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Abstract. We present a unified framework incorporating both the Generalized and
Extended Uncertainty Principles (GUP/EUP) in Anti-de Sitter space. This reveals a
fundamental quantum gravity scale, the critical radius reie = (8/7)Y*V€pL, which
marks a phase transition where quantum gravitational (8) and AdS curvature ()
effects equilibrate. At this scale, we demonstrate three interconnected phenomena: (i)
a breakdown of the standard holographic duality, signaled by the exact vanishing of the
boundary stress tensor (T,,) = 0 under the self-duality condition 9. g, |-=r.,;, = 0; (ii)
a topological transition manifested by the complexification of the central charge, ceg =
c(1+ y/kl}) with k = (8/7)"/*\/BvLp/L; and (iii) a mechanism as a scenario for
information paradox resolution, where information is recovered via topological storage
in Chern-Simons states, modifying the Page curve with ASiecovery > 0. These effects
establish a consistency condition L > v/Bfp for a valid AdS/CFT correspondence and
identify rerit as the thermodynamic critical point where black holes transition to stringy
remnants and information is topologically scrambled.
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1 Introduction

The standard Heisenberg Uncertainty Principle (HUP), first formulated in 1927, represents
a cornerstone of quantum mechanics. It establishes a fundamental limit on the simultaneous
knowledge of position and momentum through the relation AxAp > h/2. For decades this
principle remained unchallenged until physicists began investigating its validity in extreme
gravitational regimes. In 1936, foundational work by Bronstein [1] highlighted tension be-
tween quantum mechanics and general relativity. This culminated in the recognition that
HUP breaks down near the Planck scale (/p ~ 1073° m), where quantum gravitational ef-
fects dominate [2]. At this scale, the conventional framework of smooth spacetime becomes
inadequate, requiring radical modifications of quantum principles.

A pivotal development came in 1947 when Snyder proposed the first formal model of
non-commutative geometry [3]. Snyder’s revolutionary insight was that spacetime coordi-
nates become non-commuting operators, suggesting a fundamental discretization of space-
time. This early work laid the foundation for understanding quantum spacetime, though it
remained largely unexplored until the resurgence of quantum gravity research in the 1980s.

Building on these concepts, modern approaches to quantum gravity (including string the-
ory and Loop Quantum Gravity) introduced the Generalized Uncertainty Principle (GUP)
as a consistent framework for incorporating gravitational effects into quantum mechanics.
First explicitly formulated in the 1990s by Kempf et al. [4] and independently derived by
Scardigli via black hole gedanken experiments [5], GUP modifies the standard Heisenberg
uncertainty relation by adding momentum-dependent corrections:

AxzAp > g <1 +5€%3(h#)2> , (1.1)

where [ is a dimensionless parameter and ¢p is the Planck length. This modification implies
a fundamental minimum length Az, ~ +/Bfp, preventing the divergence of quantum
fluctuations at Planck scales. The GUP framework has proven particularly valuable in
black hole thermodynamics. When applied to evaporating black holes, GUP modifications
resolve the unphysical divergence in Hawking’s original temperature calculation as M —
0 [6]. The GUP framework has been extensively applied to black hole thermodynamics
across various gravitational contexts, including modified gravity scenarios [7,8], quantum-
corrected black holes [9], and extended gravitational frameworks [10]. In specific models,
the evaporation process terminates leaving Planck-mass remnants [11], while generically
introducing logarithmic corrections to the Bekenstein-Hawking entropy. These modifications
provide crucial insights into quantum gravitational effects on information preservation and
the final states of black hole evaporation. While GUP captures quantum gravity effects at the
Planck scale, the Extended Uncertainty Principle (EUP) incorporates curvature corrections
in asymptotically Anti-de Sitter (AdS) [12-14]. The EUP takes the form:

h (Ax)?
AzAp > 3 (1 +7 72 ) , (1.2)

where v > 0 encodes AdS curvature effects. In this work, we unify GUP and EUP through
the commutator in Eq. (2.4) to reveal a critical scale 7.y where quantum gravitational and
curvature corrections equilibrate. Our investigation of GUP in AdS space builds upon the
foundational AdS/CFT correspondence [15], which establishes a duality between gravita-
tional theories in AdS space and conformal field theories on its boundary. We examine how
quantum gravitational effects modify this correspondence at the Planck scale.
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2 First-Principles Derivation of Critical Radius

2.1 Physical Foundations of AdS-Modified GUP

To establish a thermodynamically consistent GUP in AdS spacetime, we incorporate curvature-
dependent corrections through three foundational principles:

1. Non-commutative Geometry: The AdS Ricci curvature R, = —%gw modifies
parallel transport, inducing position-dependent commutators [14]:

72

(4, ;] = ihdy; <1 - ;) : (2.1)

2. Holographic Boundary Constraints: Ultraviolet (UV)/Infrared (IR) duality en-

forces momentum cutoffs [12]:
h %
Ap> —y\/1+ 825 2.2
pzT\[1+ 073 (2:2)

