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Abstract. We study the thermodynamic topology of magnetic AdS black holes, with a
focus on topological charges and their configurations. Zero points in the system’s vector
field correspond to topological charges, whose numbers change with key parameters.
Across all free parameter ranges, the total topological charge consistently matches that
of AdS Reissner-Nordstrom black holes. Also, we analyze photon spheres, revealing
their role in black hole structures and resilience to parameter variations. Unstable
photon spheres show distinctive signatures, showing black holes’ spacetime geometry.
This topological framework offers a systematic approach to understanding black hole
stability, phase transitions, and potential astrophysical phenomena.
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1 Introduction

Black hole thermodynamics stands as a cornerstone in the unification of thermodynamics,
quantum theory, and general relativity, offering a crucial platform for exploring the micro-
scopic structure of spacetime and the quantum nature of gravity. A prevailing interpretation
views the entropy of a black hole as a measure of the statistical degeneracy of its under-
lying quantum states, primarily concentrated near the event horizon [1]. This concept has
driven extensive developments across a wide range of theoretical models and gravitational
frameworks [2]. A seminal milestone in this field is the Hawking—Page transition [3], which
reveals a thermodynamic phase change between thermal radiation and stable black hole
configurations in anti-de Sitter (AdS) spacetimes. This transition is now understood as
the gravitational dual of the confinement/deconfinement transition in gauge field theories, a
key result within the AdS/CFT correspondence. Furthermore, black hole phase transitions
exhibit deep analogies with those of ordinary thermodynamic systems; in particular, the
coexistence of small and large black hole phases mirrors the liquid—gas transition governed
by the van der Waals equation of state [4].

More recently, topological techniques have emerged as powerful diagnostic tools for inves-
tigating the global behavior of black hole phase transitions [5,6]. Among these, Duan’s topo-
logical current theory provides a unified framework for describing phase structures through
conserved topological charges. Building on this foundation, S. W. Wei and collaborators
have developed two complementary schemes: the temperature-based (T) approach and the
free-energy-based (F') approach [5,6]. The T method treats the temperature as the principal
variable, decoupling it from other thermodynamic parameters such as pressure, and employs
auxiliary factors (for example, 1/sin6) to define a temperature field in a two-dimensional
parameter space. The zeros of this field correspond to critical points, each associated with
a distinct topological charge. Although this approach efficiently locates phase transition
points, it provides limited information about the underlying transition mechanism.

In contrast, the F' method formulates the analysis in terms of the Helmholtz free energy,
interpreting black hole states as topological defects within the thermodynamic landscape.
By examining the curvature and winding structure of the free energy surface, this method
differentiates between first- and second-order transitions. Multiple minima in the free en-
ergy correspond to first-order transitions involving metastable configurations, while smooth,
continuous behavior signifies a second-order transition [5-36]. Within this framework, ther-
modynamic stability is characterized by the sign of the second derivative of the free energy:
positive curvature indicates stable phases, while negative curvature corresponds to unsta-
ble ones. Together, the T and F methods provide complementary insights—one focusing
on temperature evolution, the other on the global topological structure of the free energy
surface—offering a comprehensive topological interpretation of black hole phase behavior.

Parallel to thermodynamic investigations, increasing attention has been devoted to the
topological study of photon spheres—closed null orbits that confine light in the vicinity
of a black hole. These structures play a central role in shaping astrophysical observables
such as black hole shadows and gravitational lensing patterns [37-42]. Applying topological
principles to photon sphere configurations reveals their intrinsic stability and dynamical
characteristics, linking geometric properties with underlying gravitational behavior. Such
an approach provides a unified description that bridges topology, spacetime geometry, and
the dynamics of null geodesics.

The present work focuses on the nonminimal Einstein—Yang—Mills (NMEYM) theory in
an AdS background. By implementing topological methods within both thermodynamic and
photon-sphere analyses, we aim to study black hole physics. This perspective not only refines
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the theoretical understanding of phase structures but also establishes a robust foundation
for examining potential observational consequences in strong-gravity regimes.

