the proposed model to investigate the large-scale
structures growth by using RSD data. In extension, we plan to interrogate the implications
of f(@) gravity for current cosmological tensions, besides the Hy and Ss distinctness, by in-
corporating Cosmic Microwave Background (CMB) data. These extensions will be pursued
in future work.
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