3. Thermodynamic Consistency: Hawking radiation necessitates curvature terms sat-
isfying the first law of black hole mechanics [13]:

3 0% kpTy
— 2 P 2.
7T 412 AE (2:3)
The complete Hermiticity-preserving commutator unifying GUP and EUP is:
: (po, X

The ~-term ensures anti-Hermiticity under AdS inner product and stability against gravi-
tational collapse at large scales (Ax ~ L). From the Robertson-Schrodinger inequality, we
have AzAp > 1 [([2,p])|. Substituting (2.4) and evaluating for semi-classical states:

h 0 Ax)?
Aoap> 5 (1 a5 a7 1 ). (25)
The B-term belongs to quantum gravity effects (dominant at Az ~ ¢p) and the 7-term
indicates AdS curvature repulsion (dominant at Az ~ L). The Minimum length is Az, =
V/Blp and the Maximum position uncertainty: Azmax = L/\/7.

The unification of Extended and Generalized Uncertainty Principles (EGUP) is physi-
cally motivated by the complementary nature of quantum gravitational and curvature ef-
fects in black hole thermodynamics. The GUP captures UV modifications at the Planck
scale £p, while the EUP encodes IR curvature corrections at the AdS scale L. For black
holes in AdS space, both regimes are simultaneously relevant; Hawking radiation probes
Planck-scale physics near the horizon, while the asymptotic AdS curvature governs the
global thermodynamic ensemble. The unified commutator in Eq. (2.4) represents the min-
imal operator algebra that consistently incorporates both limits, ensuring thermodynamic
consistency across all scales. This approach is essential for analyzing holographic duality,
where boundary CFT data must encode both quantum gravitational effects (GUP) and cur-
vature corrections (EUP) operating in the bulk geometry. Beyond the standard quadratic
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GUP and EUP forms, recent work has explored higher-order GUP that predict both a min-
imal length uncertainty and a maximal observable momentum. These formulations, such as
[X, P] =ih/(1 — BP?) [16] and [z,p] = ih/(1 — B|p|) [17], arise naturally from Pade resum-
mation of the perturbative series and exhibit bounded energy spectra. While these models
share the common feature of a minimal length scale Az, o< Aiy/3, they additionally impose
an upper bound Apyax ~ 1/4/B on momentum measurements, consistent with doubly spe-
cial relativity. Our unified EGUP framework (2.4) represents a complementary approach
that incorporates curvature effects through the EUP parameter v while maintaining the
essential quantum gravitational features of minimal length and thermodynamic consistency.

2.2 GUP-Modified Klein-Gordon Equation

The scalar field equation in curved spacetime becomes:

2

r
O+ Be502 + V73| ¢ =0 (2.6)
In Schwarzschild-AdS metric:
2GM 72
2 _ _ 2 12 1 12402 —1_ r 9.
ds f(r)dt* + f(r)" dr® 4+ r2dQ=,  f(r) 2, + Iz (2.7)
Using the WKB ansatz ¢ ~ ¢*5("/" with S(r) = [ p,dr, the eikonal equation for S-waves is:
2
_ T
f(r)"H8-9)? = BEBF(r)~ 2(3r5)4+7ﬁ=0- (2.8)
Near horizon (r ~ r, ), with surface gravity x = f'(ry)/2:
7"+/1(7“ —ry)
Pr=0,8 =t |14£4/pk — e . (2.9)
V26(r —74) (r —ry)
The Hawking temperature generalizes to:
0% r3 he? f'(ry) kg
T =T Ty = . = . 2.10
cup =1n ( +5 + L2) s rkn (2.10)
The critical radius occurs at maximum temperature:
Icue _ (2.11)
37‘_,_
62
— = O . 2.12
Bk gz + 00T (212)

Solving for the Schwarzschild radius ry = 2GM/c?:

3 1/4
Terit = (v) VIepL. (2.13)

At criticality, quantum and curvature effects balance:

£2 A 2
75 (Ap)? —'y( L? : (2.14)
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By substituting Az ~ rg, and Ap ~ h/rs, we arrive at Eq. (2.13). The momentum un-
certainty scaling Ap ~ h/rg at the horizon remains rigorously valid despite geodesic devi-
ation, as established through convergent physical arguments. First, the Hawking temper-
ature Ty = h/(4nrs/ f(rs)) for Schwarzschild-AdS black holes with rs < L reduces to
Ty ~ h/(4wrs) since f(rs) =~ 1 [6], setting the characteristic energy scale AE ~ kgTy and
implying Ap ~ AE/c ~ h/rs via local energy-momentum relations. Second, WKB analysis
of the Klein-Gordon equation in Eq. (2.8) near r, yields |p,| ~ [2k(r — r})]~ /2, where
integration over the near-horizon region r — ry ~ r, gives (|p.|) ~ k= /2r; 1 ~ li/r, (since
k ~ r71). Geodesic deviation contributes only subleading O((r — r1)'/?) corrections to
the dominant (r — r,)~/2 divergence in Eq. (2.9), while higher-order tidal effects remain
negligible. The self-consistency of 7t derived from independent methods (thermodynamic
extremization in Eq. (2.12), and entropy divergence in Eq. (2.15)) provides robust validation
of this scaling. Furthermore, from GUP-corrected Bekenstein-Hawking entropy, we have:

A
412’

o k‘BC?’A

S = Vel A=dmr3. (2.15)

2
+ akB InA— kBﬁEZP — k‘B’y

The heat capacity diverges at r. = re¢ which confirms (2.13) as a thermodynamic critical
point. The negative sign of the EUP correction term (—kpyA/4L?) in Eq. (2.15) arises fun-
damentally from the AdS curvature’s influence. Integration of the first law, dS = dM/Tgup
using Eq. (2.10) intrinsically requires negative coefficients for both § and 7 corrections. Cru-
cially, this signature is physically consistent: (i) AdS stability demands entropy suppression
for large black holes (r; > L) to maintain positive heat capacity C = T9S/0T > 0,
preventing semiclassical instability; (i) The critical transition at ri; necessitates entropy
divergence when (% /A ~ vA/L? which a positive EUP term would preclude; (iii) IR holog-
raphy encodes the EUP’s maximum position uncertainty Azna.x = L/,/7 as a reduction of
boundary degrees of freedom. The logarithmic term’s positive sign (o > 0) is consistent
with first-principles string theory calculations of black hole entropy, which yield a positive
logarithmic correction [18]. Despite the negative sign, the vA term cannot dominate ther-
modynamics since v ~ ¢% /L? [13] implies |yA/Sgu| ~ ¢%/L?. For observable universe scales
(L ~ 105¢p), this ratio is 42 /L? ~ O(107122), rendering it negligible.

2.3 Physical Significance of Critical Radius

The critical radius represents a fundamental phase transition in black hole thermodynam-
ics. For black holes with Schwarzschild radius rs < rert, quantum gravity effects dominate,
causing the Hawking temperature to scale as T oc M 3, which reflects the strong influence of
Planck-scale quantum fluctuations, where the GUP significantly modifies spacetime geome-
try. In this quantum-dominated phase, black holes exhibit exotic thermodynamic behavior
including negative heat capacity and mass-temperature inversion, signaling a breakdown of
semiclassical gravity. Conversely, when ry > re4, AdS curvature effects prevail, restoring
the characteristic T' < M scaling of large AdS black holes. Here, the cosmological constant
A provides thermodynamic stability through curvature pressure, but simultaneously sup-
presses quantum gravitational effects. The transition at r.; is marked by divergent heat
capacity (C' — oo0) and maximum Hawking temperature

2
Tonax = L 1— &PZ )
ksv/Blp BL

forming stable Planck-scale remnants where evaporation terminates.
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2.4 Vanishing Holographic Stress Tensor
2.4.1 EGUP-Modified Gravitational Framework

The complete bulk action incorporating EGUP corrections can be derived from first prin-
ciples by extending the Einstein-Hilbert action with terms that capture both ultraviolet
(GUP) and infrared (EUP) modifications:

1
167G N

A e /=g |R M 020 ﬁﬁ
V=g |R+——F + Blp cup + 77z LEUP| (2.16)

Secup =

where the correction Lagrangians are constructed to be dimensionally consistent and com-
patible with the EGUP commutator structure:

£GUP = Rul/paRuypU - 4RMVRHV + R2 + 0(6%3)7 (217)

1 d
Lyup = §(V/LR)(V”R) ~ ViV R + SR+ O(L™%). (2.18)

The GUP correction terms capture quantum gravitational effects dominant at Planck scales,
while the EUP terms incorporate curvature corrections relevant at AdS scales. These forms
ensure dimensional consistency with each term having correct mass dimensions, preserve
diffeomorphism invariance through satisfaction of Bianchi identities, exhibit appropriate
asymptotic behavior where corrections vanish in the flat space limit, and maintain direct
physical motivation through connection to the EGUP commutator structure.

Varying the action yields the modified Einstein equations:

Gl — % G + BELESYP) + 7%225,9;”) =0, (2.19)

where the correction tensors are explicitly:
£9YP) = 2R, 0, R — %gwRaﬁRaﬁ +V,V,R— g OR+ O((3), (2.20)
5$UP) = % <RW - %gwR + d(;lL;)g“,,) + higher-derivative terms. (2.21)
These tensors satisfy the Bianchi identity V“(&(SUP) —&—El(LEUP)) = 0 to leading order, ensuring

mathematical consistency.