2 The Model

The NMEYM theory in an AdS spacetime is described by the action [43,44]:

R - 2A 1 « k(o 1 ikpn [e] [e}
v §F;k)ij( VG RI FOFD|, (21)

1

SNMEYM = 3 /d4xv -9 [

where g = det(g;x) and R represent the determinant of the metric tensor and the Ricci

scalar, respectively. The cosmological constant is defined as A = —6/12, where [ is the AdS

radius. The Latin indices (4, k,p,n) range from 0 to 3, while the internal indices () run

from 1 to 3. The SU(2) Yang-Mills field strength F,Sg) is related to the vector potentials
A(a) bv:
p DY

Fle) = v,Al — v, AW 4 1) 4 APV AL, (2.2)

where V), denotes the covariant derivative and f (a)(b)(c) are the real structure constants of
the SU(2) gauge group. The nonminimal susceptibility tensor R7*P" is defined as:

RIkpn — %R(gjpgkn _ Jn kp) + R (ijgkn _ Rjngkp + Rkngjp _ Rkpgjn) + qujkzm’
(2.3)
where R;; and Rjg,, are the Ricci and Riemann tensors, respectively, and ¢q,¢2,q3 are
phenomenological parameters describing the nonminimal coupling between the Yang—Mills
and gravitational fields. As shown in [43], by setting g1 = —¢, g2 = 4¢, and g5 = —6¢, the
equations of motion derived from the above action admit an analytical static spherically
symmetric black hole solution:

ds® = —f(r)dt* + ;(f) +7°(df” + sin® 6 dg?), (2.4)

with the metric function

4 M 2

where ¢ is the nonminimal coupling parameter and @, is the magnetic charge of the Wu—
Yang gauge field. The horizons of the black hole are determined by the condition f(r) =0
The two positive roots correspond to the Cauchy horizon (r_) and the event horizon (r},).
When these two horizons coincide, the black hole becomes extremal. The black hole mass
can be expressed in terms of the event horizon radius r;, as:

£ 4 Qm (2.6)

In the standard geometric approach, the Hawking temperature is determined from the pe-
riodicity of the Euclidean time coordinate at the horizon:

1

T=—f(m), (2.7)
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which yields:
—6¢12Q2, + 12Q2%,r7 — I’r} — 3r§

T =
8rEI2Q2, 1y + Aml?ry

(2.8)

The thermal entropy of the black hole can be obtained from the Wald entropy formula:

oL
S =—2r R ooV dz, (2.9)
uvpo
which leads to
q v 2
S =4rn < + ) drry. (2.10)
2k 2 rh
We finally obtain:
Q2
S =mrl — 2rE<m (2.11)
h

The first term corresponds to the standard Bekenstein—-Hawking area law, while the second
term represents the correction due to the nonminimal coupling between the Yang—Mills field
and the gravitational background.

3 Topological Structure in Black Hole Thermodynamics

In the study of black hole thermodynamics, one can represent the configuration space as a
generalized thermodynamic potential surface. This potential, which serves as a free energy
function, is typically formulated in terms of key state variables such as the black hole mass
and its temperature. Thermodynamic equilibrium arises when the Euclidean time coordinate
T possesses a periodicity that matches the inverse Hawking temperature 7!, ensuring a self-
consistent, on-shell Euclidean manifold [5,6]. To explore the topological properties of this
thermodynamic system, an auxiliary vector field ¢ is defined over the parameter space. The
components of this field correspond to derivatives of the generalized free energy with respect
to the relevant parameters. This framework has been successfully employed in numerous
gravitational settings, including asymptotically AdS and dS spacetimes, as well as modified
gravity theories and systems with non-trivial matter sectors.
The generalized Helmholtz free energy F can be expressed as [5-36]

F=M— §, (3.1)
T
where M represents the black hole mass, S is the Bekenstein—-Hawking entropy, and 7 denotes
the Euclidean time period, related to the temperature by T = 7—!. Physical equilibrium
configurations occur only when 7 satisfies 7 = T~!, corresponding to the on-shell regime
[5,6].
The associated topological vector field is constructed as

(8]—' —cot O cse 6) (3.2)
ory,

where 7, denotes the horizon radius, and © € [0, 7] is an angular coordinate. At the polar
boundaries ® = 0,7, the component ¢g becomes singular, with the field lines extending
outward.
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Following Duan’s ¢-mapping topological current approach [5,6], the corresponding con-
served current is defined by
. 1 b b
gH = ge“””ea 0,n*0pn’, (3.3)
where p,v,p = 0,1,2 denote spacetime indices, and a, b refer to internal field components.
The current j* is localized at the zeros of ¢, representing the critical points of the free
energy landscape. Integrating over a two-dimensional surface X yields the total topological

charge:
z i=1 i=1

where (; denotes the Hopf index counting how many times ¢ encircles the i-th zero, and
n; = sign [jo((b/m)zi} is the Brouwer degree, taking values 4+1. Their product w; = (;n;
gives the winding number associated with each zero point. In what follows, we apply this
formalism to the thermodynamic topology of the Ayén-Beato-Garcia (ABG) black hole.
From Eq. (3.1), the generalized free energy in this geometry takes the explicit form

o (4Pr27 +6£Q% 1 — 37"2) +37 (an (25 + 7"121) + r%)