2.4.2 Holographic RG Flow and Critical Behavior

In the Fefferman-Graham coordinate system for AdSg41, the metric:
L2
ds* = = (d2* + gy (2, )datdz”) (2.22)

admits an asymptotic expansion near the boundary (z — 0):

9w (2,2) = g (2) + 22950 (x) + - + 29D (x) + O, (2.23)

The radial evolution corresponds to Renormalization Group (RG) flow in the boundary
theory, governed by the Hamilton-Jacobi equation:

55 55
LDy [gw : } _o. (2.24)

0z n
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The Hamiltonian constraint receives EGUP corrections:

2
,
H = Howr + BlpHaur + 73 Huue. (2.25)

At the critical radius, the balance condition 8¢ /rt. = v/L? forces exact cancellation:
2

Teri
zzt Heup =0, (2.26)

BB HGup +

reducing the Hamiltonian to its conformal fixed point form: Hc.iy = Hopr- In the boundary
theory, this corresponds to vanishing beta function:

B = Z% =0 = angV|Z:7'crit =0. (2.27)
0z

This proves that the self-duality condition 0., |:=r.;, = 0 emerges necessarily from the
bulk RG fixed point behavior at 7., representing the onset of scale invariance at a specific
energy scale and forcing metric stationarity at the radial slice z = r¢4t. Physically, this
condition implies that physics at scales above and below r.;;x become mirror images under
the transformation z — 72, /2, with mathematical consistency verified by substitution into
the modified Einstein equations, which are identically satisfied due to exact cancellation of
quantum gravitational corrections. This RG fixed point phenomenon in the bulk geometry
mirrors the foundational worldsheet analysis by Konishi et al. [19], who demonstrated that
string theory possesses an intrinsic finite resolution scale A\ ~ v/a/ ~ fp; that appears as a
fixed point under lattice decimation. In our framework, the critical radius emerges as the
holographic bulk counterpart where quantum gravitational and curvature effects precisely
balance, generalizing Konishi et al’s worldsheet minimum length to the AdS bulk context
and leading to the dissolution of the holographic stress tensor.

2.4.3 Proof of Vanishing Stress Tensor
Theorem 1. At z = r., the expansion coefficient g,(j,i) = 0, implying vanishing boundary
stress tensor (T),,) = 0.

Proof. We establish the vanishing through synthesis of geometric self-duality, RG fixed-point
behavior, and EGUP-modified dynamics.

1. EGUP-modified equations constraint: The complete set of modified Einstein equations
(2.19) imposes stringent constraints on the Fefferman-Graham coefficients. Substitut-
ing the expansion (2.23) into (2.19) and exploiting the balance condition 803 /r2,, =

yri;./L? reveals that g,(fll,) must satisfy:

d f?; ’I“2 it
9\ = Cu(B,7, L, Lp) - (Br?t - sz) ; (2.28)
Cri1

where C,, is a non-zero tensor determined by boundary geometry and spacetime
dimension.

2. Critical balance enforcement: From the definition, we have, 3 rgif = 7%5‘. Substitut-
ing this into (2.28) yields:
gD = o0. (2:29)
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3. RG fized-point consistency: The self-duality condition 0.g,|.=r.,,, = 0 provides inde-
pendent confirmation. Differentiating the expansion (2.23) at z = rq gives:

oo

8zg;w|z:rcm Z crlt QW =0. (230)

While this condition alone doesn’t force individual coefficients to vanish, it is consistent
with and reinforced by the stronger result (2.29).

The physical mechanism is the dissolution of the black hole horizon into a topological string
state at 7.1, where quantum gravitational and curvature effects precisely balance to restore
local scale invariance. ]

2.4.4 Physical Verification and Interpretation

The vanishing stress tensor emerges from quantum gravitational backreaction at the critical
scale. As z — rqp, the bulk geometry develops an emergent conformal isometry:

2

Tait — pn_y gm (2.31)
z

z —r

that mixes ultraviolet and infrared physics. The catastrophic consequence emerges because
in AdS/CFT, the boundary stress tensor (T},,,) encodes the entire dynamical content of the
boundary theory, and its vanishing at 7., even through specific condition signals complete
loss of dynamical degrees of freedom. The holographic stress tensor expectation value is
encoded in the d-th order coefficient:

de—l
T, = (d)
(T = Toncy i

(2.32)

The vanishing of gfff,) implies (T},,,) = 0. This is explicitly verified in AdS3/CFTs (d = 2):

2 Y 1z L
92 = 12% — (b’) an, (2.33)
c 1 /v 12
T —_ — _— = 2. 4
(T} 127 = (ﬂ) Lp 0 (2:34)

1/2
when ¢ = 12 (%) i This exact matching demonstrates that the critical radius corre-

sponds to the Horowitz-Polchinski correspondence point [20] where black holes transition to
highly excited string states.

This represents a fundamental restructuring of the AdS/CFT correspondence at quantum
gravity scales, where geometric spacetime dissolves into topological quantum structure.

2.5 Derivation of Complex Central Charge
Non-Hermitian Operator Ordering from Jacobi Identity

At the critical radius 7, the generalized commutator,

2
[, p] = ih <1+6 P +v§2 2), (2.35)
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violates the Jacobi identity J = [Z, [p, £]] + cyclic permutations # 0, indicating operator
ordering ambiguity. To restore mathematical consistency, we introduce the ansatz:

&p = a(dp + p2) + idhpi, (2.36)

which modifies the fundamental operator product. Evaluating J to first order in 8 and -y
yields:

2 h?
J =ih? {457;;’15 + 47L2:z} + i ([#, p& + pl&, 2]) + O(B%,+?), (2.37)
2 ﬁ%, h2 2 .2
= 4ih (57127“%2‘%) +i8h(ih)@ + O(B2, %), (2.38)

where we used [Z, #] = 0 and the zeroth-order commutator [Z, ] = i¢h. The unique solution
satisfying J = 0 requires o = 1/2 and,

(B 1/4 o
§= <'y) \/ﬂfyf =K, (2.39)

The non-Hermitian operator ordering in our framework is mathematically unavoidable at the
quantum gravity scale and finds precedent in P7T-symmetric quantum mechanics, where P
(parity) and T (time-reversal) symmetry ensure real spectra and unitary evolution despite
non-Hermitian operators [21,22]. Our approach similarly maintains mathematical consis-
tency where conventional Hermiticity requires generalization.

2.6 Complex Central Charge from Holographic Anomalies

The emergence of a complex central charge stems from gravitational anomalies induced
by GUP modifications at the critical radius. This occurs through three interconnected
mechanisms: conformal field deformation, Virasoro algebra modification, and topological
phase accumulation.

2.6.1 Conformal Ward Identity and Stress Tensor Deformation

The GUP modifies the conformal Ward identity through curvature-dependent terms:

5. T(w) = ——— & dee(2) {T(z)T(w) +

211

Iy + ky/EhOPe(w), (2.40)

where the additional term x+/khd3e encodes quantum gravitational backreaction. Solving
this deformed identity yields the modified stress tensor:

T(w) = To(w) + ikV/kh : 33P0 : (w) + O(k?). (2.41)

The phase accumulation in (2.41) originates from holonomy effects in the GUP-modified
geometry:

A = exp (mﬁ }2 Fizdz) ~ exp (mﬁ 74 8¢d¢) , (2.42)

where I'Z, represents Christoffel connection terms in complex coordinates. This phase man-
ifests as imaginary contributions to correlation functions.
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2.6.2 Virasoro Algebra Modification and Regularization of Divergent Sums

The deformed stress tensor induces corresponding changes in the Virasoro generators:

oo

1 . - 2
L, = 3 Z GG, iR Z m? : GpemGm (2.43)

m=—0oQ m=—0oo

The commutator of these generators develops additional quantum gravitational contribu-
tions:

Cc
En(n2 - 1)6n+m70 (244)

+ m\/EhZ E* [(n —k) — (m — k)] : Gnpm—ran :
k

[Ly, Lin) = (n—m)Lpym +

+ (irv/kh)? Z K212 ap_pag 5 Gm_gaq ] (2.45)
kL
The vacuum expectation value isolates the anomalous term containing a divergent sum:
_ ¢ 2 ; 3
(0[[Ln, L_y]|0) = En(n -1)+ m\/ﬁhn; k. (2.46)

Regularization via zeta-function continuation provides a resolution:

1 4 1
—3) =93 44in(—=37/DT4)¢(4) = — . (—=1) -6+ — = — 2.4
((=8) = 275 sin(—Br/ATAMW) = 5 (-1) 62 = — (247)
yielding the regularized expectation value:
= Cn(n? = 1) +i 1L
(0|[Ly,, L_,]|0) = 1271(71 1) +21~@\/Ehn120. (2.48)

The regularization is applied to the vacuum expectation value (0|[Ly, L_,]|0), a c-number
quantity, consistent with established renormalization techniques in quantum field theory
(eg., Casimir energy calculations). To provide stronger physical justification beyond formal
analytic continuation, we employ heat kernel regularization which clarifies the quantum
gravitational origins of this divergence. The sum represents high-energy mode density near
the quantum gravity scale e, regulated with proper time parameter s = 1/A:

S(A) =Y K, 5= % (2.49)
k=1

. . — -2
The exponential suppression e~ 5%

to quantum gravitational effects.
The Mellin transform technique provides the rigorous asymptotic expansion for small s:

represents physical damping of high-energy modes due

S(A) = 357 + (=) + Ofs) = SA + =4 O (Al) , (2.50)

where the zeta function value ((—3) = 1/120 emerges from analytic continuation. Extracting
the finite, cutoff-independent term:

. 1, 1
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This matches the zeta-function regularization result but derives from physical principles: the
divergent A? term represents bare vacuum energy density that is subtracted in renormal-
ization, while the universal finite part 1/120 emerges from the structure of the high-energy
density of states and matches results obtained from Seeley-DeWitt coefficients in related
contexts [23]. Both regularization methods confirm the same finite result ﬁ, demonstrat-
ing robustness against scheme choice. Crucially, the resulting imaginary component in
the central charge ¢ does not violate unitarity but encodes a topological information stor-
age mechanism. The analytic continuation Y k% — 1/120 preserves conformal symmetry
through modular invariance, and the complex phase enables unitary evolution through:
(i) Chern-Simons holonomy 6op, = Ztv/k providing O(Sgu) protected states; (ii) coher-
ent information transfer via the non-unitary Hamiltonian (Eq. 3.2); and (iii) exact purity
restoration at evaporation endpoint (Sec. 3.3). The consistency condition L > +/B{p ensures
k remains physical, preventing unitarity violation while maintaining UV /IR decoupling.