_ 3.5
7 61"27 ’ (35)
and the corresponding vector field components, derived from Eq. (3.2), are
o = T (87TP7"2 -Q? (65 + r%) + rﬁ) — 47y, (2§Q,2n + rﬁ)
= 4 )
27’h7' (36)
60— cot ©
sin®
The zeros of ¢ determine the equilibrium states, leading to the relation
47 (2£anrh + r,sl) (3.7)

T = .
8rPré — 6£Q2, — Q% r2 + 1

We proceed to examine the thermodynamic topology of the magnetic AdS black hole, em-
phasizing the configuration of topological charges as illustrated in Fig. 1. The normalized
vector field depicted in this figure offers a clear depiction of the system’s topological arrange-
ment. In particular, Fig. 1 reveals two prominent zero points at specific (1, ©) positions,
determined by the parameter sets £ = 0.1,1,4 and @,, = 0.1,0.3,0.6. These zero points
represent topological charges and are enclosed by blue contour loops whose geometry varies
with changes in the free parameters.

An important observation is that for small values of ¢ and @,,, the system exhibits
three topological charges (w = +1,—1,+1). As the parameter values increase, only a single
topological charge (w = +1) remains. This classification is robust across the considered
parameter space, resulting in a total topological charge of W = +1, as demonstrated in
Fig. 1. The stability of these configurations is further supported by the evaluation of winding
numbers around the zero points.

To formalize this framework, we interpret the free energy as a scalar function over the
(rn, ©) plane. The associated vector field ¢ is constructed so that its zeros correspond to
the extrema of the free energy. The rotation of the field around each zero—depending on
whether it is a maximum or minimum—allows the assignment of a topological charge to
each point [5,6].
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Figure 1: The relationship between the Euclidean time period (7) and the horizon radius (ry) for
a magnetic AdS black hole is illustrated in Figs. la, 1lc, le, 1g, and 1li. These plots reveal how
thermodynamic variables evolve with changes in (r;) and identify critical points associated with
phase transitions. Additionally, the orientation of the normalized vector field (n) is mapped onto
the (75, ©) plane, indicating the locations of zero points (ZPs) at specific (rp,©) coordinates. The
ZPs are observed for parameter values (¢ = 0.1,1,4) while the magnetic charge is held fixed at
(Qm = 0.1,0.3,0.6). The distribution of these zero points is fundamental for analyzing both the
topological structure and stability behavior of the black hole’s thermodynamic landscape.
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Classical black hole solutions exhibit characteristic topological charges, such as the
Schwarzschild black hole (W = -1), the Reissner-Nordstrom black hole (W = 0), and the
AdS Reissner—Nordstrom black hole (W = +1) [5,6]

These models serve as benchmarks for categorizing black hole thermodynamics and topo-
logical behavior. Since configurations with W = +1 correspond to the AdS Reissner-
Nordstrém class, our findings confirm that, across different parameter regimes, the mag-
netic AdS black hole consistently aligns with this category. Specifically, the observed total
topological charge W = +1 is in agreement with the established properties of AdS Reissner-
Nordstrom black holes [5,6]. This topological analysis not only corroborates theoretical
expectations but also provides a systematic tool for investigating black hole stability and
phase transitions, offering insights relevant to both gravitational thermodynamics and po-
tential astrophysical signatures.

4 Photon Spheres

To explore the photon sphere in black hole backgrounds. Photon motion is governed by null
geodesics, and the radial dynamics can be described by an effective potential method. Owing
to the inherent Zs reflection symmetry, it suffices to restrict the motion to the equatorial
plane § = 7/2 without loss of generality. The radial equation for null trajectories reads

% 4+ Veg(r) = 0, (4.1)

with the effective potential given by

Vgt = g(r) (L _ 5 ) (42)

where F, and L denote the photon’s conserved energy and angular momentum, associated
with the timelike and axial Killing vectors 0, and Oy, respectively. The functions f(r) and
g(r) characterize the spacetime geometry. The photon sphere radius rps is determined by
the critical conditions

dVes
dr

0, (4.3)
leading to the compact expression

(r2f )’ =0. (4.4)

T=Tps

Here, a prime denotes differentiation with respect to . The stability of the photon sphere
is assessed from the sign of the second derivative of Vog. Specifically,
Ve
dr?

<0,

corresponds to an unstable photon sphere, while

d*Veg
dr?