2.6.3 Analytic Continuation and Central Charge Complexification

1

The commutator singularity at n, = K~ necessitates analytic continuation n — in:

(Lin, L_sn] = —2ifiLo — 1—021'&(—&2 — 1) — wy/mhi2Lo. (2.52)

At the critical mode 7. = k! with Lo = ¢/24, consistency requires:
E=c (1 + %ﬁ@) : (2.53)

where we used i = (%. The imaginary component %\/EE% directly measures quantum
gravitational decoherence at the critical radius.

2.6.4 Topological Origin and Physical Implications

The complex phase originates from Chern-Simons topology [26,27] at rcyit:

1 2 ’
9topO=E/H ﬂ(PAdr+3rArAr)=m\/E, (2.54)

Terit 2
where I' = I') dz” is the connection 1-form. This topological invariant has three key conse-
quences:

First, it provides metric-independent protection of quantum information through non-
local encoding, ensuring purity recovery via ASiecovery > 0 without firewalls.

Second, in AdS5;/CFT, it satisfies the descent equation dfiopo = 8%TTr(R A R), linking
bulk curvature to boundary central charge transformations d,cep = 005650po under Weyl
scaling.

Third, it quantizes the critical phase space volume:

dPxd?p i 1
AzAp—= = —v/k = =—biopo, 2.55
T ) g Vi = gl (2.55)
confirming topological information storage with capacity iopo = [6ropo|/m = 3+/%. This

Chern-Simons mechanism resolves the information paradox by converting geometric entropy
into topologically protected degrees of freedom.
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3 Information Recovery Framework

3.1 A Potential Topological Information Mechanism at Critical Ra-
dius

The critical radius r¢.j; might potentially enable information preservation through a three-
stage topological mechanism. First, quantum gravitational effects at 74 could encode
information in Chern-Simons states:

Huopo = {n> ~ Nexp <m fi A>

with Hilbert space dimension dim Hiopo = exp(nSpu) potentially matching string state
degeneracy at the critical mass scale M ~ M. Second, non-unitary dynamics might
facilitate information transfer to radiation:

ne Z,’}/ - HTcrit} ’ (31)

f{eff = HGR + ikhey 7V2Ptopo, K =/ 5’}/(£P/L)1/2, (32)

where ptopo projects onto the topological subspace. Third, holographic decoding could
unitarize the process:

F Htopo — Hrads F (Z Cn |n>> = ch ‘¢n> , <¢m|¢n> = Omn- (33)

This framework offers a potential resolution to the tension between complex central charge
¢ = ¢(1 +in) - which signals apparent unitarity violation through its imaginary component
- and actual information recovery. The imaginary entropy Im(S) = m+/3/~ might quantify
information capacity, while worldsheet signature change ds2, = dr2+do? could reflect topo-
logical protection. Crucially, consistency would require the condition L > /B¢p to avoid
pathological geometries where 7 — co. The mechanism might originate from three intercon-
nected quantum gravitational effects: (i) non-commutative phase accumulation (e terms),
(ii) complexified uncertainty principle (AzAp — C), and (iii) imaginary counterterms in
holographic renormalization. At 7., spacetime uncertainty could become topologically
quantized: ‘ﬁ’"crit AzAp = mih potentially triggering a phase transition characterized by van-
ishing stress tensor, complex central charge, and dissolution of geometric spacetime into
quantum structure.

The phase correlations in Eq. (3.3) might be microscopically driven by non-unitary topo-
logical dynamics and Chern-Simons holonomy accumulation at the critical radius. The
topological Hilbert space Hiopo could be explicitly constructed via quantized Chern-Simons
states on homology cycles v C H (Eq. 3.1):

Terit

Htopo = {n> = Nexp (Zn%A> ‘ ne€Z,ye Hl(HTcrin)}7
Y

where A is the connection 1-form and dim Hopo = exp(nSpu) might follow from the topo-
logical invariant O¢opo = %+/k, which could quantize the phase space volume:

j{ AzApd®zd?®p/(2mh)? = iv/K/2.
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3.2 A Scenario for Modified Page Curve Dynamics

The radiation entropy evolution might incorporate critical radius dynamics through:
- k‘303
~ 4Gh

Hawking entropy ASrecovery

ot 1 b
Sena(t) (Ao — A() =O(t — terit) 277> Serst {t tcm—aln (t tmtﬂ, (3.4)

Ts 70

where Ay = 4772 (initial horizon area), A(t) = 47 (t)2, n = \/B/v(lp/L)*/? (topological
efficiency), Serit = Thpri/l%, 70 = Bl%/(hc) (Planck time), 75 = 2GME/(het) (scrambling
time), and teris = tevap [l — (Morit /Mjy)3]. The recovery term AS ecovery Wwould originate from
non-Hermitian quantum dynamics initiated at ;.

The complex central charge ¢ = ¢[1 + in] might deform the radiation density matrix:

Prad = Piawicing + 1 Y €' /Pmpr [thm) (ihn] (3.5)
m#n

introducing coherence through phase correlations ¢,,,. These phases could evolve dynami-

cally as:
Y
Omn = arg <1/)m ‘ T exp <~;L / Hintdt'> ‘ ¢n> , (3.6)
te

crit
kB TH t— tcrit

(82 = 220 [Pt S (Pt 6.1

where Admn = Gmn — (Gmn) and rotational symmetry might ensure {¢,,,) = 0. The
resulting entropy correction:

AS = _27T7725crit<(A¢mn)2> + 0(773), (3~8)

could quantify information retrieval from topological memory.

The phase correlations ¢, (Eq. 3.6) might arise from the non-unitary interaction
(Eq. 3.2), which projects onto Hopo and could generate coherence through the time-ordered
% ttcrit
tentially yielding ASrecovery (Eq. 3.8) as a topological decoherence-to-coherence transition.
The mechanism could be self-consistent: dim Hopo might match the string-state degeneracy
at Meit, and unitarity could be restored via the isometric decoding map (Eq. 3.3).

The phase correlations ¢,y (Eq. 3.7) might enable coherent transfer from Hiopo (Eq. 3.1)
to radiation via the non-unitary Hamiltonian He.g (Eq. 3.2), potentially manifesting as
ASrecovery in the modified Page curve. The decoding map (Eq. 3.3) could then complete
unitarization by establishing orthogonal radiation states. This mechanism might preserve
information without remnants while offering a potential resolution to the tension between
holographic breakdown and quantum unitarity.

The imaginary off-diagonal terms in the radiation density matrix (Eq. 3.5) could arise
intrinsically from the non-Hermitian evolution operator Heg (Eq. 3.2), which might govern
dynamics during the critical phase transition at ¢ > ;5. This non-unitary dynamics could
be physically indispensable; it might encode the transfer of information from topological
Chern-Simons states at rqit (Eq. 3.1) to radiation degrees of freedom, mediated by the
signature change g, — guv + 1K,,. Crucially, trace preservation might be maintained dy-
namically through phase correlation constraints (Eq. 3.7), which could ensure Tr(pyaq) = 1

exponential, T exp (— Hiydt! ) This dynamics might force the variance (Eq. 3.7), po-
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by annihilating net imaginary contributions via >, (¢n[thm) = 0. The apparent non-
Hermiticity might be transient and topologically regulated; It could represent coherent in-
formation retrieval prior to final unitarization by the decoding map (Eq. 3.3). This could
be validated by the entropy restoration lim; .. Sraq = 0, suggesting no information loss
occurs despite intermediate non-Hermitian dynamics.

3.3 Toward Physical Consistency and Unitarity Restoration

The modified entropy evolution satisfies three fundamental physical requirements that vali-
date the critical radius mechanism, ensuring self-consistent unitarity preservation through-
out the evaporation process. First, the radiation entropy maintains strict continuity at the
critical transition time t¢., with identical left-hand and right-hand limits:

rkgc?
Gh (7"3 - T?:rit)'

lim Srad: lim Srad:
t—t t—th

crit crit

This smooth matching reflects the topological nature of the quantum phase transition at
Terit, Where the horizon dissolves without entropy discontinuity, connecting semiclassical and
quantum gravitational regimes through a well-defined critical point.

Second, complete purity restoration occurs at the evaporation endpoint tevap When the
efficiency parameter satisfies 7 ~ (79/7,)!/2, yielding: limy_,,,, Sraa = 0. This vanish-
ing entropy condition is achieved through coherent information transfer from the topolog-
ical memory states Hiopo to radiation degrees of freedom, where the parameter constraint
n ~ (10/7s)"/? ensures the complex central charge component Im(¢) provides sufficient in-
formation capacity to purify the final state.

Third, the information transfer dynamics obey exact flux conservation, with the infor-
mation recovery rate balancing the black hole mass loss rate:

dM

dI _ & ro |dM
dat

dat ~"Gh e

i

The scaling relation of 7 arises from endpoint unitarity constraint. Substituting the modified
Page curve (Eq. 3.4) with Atevap = tevap — terit ~ Ts yields:

kB C3 o 2 Atevap 1 Atevanp
1gp Ao = 2 e | T g (T

~ 27%Serit, (dominant term) (3.9)

where Ag = 4nrg and Senit = Thpri;, /l%. Simplifying with Sy = kpc®Ag/(4Gh), leads to
So = 2% Serie. Using So ~ 13 /¢%, and Seyiq ~ 125, /0%, we obtain:
2 So 7"(2)

g Scrit r? ( )

crit

The scrambling time 75 ~ 73 /(cfp) and Planck time 79 ~ £p/c imply:

2
To Ts
~ . 3.11
rgrit 70 ( )

1/2
Combining Egs. (3.10) and (3.11) leads to n ~ (:—“) . The ratio 79/7, quantifies the

relative efficiency of topological information retrieval versus Hawking scrambling. When
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n < 70/7s, information recovery is too slow to purify radiation; when 7 > 74/75, unitarity
is violated through over-compensation.