>0,

indicates stability. Upon further differentiation, the governing relation becomes

2rf(r) —r2f'(r) = 0, (4.5)
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which fixes the photon sphere’s radial position. At the event horizon r = rp, satisfying
f(rn) = 0, the first term of Eq. (4.5) vanishes. Unless f/(r,) = 0—the extremal case—the
condition cannot hold at the horizon. Thus, in general, r,s # . For extremal black holes,
where f(ry) = f'(rn) = 0, the photon sphere coincides with the degenerate horizon. Beyond
the classical potential analysis, one may associate a topological invariant with each photon
sphere, providing a global characterization of its stability properties. To this end, consider

the scalar function
H(r0) = |2 = L IO (4.6)
9o sin@\l h(r)

where gy = —f(r) and ggg = h(r) sin? § are metric components. The photon sphere satisfies
OH
— =0 4.7
5 (4.7)

Introducing the vector field ¢ = (¢", ¢?), we define its components as normalized gradients

of H: OH 10H
r__ / 0 P
QD - g(T) 8r7 SO r 80 . (48)

The field can be rewritten in polar representation:

@ =lple’®, with |o| = Ve or + ©Pg. (4.9)

Equivalently, in complex notation,

0 =" +i’. (4.10)
The normalized components read
n® = %, a=1,2, with ¢!'=¢", ¢*=¢’. (4.11)
¥

By combining Egs. (4.6) and (4.8), one obtains explicit forms for the vector field components
governing the photon sphere:

_ csc(h) (2Q%,r3 (3ME +13(3 — 167EP) + 6&r) + 3r7(r — 3M) + 126%Q3,)

r_ . (412
’ 3(26Q2r +17)° 2
and
rd (7LTM+%TFPT2+%>
cot () csc(6) segr 1
¢’ = — — . (4.13)

r

Within the context of thermodynamic topology, we explore the properties of photon
spheres (PSs) and their significance in characterizing black hole stability. According to a
fundamental topological principle, any zero of the vector field enclosed by a closed contour
contributes a topological charge equal to its winding number. Each photon sphere is therefore
associated with a charge of either ( +1 ) or ( -1 ), determined by its orientation and the
direction of winding. When summing the contributions of all zero points within a given
region, the total topological charge may assume values of ( -1 ), (0 ), or ( +1 ). To
understand how this structure adapts to changes in system parameters, we study the photon
sphere configurations across various values of (¢ = 0.1,1,4) and (Q,, = 0.1,0.3,0.6). As
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illustrated in Fig. 2, the total topological charge of photon spheres remains ( -1 ) for all
these parameter combinations. This indicates that the topological characteristics of the
system are largely insensitive to modifications in the symmetry-breaking scale or coupling
strength. Examining photon sphere arrangements in detail allows us to gain insight into
the interplay between geometry and thermodynamic behavior of black holes. By analyzing
the effective photon trajectories, we can assess how variations in (Q,,) and (§) influence
the topological properties of the photon spheres. Furthermore, unstable photon spheres
display unique signatures that reflect deeper links between black hole thermodynamics and
spacetime curvature.
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Figure 2: The unit vector field in the (r, #) plane, corresponding to the photon sphere configurations,
is analyzed for the parameter combinations (¢ = 0.1,1,4) and (Qm = 0.1,0.3,0.6)

5 Conclusion

In this work, we have conducted a comprehensive analysis of the thermodynamic topology of
magnetic AdS black holes, focusing on the configuration and behavior of topological charges.
Our investigation demonstrates that the vector field associated with the system’s free en-
ergy provides a clear depiction of the topological structure, with zero points corresponding
to distinct topological charges. We observed that for smaller values of the parameters, mul-
tiple topological charges emerge, whereas higher values lead to a single dominant charge.
Across all examined parameter regimes, the total topological charge consistently aligns with
the characteristics of AdS Reissner-Nordstrom black holes, confirming the robustness of this
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classification. The stability of these configurations is further supported by winding num-
ber analysis around the zero points, providing a reliable method for identifying stable and
unstable phases.

In parallel, we explored the properties of photon spheres and their role in determining
black hole stability. Each photon sphere carries a topological charge determined by the
behavior of the vector field around its zero points, and the sum of these charges remains
invariant across variations in key system parameters. Detailed examination of photon sphere
arrangements also revealed unique signatures associated with unstable configurations, high-
lighting the intricate interplay between spacetime geometry and thermodynamic behavior.

Overall, our findings establish a systematic framework for understanding black hole sta-
bility and phase transitions through the lens of thermodynamic topology. By linking topo-
logical charges with photon sphere dynamics, this study provides deeper insights into the
geometric and thermodynamic properties of black holes, offering potential implications for
gravitational concepts and astrophysical observations. These results underscore the utility
of topological analysis as a powerful tool for characterizing black hole configurations across
diverse parameter spaces.
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