Integration from transition to evaporation endpoint confirms complete information re-
covery:

3

AI:nGh-

TCiCrltMcrit = Im(é)scrit = SO - Scrit7
demonstrating that the topological degrees of freedom at 7. precisely compensate the ini-
tial entropy deficit. The Chern-Simons invariant ¢op, provides the requisite O(Sgm) storage
capacity for this exact matching. Collectively, these conditions establish that the critical
radius mechanism preserves quantum unitarity through topologically protected state space,
maintains continuity across quantum gravitational phase transitions, respects information
conservation via geometrically encoded memory, and resolves the information paradox with-
out introducing firewalls or remnants. The universal efficiency factor n = /8/v(¢p/L)>/?
emerges as the fundamental parameter governing quantum information recovery.

The evaporation process exhibits three distinct phases governed by 7.+, which marks the
fundamental scale where spacetime geometry dissolves into quantum structure. In Phase

k 3
I (t < teit), semi-classical evaporation dominates with S.q(t) = 4]2;71 [Ag — A(t)] and
d%—"g“ > 0 for thermal radiation. Phase II (¢ & ¢.) initiates a topological quantum phase

transition characterized by metric signature change

. lp o
Guv = Guv + ZK,ul/a (K,uu =V BVfR;wpoep )7

activating Chern-Simons protected memory at r.it. This transition represents the Horowitz-
Polchinski point

Terit = \/07([//@5)1/27 (\/(? = (5/'7)1/4€P),
where black holes transform into highly excited string states (Mic/Ms = (L/€s)Y/? > 1),

evidenced by entropy matching

rkpr?

Spu = 72 M Setring = kB v/ ¢/3Merit /M,
P

that requires £; ~ £p for fundamental strings. During Phase III (¢ > te,it), coherent emission
occurs with entropy evolution

dSrad k303 dA 9 2S 1 1
= — T T 4T cri — T 57 1 |
dt aGh de TN 2T 2 =t

enabling non-thermal information recovery through the topological Hilbert space

. S
dim Hstring ~ el BH,

where
n=B/1tp/L)*? = gs(tp/L)*?,

corresponds to the effective string coupling with g, = \/5/7.

For heterotic strings (¢s > ¢p), black hole/string correspondence holds in terms of
effective degrees of freedom; D-branes or warped geometries induce an effective length scale
€§H = rfrit/L ~ {p at the transition, preserving entropy scaling Sstring ~ kB \/0/73Mcrit/M§H
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while accommodating £5 > ¢p. Thus, 7. universally governs the black-hole-to-quantum-
remnant transition, with Horowitz-Polchinski entropy matching realized directly (¢5 ~ £p)
or via emergent degrees of freedom ({5 > ¢p). In other words, the Horowitz-Polchinski
interpretation is a specific realization of this transition in certain UV completions, but
Terit Universally governs the breakdown of geometric spacetime and emergence of non-local
degrees of freedom.

4 Discussion

The critical radius reic = (3/7)/*VZpL marks a phase transition where GUP (UV) and
EUP (IR) effects compete. It emerges as a fundamental scale governing quantum grav-
itational phenomena in AdS spacetime, marking the frontier where semiclassical gravity
breaks down and novel quantum gravitational effects dominate. Our analysis demonstrates
that when black holes contract below this critical scale (rs < 7eit), the AAS/CFT corre-
spondence undergoes fundamental restructuring characterized by three interconnected phe-
nomena: holographic breakdown signaled by vanishing boundary stress tensor (T},,) = 0,
topological transition manifested through complex central charge c.¢ = ¢ (1 + %\/EE%), and
information recovery mechanism enabling Page curve modification (ASyecovery > 0). These
effects collectively establish a consistency condition L > +/Bfp for consistent holographic
duality, while potentially resolving the information paradox through topological storage in
Chern-Simons states at horizon dissolution. The universal nature of 7. is evidenced by
its identical emergence from four independent approaches: GUP-modified field equations
(as singularity resolution scale), thermodynamic extremization, uncertainty principle bal-
ance (as UV/IR interface), and heat capacity divergence (as thermodynamic critical point).
This convergence confirms rq;; as the Planck-scale threshold where black holes transition
to stringy remnants, information scrambles topologically, and geometric spacetime dissolves
into quantum structure. Notably, 7. coincides with the Horowitz-Polchinski transition
point for theories where string length ¢, ~ £p, satisfying entropy matching at M., while
providing a complementary thermodynamic perspective to recent Euclidean path integral
approaches to the black hole/string transition [28]. A detailed mapping between these
frameworks constitutes an important future direction.
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